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Topological phase in one-dimensional Rashba wire*
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We study the possible topological phase in a one-dimensional (1D) quantum wire with an oscillating Rashba spin—
orbital coupling in real space. It is shown that there are a pair of particle-hole symmetric gaps forming in the bulk energy
band and fractional boundary states residing in the gap when the system has an inversion symmetry. These states are topo-
logically nontrivial and can be characterized by a quantized Berry phase =7 or nonzero Chern number through dimensional
extension. When the Rashba spin—orbital coupling varies slowly with time, the system can pump out 2 charges in a pump-
ing cycle because of the spin flip effect. This quantized pumping is protected by topology and is robust against moderate
disorders as long as the disorder strength does not exceed the opened energy gap.
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1. Introduction

Since the first prediction and the subsequent experimen-
tal confirmation, the field of topological insulators!!=®! has
seen an explosion of research interests in both experimental
and theoretical aspects. The topological states of matter are
classified according to the topological invariants which are the
intrinsic properties of Bloch energy bands, and thus different
topological states are characterized by different topological in-
dices. When a system with a given topological index is contin-
uously deformed into a system with a different index, the bulk
energy gap must close so that a topological quantum phase
transition can occur. In real space, a conductive boundary (in-
terface) state appears to bridge the two different topological
phases and is described by the massless Dirac equation. If a
system can be deformed continuously to another system with-
out closure of the bulk energy gap, the two systems should
have the same topological invariants.

Classification and identification of different topological
phases are one of the central issues in the topological insulator
field. Recently, much attention has been paid to exploring the
topological phases in the one-dimensional (1D) optical super-
lattice systems,[”~!3! ultracold atom boson systems,!*17 and
1D topological superconductors.!'324! In particular, when the
topological states characterized by the bound states have been
experimentally confirmed by using optical waveguides,[®!0]
the research on 1D topological systems has been further in-
tensified. For these 1D quasiperiodic systems, such as the
Harper model!®! (or Aubry—André model!*®!) and the Fi-
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bonacci quasicrystal,[>’! the common point of the topologi-
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cal phases is the spatial quasiperiodic modulation (QPM) of
the site energy (diagonal term) or the hopping energy (oft-
diagonal term) of particles in the tight-binding representa-
tion. Certainly, these two types of QPMs are topologically
equivalent,!” because they can be transformed into each other
without closing the bulk energy gap. These 1D QPM systems
are somewhat similar to the SSH model®®>°! used originally
to explain the dimerization and trimerization of polyacetylene,
but the physics behind them is different depending on the con-
crete symmetries of the systems.

It is observed that the topological phase in the 1D QPM
systems comes from the modulation of the hopping-energy
magnitude of particles (the site-energy QPM is topologically
equivalent!’!), and little attention has been paid to QPM of
the hopping phase. This motivates us to study the possible
1D topological phase, which mainly results from the hopping-
phase modulation. A 1D semiconductor wire with an oscil-
lating Rashba spin—orbit coupling (RSOC) can meet such a
requirement as a realistic model. On one hand, electrons in

eB39 (Aharonov—

the wire have a spin-dependent hopping phas
Casher phase) due to the spin precession from RSOC, and thus
the modulation of the RSOC strength in turn changes the hop-
ping phase of the electrons.*!] On the other hand, the RSOC
strength can be controlled by an external electric field*? and
a spatially oscillating RSOC wire can be fabricated in prin-
ciple. We show that a pair of particle-hole symmetry energy
gaps appear in the energy band due to the oscillating RSOC,
and fractional boundary states reside at the ends of the wire
transversing the bulk energy gap. These states can be charac-
terized by a quantized Berry phase +7. Besides, a quantized
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charge 2e can be pumped out in a pumping cycle because of
the spin-flipping effect when the RSOC is varying slowly with
time.

