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Bifurcation and chaos in high-frequency peak current mode Buck converter working in continuous conduction mode
(CCM) are studied in this paper. First of all, the two-dimensional discrete mapping model is established. Next, reference
current at the period-doubling point and the border of inductor current are derived. Then, the bifurcation diagrams are
drawn with the aid of MATLAB. Meanwhile, circuit simulations are executed with PSIM, and time domain waveforms as
well as phase portraits in if —vc plane are plotted with MATLAB on the basis of simulation data. After that, we construct
the Jacobian matrix and analyze the stability of the system based on the roots of characteristic equations. Finally, the
validity of theoretical analysis has been verified by circuit testing. The simulation and experimental results show that,
with the increase of reference current /¢, the corresponding switching frequency f is approaching to low-frequency stage
continuously when the period-doubling bifurcation happens, leading to the converter tending to be unstable. With the
increase of f, the corresponding /s decreases when the period-doubling bifurcation occurs, indicating the stable working

range of the system becomes smaller.
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1. Introduction

Switching DC-DC converters are strongly nonlinear
systems with complex nonlinear phenomena, such as low-
frequency oscillation,!!?! period-doubling bifurcation, border
collision bifurcation, chaos, and so on.’"!! With the varia-
tion of circuit parameters, the converter systems may fall into
chaotic state via various bifurcations, which have negative ef-
fects on their performance. Hence, it is of great importance
to study nonlinear phenomena of the converters both in theory
and application.

Nonlinear phenomena of DC-DC converters have been
studied for many years. Previous literature mainly focus on

12-14] and current-mode

peak current mode Boost converter!
Buck—Boost converter,'>-17! while research on peak current
mode Buck converter started relatively late, and most of
them employ an approximate one-dimensional discrete model,
which fails to reflect the actual working situations of the
converters.[>!8] Although there are some research studies that
use a two-dimensional discrete model, their physical meanings
are ambiguous. ]

With the blooming development of science and technol-
ogy, switching mode power supply develops rapidly in the di-
rection of high frequency, miniaturization and light weight.
Meanwhile, high-frequency switching power converters are
widely applied in all kinds of portable electronic devices.
Higher switching frequency means lower ripple of output volt-

age, thus reducing the required values of inductor and ca-
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pacitor. Consequently, the sizes of passive devices can be
reduced, making switching power converters smaller. How-
ever, most existing research is confined to low-frequency con-
ditions (hundreds of kilohertz or lower).?%2! Obviously, it is
of great necessity to study those nonlinear phenomena in high-
frequency switching power converters (switching frequency
up to megahertz region), and to discover the relationship be-

tween switching frequency and system stability.

In this paper, the authors will study the nonlinear phe-
nomena in high-frequency peak current mode Buck converter
working in CCM. A precise two-dimensional discrete model
is established in Section 2. In Section 3, the bifurcation di-
agrams of the system are plotted with the aid of MATLAB,
meanwhile, circuit simulations are carried out with PSIM and
the corresponding time domain waveforms as well as phase
portraits in ip—vc plane are plotted with MATLAB. In addi-
tion, the critical reference current at the period-doubling point
and the border of inductor current are derived in this part. In
the following section, we derive the Jacobian matrix and an-
alyze the stability of the system based on the roots of charac-
teristic equations. Then in Section 5, an experimental circuit
is built and tested to verify the validity of theoretical analysis.

Section 6 gives the conclusion.
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2. Dynamic modeling of peak current mode
Buck converter
2.1. Working principle of peak current mode Buck con-
verter
There exists a freewheeling diode which has significant
forward voltage drop in a nonsynchronous Buck converter,
thus reducing the efficiency of the system, and it is not in ac-
cord with the trend of low output voltage. As an alternative,
the diode can be replaced by a low voltage drop power MOS
transistor which is able to be easily embedded into a chip to
achieve synchronous rectification, and the system efficiency

can be improved accordingly.
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Fig. 1. (a) Schematic circuit diagram and (b) steady-state waveforms of
peak current mode Buck converter.

Synchronous rectification technology is adopted in our
design. The schematic circuit diagram of peak current mode
Buck converter and its main working waveforms in steady-
state are shown in Figs. 1(a) and 1(b), respectively.

