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Entanglement of movable mirror and cavity field enhanced
by an optical parametric amplifier”
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A scheme to generate entanglement in a cavity optomechanical system filled with an optical parametric amplifier is
proposed. With the help of the optical parametric amplifier, the stationary macroscopic entanglement between the movable
mirror and the cavity field can be notably enhanced, and the entanglement increases when the parametric gain increases.
Moreover, for a given parametric gain, the degree of entanglement of the cavity optomechanical system increases with

increasing input laser power.
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1. Introduction

Entanglement is one of the most attractive topics of quan-
tum mechanics, which has been widely applied in diverse
embranchments of physics. It is of basic and practical sig-
nificance that we can generate entanglement among meso-
scopic and even macroscopic systems. With the advance of
technology, the Schrodinger cat state which describes the su-
perposition states of macroscopic systems has been realized
in experiments.!!! A macroscopic entanglement state can be
prepared by optomechanical coupling via radiation pressure.
Since the larger number of photons can lead to stronger ra-
diation pressure, enhancing the photon number to increase the
radiation pressure can acquire robust entanglement of optome-
chanical systems. A cavity optomechanical system is an avail-
able candidate system to study the entanglement of macro-
scopic states. Recently, there has been a growing interest in in-
vestigating entanglement in macroscopic systems. >3 In op-
tomechanical systems, the quantum measurement theory and
its applications have been explored,?! a large variety of non-
classical states of both the cavity field and the movable mirror
can be generated,'¥ and the robust stationary entanglement
can be produced between the intracavity mode and the me-
chanical mirror.[! Reference [8] obtained a steady state en-
tanglement of the motion of two dielectric membranes, which
are suspended inside a Fabry—Perot cavity. The properties of
optomechanical entanglement in a coupled cavity array with
a movable mirror have been studied in Ref. [10]. Barzanjeh
et al.'"" proposed a scheme for the realization of stationary
continuous-variable entanglement in a hybrid tripartite sys-
tem formed by an optical cavity and a microwave cavity, both
interacting with a mechanical resonator. Chiara et al.l'?! in-
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vestigated the mirror—light entanglement in a hybrid optome-
chanical device formed by a Bose—FEinstein condensate. In
recent years, the experiments have realized the macroscopic
entanglement. [!415]

With the improvement of the qualities of the nonlin-
ear crystals, optical parametric amplifiers (OPAs) includ-
ing degenerate OPA and nondegenerate OPA, have shown
tremendous applications in generating squeezed and entan-
gled states.[19241 Agarwall'7l investigated interferences in the
quantum fluctuations of the output of an OPA, and demon-
strated that the interferences can be manipulated by choos-
ing the squeezing of the input field. Reference [23] obtained
broadband entangled light through cascading nondegenerate
OPAs, and the application of the entangled light from the cas-
cading nondegenerate OPAs to broadband teleportation has
been discussed.

Recently, the enhancement of the entanglement has been
investigated by introducing nondegenerate OPAs.[>>~2"1 Chen
et al.!*! theoretically showed that the degree of the correlation
of the input entangled beams can be improved by the nonde-
generate OPA inside an optical cavity. In Refs. [26] and [27],
it was experimentally demonstrated that the entanglement de-
gree of the entangled state can be improved and manipulated
by using nondegenerate OPAs. In this paper, we propose a
scheme to produce the stationary macroscopic entanglement
between a cavity field and a movable mirror in an optomechan-
ical system filled with OPA. With the existence of the OPA,
the entanglement can be pronouncedly increased compared to
that without OPA, and the entanglement increases with the in-
creasing parametric gain of the OPA. Furthermore, for a fixed
parametric gain, the larger entanglement of the optomechani-
cal system corresponds to the larger input laser power.
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2. Model and steady-state entanglement for the
system

As shown in Fig. 1, we consider an OPA confined inside
an optical cavity with a fixed mirror and a perfectly reflective
movable mirror driven by a laser. The Hamiltonian of the sys-
tem can be given as

1
H = ha)caTa—FEha)m(Pz—i-Qz)—kthaTa
+ihe(a’ e 1O — gel®t)

+inG(e%a? — e71942). 1)