2. Model

The RSOC comes from the relativistic effect!>

I'and is
much larger in semiconductor materials such as InAs. The
RSOC strength is dependent on an internal electric field of the
asymmetric potential (E; = dU(z)/dz) confining a 2D quan-
tum well plane. In a continuum model, the RSOC wire reads
H = p*/2m+ («(E;)/h)(o x p)., with the RSOC strength o,
the electron spin operator o, the momentum operator p, and
the electron mass m. «(E;) has already been demonstrated
in experiment to vary with an external electric field.*?! For a
noninteracting 1D Rashba wire and the spin quantum axis set
along the Rashba vector, the energy dispersion is simply given
by
n*k?

E=——+oak, (D)
2m

where 0 = + denotes the spin direction of the Rashba wire.
When a spin not along the Rahsba vector enters the Rashba
wire, it will be rotated and the spin flip or precession phase is
given by amL/ 12 with L being the wire or the precession-path
length. Therefore, the RSOC is generally believed to modu-
late the spin-dependent phase of electron hopping but not the
electron transmission. 34!

After discretizing the continuum model above, we can ob-
tain the following spin-dependent tight-binding version of the

noninteracting Rashba wire:

: 2 .
Hy = Z{—[C}-JFICJ"FIO_(XOCOS (Nj—k(p)CL]Cj—i-c.c.}.
J
2

Here the first term describes the energy band of a free-electron
wire, and the second one is the discretized RSOC term. A
spatially oscillating RSOC strength is considered. C; ()
is the electron creation (annihilation) operator at site j, and
0 = £1 =1 is the spin index. In the second term, &g = ot /2a
is the lattice version of the RSOC strength with the lattice con-
stant a. Here we consider the RSOC oscillating in space by
adding a cosine term, ¢ is assumed to be a modulated phase,
and when N is an integer, the wire has a superlattice struc-
ture with the periodic length Na. As a result, the unit cell of
the superlattice wire is enlarged by N fold, while the first Bril-
louin zone is reduced to [—7/(Na), ©/(Na)] from the original
one [—7/a, m/a]. When N is an irrational number, the RSOC
modulation is incommensurate with the wire lattice and the

system is quasiperiodic.

Since the 1D case is focused on, the spin space (o) is di-
agonal, which comes from the fact that the quantum spin axis
is chosen along the Rashba vector. In other words, the follow-
ing results that we obtain from Hs of Eq. (2) are also applica-
ble for the spin-opposite Hamiltonian H_. The oscillating pe-
riodicity of Hs upon @ is 7 = 2%, Hs(¢) = Hs (¢ + 7). Nev-
ertheless, one can see Hg (@) = H_s(¢ + T /2), and thus the
whole Hamiltonian H =} 5 Hy has a reduced oscillating peri-
odicity 7 /2. Actually, when ¢ varies from ¢ =0to ¢ =T /2,
both o and —o spins experience a flipping process and the
whole system is unchanged. Alternatively speaking, the vari-
ation of RSOC can produce an accumulated spin-flip phase,
which is exactly the acquired phase of electrons moving in
the RSOC medium.B! In the following discussion, we focus
on results from Hg to study the possible topology of the 1D
Rashba wire while H_s is not taken into account because of
exact spin degeneracy.

T /Lz — bo

0 0.4 0.8 0 0.3 0.6
ka ka

Fig. 1. (color online) Energy band of the Rashba wire with a superlattice
structure. The spatial periodicity of the oscillating RSOC is described
in each panel ((a) N =3, (b) N=5, (c) N=38, (d) N =11). The en-
ergy gaps are marked by dotted-line circles and the Chern numbers of
three subbands are marked in each panel and they have the same Chern-
number structures.