When Buck converter works in CCM, the circuit will
switch between two states. Using inductor current if, and ca-
pacitor voltage vc as state variables, we can obtain the dy-

namic equations of the system, which can be expressed as

dip 1 1
o et 8-E

dr pretors 0
dve 1. 1

dd CY RC©

where E is the input voltage, 6 = 1 represents switch Sy is on
while 8 = 0 represents Sy is off. Here, L, R, and C represent
inductor value, resistor value, and capacitor value respectively.

It can be seen from Eq. (1) that the peak current mode

Buck converter is a piecewise nonlinear dynamic system, and

it is hard to analyze its dynamic behavior with the aid of
dynamic equations directly, while utilizing discrete iterative

mapping model will be a smarter choice.

2.2. Discrete iterative mapping model

Sampling state variables is needed when establishing the
discrete iterative mapping model of peak current mode Buck
converter. Based on various sampling methods, modeling
approaches can be divided into the stroboscopic map, syn-
chronous switching map and asynchronous switching map,
among which the stroboscopic map is the most widely
used method to study nonlinear phenomena in switching

(221 We utilize the stroboscopic map to build dis-

converters.
crete iterative mapping model of peak current mode Buck con-
verter, and using i, = iL(nT), v, = vc(nT) to represent the
sampling values of inductor current and capacitor voltage at
time nT respectively. Similarly, i,,+; and v, represent the
sampling values of inductor current and capacitor voltage at
time (n+ 1)T respectively. The switchover of the MOS tubes
only occurs when if, = Let.

MOS tube S; will be turned off if inductor current iy, in-
creases to Ie¢. According to Eq. (1), we could calculate the rise
time of inductor current during the switching cycle n, namely

the conduction time ¢, of switch tube Sy, which is

Iref_in
t,=L . 2
S — @)

When 1, > T, switch tube S; is on during the entire
switching cycle, and the corresponding discrete iterative map-

ping model of the converter can be expressed as follows:

E
ing1 = e (clcosﬁT+czsinﬁT)+E, 3)
Vo1 = €T (c3co8 BT +cysinBT) +E, 4)

where

S By I

2RC’ LC 4R*C?*’
E 1 [E—v, . E
‘R"”:B[ L ‘“(”‘R)}

o in
== E)+—.
4 B (va+E)+ BC
When t, < T, switch tube S; will be shut off after a period
of time, resulting in the turn-off time in a switching cycle is T—

aa=v,—FE,

t,. Accordingly, we can derive the discrete iterative mapping

model of the converter in this condition
in+1 = ea(Til”) (kl COSB (T _tn) +k2 Sinﬁ (T - tn)) ) (5)

Vpyt = —Le®T M) {(k1a+k2ﬁ)cosﬁ(Ttn)

+(k2a—k1ﬁ)SiHB(T—l‘n):|, (6)
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where
1

BL
ve (0) = e (c3cos Bty +casinBt,) + E.

ki =Ier, ko= (VC (0) + aLIref) ,

Consequently, equations (3)—(6) form the accurate two-
dimensional discrete iterative mapping model of the peak cur-

rent mode Buck converter.

3. Analysis of dynamic behaviors in peak cur-
rent mode Buck converter
3.1. The period-doubling bifurcation and border collision
bifurcation

Many parameters of the DC-DC converters can be used
to study nonlinear behaviors. However, in the following anal-
ysis, we only focus on the influence of reference current ¢
and switching frequency f.

For a peak current mode Buck converter, it is widely
known that period-doubling bifurcation occurs when the duty
cycle D exceeds 0.5.3*%131 According to Eq. (1), the peak—
peak value of inductor current ripple can be calculated as

DT(E — D(1-D)TE
ai— PTE=ve) DU -DTE )
L L
Based on the power-balance equation, we can obtain
Ai\ D’E?
E (Iref_ 2> = R 3

Combining Eq. (7) with Eq. (8) and substituting D = 0.5 into
the new equation, we can obtain the critical reference current
as the period-doubling bifurcation occurs, which is

efpdd = 2\ 8L "4 ) " R\8Lf "4)

Besides, there exists a border of inductor current in the
discrete iterative mapping model of peak current mode Buck
converter working in CCM. We define ;, as the corresponding
initial inductor current value at the beginning of a switching
cycle provided that inductor current will exactly increase to
reference current I at the end of the switching cycle. By
substituting Iy, It for iy, in4+1 in Eq. (3) respectively, then the

border I, can be obtained as

E E 1 /E— oFE
e—oT (Iref7*>+*COSﬁT7*( V"Jr—) sinT
. R)R B

L R
o
cosﬁT—ﬁ sinT

. (10)

Next, serve reference current ¢ as bifurcation parame-
ter, and alter its value from 0.8 A to 1.5 A continuously. The
system parameters are £ = 3.3 V, L=4.7 uH, C = 10 uF,

R=1.8 Q, and f =1 MHz. Carry out numerical simula-
tions with the aid of MATLAB, during which the iterative
points corresponding to each reference current are all started
at i, =0, vc = 0. After that, display the last 250 points af-
ter iterating 3000 points and the obtained bifurcation diagram
using I as bifurcation parameter is shown in Fig. 2.