The first term describes the energy of the cavity, where a (a")
is the annihilation (creation) operator of the cavity fields with
frequency @, = 27c/L, and L is the cavity length. The sec-
ond term is the energy of the mechanical oscillator, where Q
(P) is the dimensionless position (momentum) operator of the
mechanical oscillators with frequency @p,. The third term rep-
resents the radiation pressure with the coupling rate

_w [ h
=7 moy,

The fourth term gives the coupling between the input laser
field and the cavity mode, where € is related to the input power
foby € = \/2gK/moy and o is the frequency of the driving
laser. The last term is the coupling between the OPA and the
cavity mode, where G is the nonlinear gain of the OPA and
0 is the phase of the field driving the OPA. In the interaction
picture, the Hamiltonian is given as

N 1 n
H; = h(w. — a)L)a’aJr Ehwm(PerQz) Jer)(Qa‘a

+inhe(a’ —a)+inG(e'®a’? — e7194?). 2)
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Fig. 1. Sketch of the system. An optical parametric amplifier is inserted in
a Fabry—Perot cavity with a fixed mirror and a movable mirror.

Considering all of the noise and damping terms, we can
investigate the dynamics of the system by using the quantum
Langevin equation. By introducing phenomenologically the
damping and noise terms into the Heisenberg operator equa-
tion, the quantum Heisenberg—Langevin equation can be ob-
tained as

1
A= E[A7HI} — KaA + Aip, 3)

where K4 is the decay of the cavity field and A;, describes the
input noise. From Eq. (2), we have

0 = wnP,
P =—0nQ—ya'a— P +E,
i = —[k—iAla+2Ge'%ad + e+ V2kay,, )

where A = @, — @ + ¥ Q. The quantum Brownian noise op-
erator & with zero mean value comes from the coupling of the
movable mirror to the environment, and has the following cor-
relation function

(E(0&())

_ Y —io(t—t") ho
2ﬂwm/coe {1+coth<2kBT do,

where kg is the Boltzmann constant, and T is the tem-
When @/ > 1,
the correlation function of the noise £(f) can be written
as (§(1)E(1") + ()6 (1))/2 = m(2N + 1)8(t — 1), where
N = [exp(hwm /kpT) — 1]~! is the mean thermal excitation

perature of the mechanical mirror.

number of the resonator. The noise operator aj, satisfies
{(ain(¢)) = 0 and the nonzero time-domain correlation func-
tions (al (1)ain(t")) = nd(t —1'), (awn(t)a; (")) = (n+1)5(t —
t"), where n = [exp(hay /kgT) — 1]~! is the equilibrium mean
thermal photon number.

In order to study the steady state entanglement of the sys-
tem, we adopt the standard methods of quantum optics[?3! to
solve Eq. (4), namely, the steady state solutions of the system
can be obtained by setting all the time derivatives of Eq. (4)

to zero. Consequently, we obtain the steady state values of the

system
P = Oa
O = _X‘Cls|27
Om
_ i0
e

When the cavity is very intensely driven, i.e., a® > 1,
each operator of the system can be expanded as the sum of
its steady-state mean value and a small fluctuation with zero
mean value, namely, the operator can be written as 6 = 0° + 80,
and the dynamics of the small fluctuations is around the steady
state of the system. We have linearized Langevin equations as
follows:

80 = @nSP,
S0P = —0ndQ — xX 56X — xY*8Y — YmdP + &,
8X = xY*8Q+ (—x+2Gcos0)8X
+ (A +2Gsin0)8Y + V2K8Xin,
8Y = —xX°8Q+ (—A +2Gsin0)6X
+ (—k—2Gcos 0)8Y + V2k8Yiy, (6)
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where we have defined quadrature operators for the cavity field
as

X=-""(a+a), v=—
=—@a+ta'), ¥ =—
V2 V2i

Equation (6) can be written in a compact form

(a—a"). (7

f=Af+B ®
where
T = (6Q,5P,5X,5Y)
and
BT = (0,&,V2K8Xin, V2K6Y;)

are the column vectors of the fluctuations and the noise
sources, respectively. The drift matrix A is written as

0 nm 0 0
A=| O o 22X A ©)
xY? 0 —x+2Gcos® A+2Gsin6 |°
—xX* 0 —A+42Gsin8 —k—2Gcos6

When the real parts of all the eigenvalues of matrix A

[6,29

are negative,[?%! the system is stable and reaches its steady

state as t — oo. It is not easy to obtain analytically the
eigenvalues of the drift matrix, so we will guarantee steady
state conditions via a numerical method. We define the el-
ement of the covariance matrix of the quantum fluctuations
Vij(oo) = [{fi(e0) £;(o%) + £5(o0) fi(=2))] /2. and investigate the
nature of the steady state of the cavity optomechanical sys-
tem. When the system is stable, the steady-state correlation

matrix satisfies the Lyapunov equation[3"]
AV+VAT=_D, (10)

where D = diag[0, Yn(2n+ 1), k(2N +1),x(2N +1),0,0] is
the noise correlation matrix. We can directly solve the covari-
ance matrix.