We first consider a superlattice structure of the RSOC
wire by assuming an integer N, the original single energy band
with a constant RSOC, E = —2¢coska+20p0osinka, will split
into N subbands and there should be some transparent energy
gaps between neighboring subbands. In Fig. 1, we plot the
energy band of the wire in the folded Brillouin zone with dif-
ferent periods N. t =1 is set as the energy unit in our cal-
culations and the RSOC strength is taken as o = 0.5z. It
is seen that there are only two transparent bulk energy gaps
related by the particle-hole symmetry, and other theoretical
energy gaps between subbands are hardly seen. This is differ-
ent from the usual 1D superlattice systems with modulation to
g, 110-12

the hopping-energy or site-energy of electron 1in which
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there are almost N — 1 energy gaps with nearly equal magni-
tude. It should come from the periodic modulation to the elec-
tron’s hopping phase in the studied case, because such a phase
modulation (spin-flip accumulated phase) has lesser influence
on the energy dispersion in comparison to the site-energy or
hopping-energy modulation. The only two transparent gaps
are therefore characteristic for the periodic modulation to the
electron’s phase. It is shown in Fig. 1 that the energy band
E (k) of the oscillating RSOC wire is almost independent of the
phase ¢ since the lines are not broadened due to different ¢.
This reflects that the energy band is not crucially dependent on
the variation of the hopping phase. The lower (higher) energy
gap locates between the second and the third lowest (highest)
subbands. When the Fermi energy resides in the gap and the
filling factor of the system is v =2/N or v = (N —2)/N, the
periodic superlattice RSOC wire shall be an insulator.

3. Topological number

In order to judge whether the 1D Rashba wire with the
energy band in Fig. | enters into a topological state or not, we
need first to calculate the Chern number of Hs. The Chern

number is defined as!33-37)

1 271 2T
c- L / ak [ dglakAs(k.9) ~ 2pAr(k.9)]. )

2rmi
where Aj(y) = (u(k, (p)|19k(q,) |u(k,@)) is the Berry connection,
|u(k, @)) is the Bloch function of the system, Hy|u(k,@)) =

—-0.9

—1.2¢t . " \ ! : -

—0.9 pa =
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E(k,@)|u(k,®)). The energy dispersion in this 1D system is
also periodic over the parameter ¢ besides the momentum k,
and moreover, the system keeps insulating with variation of
¢, so one can have the above Chern-number definition of the
1D system through the dimension extension. The calculated
results of each subband are marked in Fig. 1. It is seen that
the Chern number is nonzero and equals C = F2 when the
filling factor is 2/N ((N —2)/N). The nonzero Chern num-
ber also means that the system can pump out adiabatically a
quantized charge in a pumping cycle when the periodic param-
eters (¢) are time-dependent. However, for the studied case,
the pumped charge number should be 2 not 1, the latter is the
case of those 1D topological systems!’~! with Chern number
C==l.

For a topological phase, there often exist topologically
protected gap-transversing boundary states in a finite-size sys-
tem. We now consider a finite-length Nta Rashba wire, where
Nt is the total number of lattice sites in the system, the en-
ergy band is calculated with an open boundary condition and
the numerical results are shown in Fig. 2. It is seen that two
curves transverse the bulk gap opened by the oscillating RSOC
in Figs. 2(a) and 2(b). Here only the lower band gap is plotted,
in fact, the higher energy gap has the same situation. Similarly,
although only the N = 3 case is presented, all other cases are
the same except for N = 4, in which the gap locates at the
particle-hole symmetry point of the system, so that a flat-band
forms and the system is no longer insulating.
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Fig. 2. (color online) Bulk—edge correspondences in a finite-length topological Rashba wire as well as wave function distributions of
the edge states. The black dotted lines are the bulk states and red solid lines represent the edge states residing in the energy gap in
panels (a) and (b). The wave function distribution along the wire is plotted in panel (c) and it comes from the points A, B, C, and D
marked in panel (a). The states with the same energy in panel (b) are plotted in panels (d) and (e). The superlattice periodicity is N =3
and the wire length is Nt = 300 in panel (a) and Nt = 301 in panel (b).
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It is shown in Fig. 2(a) that there are two crossing points
(Dirac points) in the energy gap at ¢ = 0 and ¢ = 7, and they
correspond to the inversion symmetry that the wire possesses
even with the additional RSOC modulation, as is seen from
the renormalized hopping energy 7 in a supercell,['”! which
fulfills 7y_; = £7; in Eq. (2). The distributions of several se-
lected wave functions Yy g c p in the energy gap are plotted in
Fig. 2(c), and they are the same and localize symmetrically at
the two ends of the wire, referred to as the charge-1/2 frac-
tional boundary state.['®!°) In fact, these fractional bound-
ary states are a manifestation of the topologically nontrivial
phase of the system, and thus are protected by the inversion
symmetry of the wire. When such symmetry is absent, e.g.,
the remainder of Nt/N is nonzero, the fractionary boundary
states vanish, and the boundary states reside only at one end
of the wire depending on the parameter ¢. The bulk—edge cor-
respondence is shown in Fig. 2(b) while the wave functions
are presented in Figs. 2(d) and 2(e). Here the boundary states
transversing the gap, although depending on the specific phase
¢, shall be a manifestation of the topological phase.