It can be seen from Fig. 2 that when ¢ is small, the con-
verter is working in period-1 orbit. As I increases to 1.01 A,
the period-doubling bifurcation occurs and the converter be-
gins to work in period-2 orbit. With the continuous increase
of I, period-2 orbit collides with border I, when I.¢ equals
to 1.09 A, indicating the border collision bifurcation occurs.
After that, the period-doubling bifurcation will not exist any
longer, and the converter will fall into chaos via quasi-period-
4 orbit. When I.r adds up to 1.28 A or so, separate chaotic
attractors combine together and the system falls into complete
chaos eventually. In short, with the continuous increase of
ILet, the converter will experience period-1 orbit, period-2 or-
bit, quasi-period-4 orbit and chaos successively.

1.4
1.2
<
& 1.0 R ./
period-doubling’
bifurcation |,
0.8
border P border collision
I, \/3’ bifurcation
0.6 : padt : X . .
0.8 1.0 1.2 1.4
Ircf/A

Fig. 2. Bifurcation diagram using /¢ as bifurcation parameter.

3.2. Typical time domain waveforms and phase portraits
in i -vc plane

The peak current mode Buck converter circuit is con-
structed and simulated with PSIM, and the time domain wave-
forms as well as phase portraits in i —vc plane are plotted with
the help of MATLAB depending on the simulation data. Fig-
ures 3(a)-3(d) present the time-domain waveforms of inductor
current when I equals to 1 A, 1.05 A, 1.12 A, and 1.3 A sep-
arately, and the corresponding phase portraits in i; —vc plane
are shown in Figs. 3(e)-3(h).

It can be seen from Fig. 3 that the working states of
peak current mode Buck converter operating in period-1 or-
bit, period-2 orbit, quasi-period-4 orbit and chaotic state are
consistent with the bifurcation diagram presented in Fig. 2.
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Fig. 3. Time-domain waveforms of inductor current ((a)—(d)) and phase portraits in i —vc plane ((e)—(h)) at L = 1 A ((a) and (e)),

1.05 A ((b) and (f)), 1.12 A ((c) and (g)), and 1.3 A ((d) and (h)).
3.3. The influence of switching frequency f

According to the discrete iterative mapping model
(Egs. (3)—(6)), there exist mutual restrictions between the
switching frequency f and the other circuit parameters. That
is, when the switching frequency of the converter is changed,
the working state and stability of the system will be changed
accordingly.

First, serve f as bifurcation parameter, whose range is
from 0.2 MHz to 2.5 MHz. Next, set s to 0.8 A, 1 A, and
1.2 A in sequence, and the obtained bifurcation diagrams us-

ing f as bifurcation parameter are shown in Figs. 4(a)—4(c)

respectively.

From Fig. 4, it is found that when the reference current is
relatively small (/s = 0.8 A), the inductor current i is always
over border I, in the whole variation range of f, indicating the
converter is operating in stable period-1 orbit in this condition.
When reference current increases to 1 A, as the switching fre-
quency increases, the period-doubling bifurcation will occur,
and after that the converter will enter period-2 orbit. When
the reference current is large enough (lef = 1.2 A), with the
increase of switching frequency f, the period-doubling bifur-
cation and the border collision bifurcation will occur succes-
sively, and the system will fall into chaos eventually.
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Fig. 5. Bifurcation diagrams using ¢ as bifurcation parameter at f = 400 kHz (a), 600 kHz (b), 1.6 MHz (c), and 3 MHz (d).

To sum up, with the increase of ¢, the corresponding
switching frequency f is approaching to low-frequency stage
continuously when period-doubling bifurcation happens, lead-
ing the converter to tend to be unstable. This trend can also be
seen from Eq. (9) clearly.