We aim to investigate the properties of entanglement of
the cavity optomechanical system containing OPA. We em-
ploy the logarithmic negativity to quantify the entanglement.

The logarithmic negativity can be defined as3!!

Ex = max{0,—In2n"}, (11

where 7~ = \/E(V)/2— /(E(V)?—4detV)/2  with
Y(V)=detA+detB —2detC, and it is the smallest sym-
plectic eigenvalue of the partially transposed covariance ma-
trix given by

A C

According to the definition of Eq. (11), the system is entangled
if EN > 0, or equivalently, n— < 1/2.

We now discuss the properties of the entanglement of the
cavity optomechanical system. The entanglement of the sys-
tem is displayed in Figs. 2 and 3, and the logarithmic neg-
ativity Ey is plotted as a function of the normalized detun-
ing A/®y. In Fig. 2, we show the logarithmic negativity of
the system for three values of G, i.e., G =0, 0.8k, and 0.9x.
From Fig. 2, we notice that the larger entanglement between
the movable mirror and the cavity mode can be obtained when
the OPA exists, and the entanglement increases with the in-
crease of G. This is because increasing the parametric gain
makes the coupling between the cavity field and the mov-
able mirror stronger due to the increase of the photon num-
ber inside the cavity. The photon number inside the cavity is
6.29 x 108, 8.02 x 10, and 10.34 x 10° for G = 0, G = 0.8k,
and G = 0.9k, respectively. Moreover, in Fig. 2, it can be ob-
served that the entanglement with the OPA (dashed and solid
lines) can be notably enhanced compared to that without OPA
(dashed-dotted line) between the movable mirror and the cav-
ity field.
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Fig. 2. (color online) Entanglement between the cavity field and the me-
chanical mirror, and the dashed-dotted, dashed, and solid lines correspond
to G =0, 0.8x, and 0.9k, respectively. For all plots, the parameters
are L =5 mm, m = 20 ng, &y = 27 X 107 Hz. The laser has wave-
length A = 810 nm and power & = 10 mW, the mechanical quality factor
Q' = O/ = 6700.
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Fig. 3. (color online) Entanglement between the cavity field and the me-
chanical mirror when G = 0.8k, the dashed-dotted, dashed, and solid lines
correspond to & =7 mW, 10 mW, and 15 mW, respectively. The other
parameters are the same as those in Fig. 2.

Figure 3 describes En of the cavity optomechanical sys-
tem for different input laser power g at G = 0.8x. From Fig. 3,
it can be observed that the entanglement of the optomechani-
cal system increases with the increase of the laser power when
parametric gain G is fixed. The reason is that the coupling
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between the cavity field and the mirror is increased with in-
creasing input laser power due to the increase of the photon
number.

3. Discussion and conclusion

We give a brief discussion on the experimental feasibil-
ity of our program. To numerically calculate the logarithmic
negativity of the optomechanical system, we have chosen fea-
sible parameters based on the present experiment.*?! In fact,
it is an experimental challenge to detect the entanglement of
macroscopic mechanical systems. However, some promising
schemes have been proposed(®33] to relatively easily detect the
quantum correlation by homodyne measurement techniques,
so quantum entanglement can be indirectly detected by quan-
tum correlation. We believe that our scheme is realizable in
experiments with the development of science and technology.

In conclusion, we have proposed a scheme to generate
stationary macroscopic entanglement of an optomechanical
device filled with OPA. Our study shows that the entanglement
of the cavity optomechanical system can be pronouncedly en-
hanced due to the introduction of the OPA, and the larger en-
tanglement corresponds to the larger parametric gain G. More-
over, for a given G, the degree of entanglement increases when
the input laser power increases.
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