For the above superlattice RSOC wire, whether the mod-
ulation to the electron phase can lead to a topological phase is
relying on a specific @ or the wire length due to the lack of spa-
cial ergodicity. We shall consider a quasiperiodic Rashba wire
with an irrational number N (Eq. (2)), taking N = 2/(1 ++/5)
as an example. Similarly, there are two particle-hole symme-
try bulk energy gaps in a finite-size wire and two boundary
states appear in each gap. In Fig. 3(a), we show the lower
energy gap as a function of ¢ as well as the gap-transversing
states in the finite-length wire, it is nearly the same as that of
the periodic case N = 3 in Fig. 2(a), but the typical bound-
ary states are different as shown in Figs. 3(b) and 3(c). Obvi-
ously, the fractional boundary states vanish due to the absence
of the inversion symmetry, instead, the one-end states emerge.
These end states indicate that the QPM-structure wire turns
into a topologically nontrivial phase, which can be indexed by
a nonzero Chern number of a ring system.!”! Since the QPM
wire is not periodic and one cannot calculate the Chern num-
ber according to Eq. (3), the finite-size QPM wire with length
L is considered to constitute a ring and form an infinite peri-
odic system. Meanwhile, a twisted phase 0 is introduced into
the system’s Hamiltonian as

Ho = L.{ - ret] ¢+ ioae
J

2w
X COS <Nj+(P>C;+1C]‘+C.C.}, 4)

with N = [N -L]/L. Note that the hopping modification due
to 6 should also go to the RSOC term and at the limit of
6 =0, L — oo, so that equation (4) can coincide with the
QPM wire Hamiltonian. By scanning 6 and ¢, we can calcu-
late the Chern number by replacing k with 8 in Eq. (3), since

Hs(0,90) = Hs(60 427, ¢ + 2m). In this ring structure, we
set L = 300a and obtain the same Chern structure as those
in Fig. 1, i.e., the lower insulating band has a nonzero Chern
number C = —2. Therefore, the boundary states in Fig. 3
should also manifest the topological phase of the oscillating
RSOC wire.
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Fig. 3. (color online) (a) Bulk—edge correspondences in a quasiperiodic
modulation Rashba wire as well as (b), (¢c) wave function distributions
of edge states. The black dotted lines are the bulk states and red solid
lines represent the edges states residing in the energy gap in panel (a).
Here Nt =300 and N = 2/(1++/5).

4. Berry phase

We proceed to calculate the Berry phase of the Rashba
1D wire to further discern the fractional boundary states in