Next, we are going to study the bifurcation diagrams of
peak current mode Buck converter under different switching
frequencies. Keeping the other circuit parameters unchanged,
the bifurcation diagrams using I as bifurcation parameter
when f equals to 400 kHz, 600 kHz, 1.6 MHz, and 3 MHz
are shown in Figs. 5(a)-5(d) respectively.

Combining Fig. 5 with Fig. 2, it can be found that

with the increase of f, the corresponding /;.; decreases when

the period-doubling bifurcation occurs, indicating the stable
working range of the system becomes smaller. That is to say,
switching frequency f and reference current /. are two inter-
constraint parameters. However, the corresponding inductor
current i, increases when the period-doubling bifurcation oc-

curs, representing greater load driving ability.

4. Stability analysis of peak current mode Buck
converter through the Jacobian matrix

The stability of the system can be determined by com-
puting the eigenvalues at the fixed point. Choosing circuit pa-
rameter @ (e.g., Ler or f) as the bifurcation parameter, and
the discrete iterative mapping model of the converter in CCM
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(i.e., equations (5) and (6)) can be rewritten in the following

in+1 _ fl (imvm(p)
|:V,,+] :| - |:f2 (imvm(p):| . (11)

Leti,1 =i, =ig, Vutr1 = V4 = Vg, then the fixed point vy,

equation:

ip can be obtained according to Eq. (11). The Jacobian matrix
in the neighbourhood of the fixed point can be described as

a5
di, v

J = n n 12
oh of | 1
ain aVn in=iQ,Vn=VQ

and its characteristic equation of the fixed point can be ex-
pressed as

det(AI —J)=0. (13)

The stability of the system is determined by the eigenval-
ues A1 and A, at the fixed point. The corresponding ¢ when
one of the eigenvalues equals to —1 is the parameter value at

t.3418] Using Ier as bi-

the period-doubling bifurcation poin
furcation parameter while keeping the other parameters of the
system unchanged, the obtained eigenvalues and system state
are shown in Table 1.

As can be seen from Table 1, when s increases to
1.0033 A, the period-doubling bifurcation occurs and the sys-
tem switches from period-1 orbit to period-2 orbit. The anal-
ysis results and the bifurcation diagram in Fig. 2 are basically

consistent.

Table 1. Eigenvalues and system state at different /..f with f = 1 MHz.

L.t/A  Eigenvalue A; Eigenvalue 1, State
0.8 —0.6436 0.9439 period-1 orbit
1.0 —0.9929 0.9461 period-1 orbit
1.002 —-0.9972 0.9461 period-1 orbit
1.0033 —-1.0000 0.9461 period-doubling bifurcation
1.01 -1.0148 0.9462 period-2 orbit

Next, by serving f as bifurcation diagram, the obtained
eigenvalues and system state as .r equals to 0.8 A, 1 A, and
1.2 A are shown in Tables 2—4, respectively.

Table 2. Eigenvalues and system state at different f with L.t = 0.8 A.

f/MHz Eigenvalue 1 Eigenvalue A, State
1.0 —0.6436 0.9439 period-1 orbit
1.6 —0.6886 0.9652 period-1 orbit
2.25 -0.7119 0.9753 period-1 orbit
3.0 -0.7268 0.9815 period-1 orbit

Table 3. Eigenvalues and system state at different [ with Lf = 1 A.

f/IMHz  Eigenvalue ;  Eigenvalue A, State
0.5 -0.8293 0.8923 period-1 orbit
1.0 -0.9929 0.9461 period-1 orbit
1.02 —-0.9965 0.9471 period-1 orbit
1.05 -1.0017 0.9486 period-doubling bifurcation

Table 4. Eigenvalues and system state at different f with L = 1.2 A.

f/MHz Eigenvalue A; Eigenvalue 1, State
0.2 -0.7713 0.7422 period-1 orbit
0.28 —0.9632 0.8235 period-1 orbit
0.296 —0.9958 0.8336 period-1 orbit
0.3 -1.0037 0.8359 period-doubling bifurcation

It can be seen from Table 2 that when Ir is relatively
small (. = 0.8 A), the system is stable even when f reaches
3 MHz. According to Tables 3 and 4, as I increases to 1 A
and 1.2 A, the corresponding switching frequencies when the
period doubling bifurcation occurs are about 1.05 MHz and
0.3 MHz respectively, which are consistent with the results
presented in Fig. 4.