Fig. 2(c). The Berry phase is defined as3%-37]

y= fdkw(k)\iakm(k», )

where u(k) is the Bloch wave function in the folded Brillioun
zone and all states below the Fermi energy should be summed.
The results are presented in Fig. 4 and the Berry phase is quan-
tized y/m = +1 at ¢ = 0 and ¢ = 7. This quantization is also
a hallmark of the topological phase in the 1D system. The
fractional bound states W4 ¢ and yp p in Fig. 2(a) should have
the opposite chiralities, dE /d ¢. However, the distributions of
all 4 wave functions in real space shown in Fig. 2(c) are en-
tirely the same. This is also manifested in Fig. 4 that for the
A(C) and B(D) points, the Berry phases are opposite. Actually,
this chirality represents the spin-flip direction. When vy =0 in
Fig. 4 or ¢ = m/2 in Fig. 2(a), the system is in a topologically
trivial state and the original fractional boundary states at ¢ =0
are evolved into the insulating bulk states. In other words, the
system exhibits an alternation of the topologically nontrivial
and trivial states with an adiabatic variation of ¢ but keeps in-
sulating, and thus, a quantized charge should be pumped out
of the system.
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Fig. 4. Berry phase 7 as a function of ¢ in the 1D Rashba wire with the
superlattice periodicity N = 3.

The results in Figs. 2—4 oscillate with ¢ and the peri-
odicity seems to be 7 /2, however, the Hamiltonian Hs we
used as well as its eigenfunction should have a clear peri-
odicity of T. As discussed earlier, the RSOC can generate
a spin flip (precession) phase, but the system remains spin-
unpolarized, so 7 /2 is the spin-flipped periodicity as seen
from Hs (@) = H_(¢ + T /2). Alternatively, Hs and H_¢
have the same eigenvalue but the wave functions have a ©
phase shift. When ¢ > 7 in Figs. 2—4, the spin can be consid-
ered to flip from ¢ into —o, i.e., the wave functions, y¢ and
Yp, represent the opposite spin eigenfunctions with respect to
Y4 and yp. Moreover, yp and yc are degenerate at ¢ = T
but with opposite chiralities, while y4 and yp are degenerate
at @ = 0. Therefore, the two points ¢ = 0 or ¢ = & are the
critical spin-flip points.

S. Pumped current

t,1381 a topological in-

According to Thouless’s argumen
sulator can pump out a quantized number of charges in a
pumping cycle that equals the Chern number for the filled
band.3%4% In the following, we calculate the pumped current
in a two-terminal device to demonstrate this equality. The de-
vice is the 1D Rashba wire sandwiched by two normal metals
that are absent of the time-dependent RSOC. Here we assume
that the parameter @ is adiabatically varying, and ¢ in Eq. (2)
is replaced by @t with the pumping frequency @ and time
variable 7. In the adiabatic limit, the frequency is considered
to be infinitely small @ — 0. With the help of Floquet the-
ory and nonequilibrium Green’s function method, the pumped
current (derivations are shown in Appendix A) flowing in the
left electrode is given by

n

oo

e
lo =% Y [HL+TRin, (©6)
n=-—oo
L= Tr[GiL,nOI_L,OO(GiL,nO)TR-nn]a (N
Tk = Tr[GrLR,nOFR,OO(GrLR,no)TFL,nn]a 3

where e is the electron charge and T = 27/® is the pumping
periodicity. 7} represents the scattering coefficient of elec-
trons that inject into the device from the left lead (L) and exit

out of the left lead (L) again by absorbing/emitting n photons
in the wire device, and 7} is for electrons going from the
right lead (R) to the left one (L) through the device, where the
electrons similarly absorb or emit n photons. Iy ) ,, denotes
the line-width function matrix of the left (right) lead with an
energy shift of nh®m, G;(S) is the delayed (advanced) Green’s
function of the system with the same energy shifts nA®@ that
are due to emission or absorption of photons in the pumping
process. The zero-photon process does not contribute to the
pumped current here. Usually, the multiphoton process has
an exponentially smaller contribution to the pumped current
than the single-photon process, especially for adiabatic pump-
ing and weak time-dependent term.

The pumped current /s is presented as a function of the
Fermi energy Ep in Fig. 5(a). We can see that /5 is quan-
tized as Iy = 2¢/T when Ef is residing in the energy gap
of the wire, and the current direction is reversed for the two
gaps. This is exactly consistent with Thouless’s argument, the
pumped charge number is quantized and equal to the Chern
number C = £2 of the filled bands as shown in Fig. 1, al-
though we have calculated the current in a finite-length wire.
It is noted that the wire length should be much longer than
the damping length of the boundary states in order to suppress
the excitation of the boundary states from the finite-size ef-
fect, and the quantized pumping remains unchanged irrespec-
tive of the rational or irrational number N taking in the calcu-
lations. When Ef transverses the bulk band not in the energy
gap, the wire is conductive and the pumped current is negli-
gibly small in comparison to the quantized current. This can
be understood from the Brouwer’s pumping formula!*!l that
the pumped current depends on the parametric derivatives of
the S-matrix elements. In the studied 1D wire case, there exist
multi-pumping resources (parameters) since all hopping terms
are time-dependent, which must result in randomization of the
accumulated Berry phases during the cyclic evolution, so the
pumped current is negligibly small.

In our calculations, the single-photon process is actually
prohibited, TLIL + TLlR = 0, and only the two-photon process
contributes to I, TL2L + TL2R = 1. This confirms the earlier
analysis that in a pumping cycle, spin-o electrons entering
into the device from the L or R electrode will experience spin-
flip twice to return to the original state. In other words, the
single-photon process leads to a spin-flipped state that is an
intermediate excited state not the eigenstate of the system, so
this scattering process is prohibited; whereas the two-photon
process leads to spin-flip twice so that the final state is in the
same spin state as (not orthogonal to) the initial state, so this
process is allowed and the charge can be pumped out. Elec-
trons entering the device from one lead will change their en-
ergy £2hA® driven by the pumping resources, and flow to the
other lead with a unit transmission, thus the pumped current
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is Is = 2¢/T. In the real space, with the help of the boundary
wave functions in Figs. 2(d) and 2(e), the pumping process is
clear. At time t = 0" or (¢ = 0™), a spin-o electron () lo-
cates at the left end of the wire, it then evolves to the right
end state yg att =T~ /2 (¢ = m™), so the system transports
this electron through the wire. At the next momentt = T /2
(¢ = ™), the system is in the spin (—0) state Wc. The same
process repeats and the spin state will reverse by pumping out
an electron. Therefore, two charges in a pumping periodicity
are pumped out due to the spin-flip effect from the RSOC in a
pumping cycle.

2F T T
(a)
~ 1-
S
~
L 0
=
~ 4l
—2L . .
-2 —1 0 1 2
Er
] me———— R — p=
(b) AR Rtsd
- w=0 \ A 20
E —1r - - u}:A/Q \ :I
~ 1 .
~ w=A { b 10
w=2A I/
—2F w=4A B - w/A
. . . % 0.2 0.l
—1.3 —1.2 —1.1 —1.0 —0.9 —0.8
Er

Fig. 5. (color online) (a) Pumped current /5 as a function of the Fermi
energy Ep. (b) Pumped current as a function of energy with different
disorders. The Chern number of the Rashba wire is plotted in the inset
of panel (b) with an increase of the disorder w. Here N = 3, Ny = 500N,
and the results are averaged over 400 sample configurations.

We proceed to examine the disorder effect on the topolog-
ical phase. Here we focus on the onsite-energy disorder that
is chosen in the range [—w/2, +w/2] with the random dis-
order strength w, and the results are averaged over 400 sam-
ple configurations. First, we find that the fractional boundary
states in Fig. 2(c) would be seriously destroyed when a single
disorder configuration is considered, and they are transformed
into either the left end state in Fig. 2(d) or the right one in
Fig. 2(e). However, when we carry out the disorder configura-
tion average, the fractional boundary states will be recovered.
This further demonstrates that the fractional boundary states
stem from the inversion symmetry. In Fig. 5(b), we plot the
pumped current as a function of energy with different disor-
ders. It is shown that the quantized current /5 is hardly af-
fected as long as the energy gap (A) is larger than the disor-
der strength, A > w, where A ~ 0.1¢ in the wire. This agrees
with the fact the quantization of the pumped current as a hall-
mark of the topological state is protected by the topology of

the wire. When w > A in Fig. 5(b), the quantization of /5
as well as the Chern number (shown in the inset of Fig. 5(b)
are severely destroyed. In other words, if any excitation due
to disorder, finite temperature, finite pumping frequency, or
electron—electron interaction, cannot close the energy gap, the
topological invariant will be well-defined and thus the quan-

tized pump should persist.