5. Experimental verification

In order to verify the correctness of previous theoretical
analysis, an experimental circuit is built to test the nonlinear
phenomena of the peak current mode Buck converter. The full
schematic diagram and the photograph of the experimental cir-
cuit are shown in Figs. 6 and 7 respectively.

s g L DCR
—: Q7 Y Y YL AAA,
Vi s g j
s 5 s Cos c
I_— ,\RAC,\S ] g
+5V:
-5V
8 6 5 |
D uccz27524 403 2 =
PR AD620  ZRs

AR EEEN By
1615141312 1110 9 |1— 1 4 8 +5V
D CcD4043B 2 =g
12345678 33 6 |—
T TTT11 R
| = SvT G
clock

Fig. 6. Schematic diagram of the peak current mode Buck converter.

CD4043BCN

! 77598
= I\DCR clfrent
sampling unit

Fig. 7. (color online) Photograph of the experimental circuit.

070504-6



Chin. Phys. B  Vol. 25, No. 7 (2016) 070504

In the main topology, the power tube is uPA2791 and
the driver chip is UCC27524. The feedback path is mainly
composed of current sampling circuit, an amplifier (AD620),
a comparator (LM311) and an R-S flip-flop (CD4043BC). In
this paper, we adopt DCR current sampling method!?*! to ob-
tain a voltage that is proportional to inductor current, and then
the voltage is amplified by AD620, hence, the signal input into
the inverting input port of the comparator is a reference volt-
age Vir that is numerically equal to the reference current .

The waveforms of inductor current and output voltage as
well as phase portraits in ip. -V, plane at 1 MHz switching fre-
quency when reference voltage Vi.ris 0.95V, 1.05 V,and 1.2 V
are shown in Fig. 8.

As can be seen from Fig. 8, with the increase of Vs, the
converter experiences the stable period-1 orbit, period-2 or-
bit and chaotic state successively, indicating the converter sys-
tem tends to be unstable with the augment of V,¢ at a certain

switching frequency. The experimental results are consistent
with previous analysis and simulation results.

Then we will verify the influence of switching frequency
variation on system state. According to Figs. 8(c) and 8(f),
when f =1 MHz and Vs = 1.2 V, the peak current mode
Buck converter is working in chaotic state. Keeping the ref-
erence voltage Ve = 1.2 V unchanged, the waveforms of in-
ductor current and output voltage as well as phase portraits in
iL-V, plane with f equals to 600 kHz and 250 kHz are shown
in Fig. 9.

Combining Figs. 8(c) and 8(f) with Fig. 9, it can be found
that with the decrease of f, the converter experiences the
chaotic state, period-2 orbit and stable period-1 orbit in se-
quence, namely the converter system is tending towards stabil-
ity with the decrease of f at a certain reference voltage, which
proved the experimental results are basically consistent with

previous analysis and simulation results.
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Fig. 8. (color online) Experimental waveforms of inductor current and output voltage ((a)—(c)) as well as phase portraits in ip -V, plane
((d)—(f)) at Vier = 0.95 V ((2) and (d)), 1.05 V ((b) and (e)), 1.2 V ((c¢) and (f)) with f = 1 MHz.
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Fig. 9. (color online) Experimental waveforms of inductor current and output voltage as well as phase portraits in i —V, plane at
f =600 kHz ((a) and (c)), 250 kHz ((b) and (d)) with Vief = 1.2 V.

6. Conclusion

In this paper, the focus of our research is to study non-
linear phenomena in high frequency peak current mode Buck
converter and to discover the relationship between switching
frequency and system stability. First, we establish the two-
dimensional discrete mapping model of the converter. After
that, we derive the reference current at the period-doubling
point and the border of inductor current. Next, the bifurcation
diagrams are obtained through numerical simulation and plot-
ted with the aid of MATLAB. Meanwhile, time domain wave-
forms and phase portrait in ir,—vc plane are obtained through
PSIM simulation, and are plotted with MATLAB on the ba-
sis of simulation data. Then, the Jacobian matrix is derived
and the stability of the system is analyzed based on the eigen-
values of characteristic equations. Finally, to testify the va-
lidity of theoretical analysis, the experiment is carried out on
a test circuit. Both the simulation and experimental results
show that the converter tends to be unstable with the increase
of reference current I, as the corresponding switching fre-
quency f is approaching to low-frequency stage continuously
when the period-doubling bifurcation occurs. Moreover, with
the increase of f, the stable working range of the system be-
comes smaller for the corresponding I..r decreases when the

period-doubling bifurcation occurs.
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