6. Conclusion

We have investigated the possible topological phase in an
oscillating RSOC quantum wire by considering periodic or
quasiperiodic modulation to the hopping phase of electrons.
It was found that a pair of particle-hole-symmetry energy
gaps occur in the original energy band and the system has a
nonzero Chern number through dimension extension. As the
1D Rashba wire has the inversion symmetry, fractional bound-
ary states are found to reside in the gap and characterized by
the quantized Berry phase 7. We demonstrated that when
the RSOC varies slowly with time, the system can pump out
2 quantized charges in a pumping cycle due to the spin-flip
effect. The quantized pumping is topologically protected and
robust against moderate disorders. Our findings provide a new
way to design a 1D topological phase by modulating the elec-
tron hopping phase.

Appendix A: Derivation of the pumped current

In this appendix, we present derivations of a steady
pumped current flowing in a two-terminal device. The
Floquet theory*>*! and nonequilibrium Green’s function
method**! are applied together here to deal with the time-
dependent transport. In comparison with other methods in the
literature,*! the following derivations are more transparent
and convenient. A general Hamiltonian is employed below to

describe a two-terminal pumping device

H = Hy + Hg —I—Hd(l)—l—HL(R)d +h.c., (A1)

where Hy(g) describes the left (right) electrode of the two-
terminal device, Hy(f) denotes the time-dependent Hamilto-
nian of the central device, and Hy g)q is the coupling between
the electrodes and the device. It is assumed that Hy(r) is
a periodic function of time with the periodicity 7, Hy(t) =
Hy(t+T). To be specific, we suppose that Hy has the for-
mation Hy(cos @t,sin®t). According to the Floquet theory,
a set of solutions to the time-dependent Schrédinger equation
ind¥(t)/dt = Hy(t)W(t) are given by

P(t)=e "y (t), (A2)
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where the Floquet state @ (¢) has the same time periodicity
as Hy(t), 0o (t) = ¢o(t +T). Thus, it fulfills the following

equation:

Hp o (t) = €a0a(t), (A3)

with the Floquet Hamiltonian Hr = Hy(r) — ihd/dt and the
quasienergy &y, where ¢ is an arbitrary quantum index. Since
0 () is a periodic function of time, one can introduce a time
Hilbert space called Floquet space 7', which is spanned by the

1 in@t

basis functions ¢, (¢) = irds with integer n, the Floquet

function ¢ (¢) can be expanded as

Pa (t) = Zcoc,nﬁ On (t)¢[37 (A4)
np

where Cq, .5 is the superposition coefficient and ¢ is the basis

function of the original Hilbert space R of Hy(?), and they can

be chosen arbitrarily for convenience as long as they fulfill the

completeness and orthogonality. In the R Q7T space, Hp is

transformed into

(HEp ) = (H(Il —nh@!) 6,y

+ HdT(6nn'+l ;(snn’fl ’ 15}1n’+l ;161”:’1), (AS)

where [ is a unit matrix with the R space dimension, the in-
tegers n and n’ are the quantum indices of the Floquet space,
0 is the Kronecker delta function, Hé is the time-independent
component of the device Hamiltonian, while HdT is the time-
dependent one of Hy().

In the following, we will focus on the pumped current
flowing in the device. Note all components of Eq. (A1) should
be first expanded in the R Q7T space. The Hy gy and Hy r)q
are assumed independent of time and thus diagonal in the Flo-
quet space. According to the Heisenberg equation of motion,

the current flowing in the left electrode is given by

ed<NL> _ i

I_:
dt ih

([N, H]), (A6)
where Ni, = Y.C;"C,. with the summation over all the quan-
tum indices including n in the Floquet space, C;" (Cp) is the
creation (annihilation) operator in the left electrode, and (- - -)
denotes the quantum statistic average. The time-averaged cur-

rent is given by

e [T _ _
= /0 AALGE (1,1) - Gyt )AL (AT)

Here the lesser Green’s function G< as well as the delayed

(advanced) Green’s function G"? has the usual definition,

G=(1,1') = i(C*(I")C (1)), (A8)

G (1,1 = Fi0(xt 1) ([C(1t),CT ()] ). (A9)

Here we ignore the subscript of the operator C* (C) that can
denote electrons either in the electrodes or device. The time
arguments, ¢ and ¢/, should be limited to a time periodicity
T when the Fourier transformation is used in the derivation.
We will follow a standard procedure of the nonequilibrium
Green’s function method to derive a steady current, and read-
ers are assumed to comprehend the seminar paper by Jauho et

al."** The averaged current can be reduced to
e ~
1=% [ AETHGR IR (Gir) Tk

— GRoIL(GRy) TR AL (A10)

Here the trace is over the whole R @ 7 space. The Fermi dis-
tribution matrix fL(R) = fLr) 8,0 with JL(r) being the Fermi
distribution function of the L (R) electrode, and this comes
from the fact that the electrode is independent of time and the
n-th (n # 0) Floquet band has no particle occupation. Giy is
the correlation function between the L and R electrodes,
G =[El-Hp — Z* — 2571,
where I is a unit matrix and 2&2
self-energy of the L (R) electrode, so I r) = i(Zi(R) — ZE(R))

(A11)

) is the delayed (advanced)

is the corresponding line-width matrix. After expanding the
Floquet-space index and setting fi = fr = f (the two elec-

trodes have the same chemical potentials), we obtain

= g; / dE[Ty — T4 F(E),

Try = Tr[G{QL,nOI_L,OO(Gi{L,nO)+H{,m’l]7

IR = Tr[GiR,nOFRQO(GiR,no)+11,rzn]7 (A12)

where the trace is only over the convenient basis space ¢g.
The above current formula clearly shows the pumping process:
electrons from the L (R) electrode will absorb/emit n photons
and exit out of the R (L) electrode and these two opposite tun-
neling incidents, 7 and Tg; , will lead to a net pumped cur-
rent.

In order to work out the pumped current in the adiabatic

limit, one can reduce Eq. (A10) to a very different formation

e
1=-— EA;+A
h;/d[l+ 2],

A= Tr[Gf_L,nOFL,OO(Gf_L,no)+11,nn
- G£L7n011,nn (GiL,nO)JrIi-,OO]fL (E) ’
Ay = Tr[GiR,nOI—k,OO (GiR,nO)JrH‘,nnfR (E)
]

LR n0TRn (GLr n0) "TL.00L(E) (AL3)

Since the system Hamiltonian is tridiagonal in the Floquet

space, there are some equalities

It ()i (E) = IL(R) 00(E +nh®), (Al4)
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Gon(E —nh@) = G (E). (A15)
Thus, one can further rewrite the pumped current as
e
1= 2% [QEW{ () - fu(E+nio))
+A{fR(E) — fL(E +nh@)}],
A3 = Tr[GLL uoI1.00(GLL no) " T1m);
Aq = Tr[GiR,nOF R‘OO(GiR,nO)jLH‘,nn]' (A16)

At the adiabatic limit @ — 0, this equation will be reduced to

Eq. (5) in the text. Actually, when the time-dependent term in

Hy(t) is weak, one can prove that Az represents modification

of a reflection coefficient r and A4 corresponds to a transmis-

sion coefficient ¢. This is fully consistent with the Brouwer’s

pumping formula./*! In numerical calculations, the Floquet-

space dimension n chosen in the model is dependent on the

required accuracy, and the results can easily converge because

the multiphoton process is always of lesser importance in the-

ory.
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