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Bursting phenomena as well as the bifurcation mechanism in a
coupled BVP oscillator with periodic excitation∗
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We explore the complicated bursting oscillations as well as the mechanism in a high-dimensional dynamical system.
By introducing a periodically changed electrical power source in a coupled BVP oscillator, a fifth-order vector field with two
scales in frequency domain is established when an order gap exists between the natural frequency and the exciting frequency.
Upon the analysis of the generalized autonomous system, bifurcation sets are derived, which divide the parameter space
into several regions associated with different types of dynamical behaviors. Two typical cases are focused on as examples,
in which different types of bursting oscillations such as subHopf/subHopf burster, subHopf/fold-cycle burster, and double-
fold/fold burster can be observed. By employing the transformed phase portraits, the bifurcation mechanism of the bursting
oscillations is presented, which reveals that different bifurcations occurring at the transition between the quiescent states
(QSs) and the repetitive spiking states (SPs) may result in different forms of bursting oscillations. Furthermore, because
of the inertia of the movement, delay may exist between the locations of the bifurcation points on the trajectory and the
bifurcation points obtained theoretically.
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1. Introduction

Many practical systems in physics, chemistry, mechan-
ics, and engineering may involve two timescales,[1–3] which
often behave as a combination of relatively large amplitude
and small amplitude oscillations,[4,5] conventionally denoted
by NK with N and K corresponding to the large amplitude
and small amplitude oscillations, respectively. Generally, the
system is said to be in quiescent state (QS) when all vari-
ables are at rest or exhibit small amplitude oscillations. On
the contrary, when the variables exhibit large amplitude oscil-
lations, the system is in spiking state (SP).[6] Bursting phe-
nomena can be observed when the variables alternate between
QSs and SPs in turn. Though a lot of bursting phenomena
related to two timescales, such as the relaxation oscillations,
have been reported,[7,8] the dynamics with two timescales re-
ceived much attention only after the work of Hodgkin and
Huxley, who established a simple slow–fast neural model, the
oscillations of which agree with the neuron activities.[9] Di-
vided by the presentation of the slow–fast analysis method by
Rinzel,[10] the related work can be divided into two stages. In
the first stage, most of the research focused on the solutions
of bursting oscillations, and many asymptotic methods such
as quasi-state method and singular perturbation method were
proposed,[11,12] while in the second stage, researchers were
devoted to investigate the mechanism of the bursting oscilla-
tions by employing the slow–fast analysis method.[13,14] Two
important bifurcations can be observed, occurring at the alter-

nations between QSs and SPs, which can be used to classify
the bursting oscillations into different patterns.[15]

Up to now, most of the results are obtained in the low-
dimensional autonomous system, in which QS and SP each
has only one form in the bursting oscillations with only co-
dimension one bifurcations at the transitions between QSs
and SPs. How the high-dimensional dynamical systems with
two scales behave remains an open question. Furthermore,
when the non-autonomous terms such as periodic excitation
involve the vector fields, how to analyze the bursting oscilla-
tions needs to be investigated, since the traditional slow–fast
analysis method cannot be directly used to explore the bifur-
cation mechanism.

In this paper, by introducing a periodically changed
electrical power source in a coupled BVP oscillator, a five-
dimensional dynamical system with periodic excitation is es-
tablished, which is used as an example to investigate the burst-
ing oscillations in a high-dimensional non-autonomous vector
field. By taking suitable parameters with an order gap be-
tween the exciting frequency and the natural frequency, dif-
ferent types of bursting oscillations are presented, which may
involve multiple forms of QSs and SPs. Furthermore, by re-
garding the whole exciting term as a slow-varying parameter,
the bifurcation mechanism of the bursting oscillations is ob-
tained, which reveals that not only the states of QSs and SPs,
but also the bifurcations at the alternations may influence the
structures of the bursting attractors.
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2. Model of coupled BVP oscillators
By introducing a periodically changed electrical power

source in the fifth order autonomous system of Wu[16] which
contains two identical oscillators, a circuit model of cou-
pled BVP oscillators with a periodic excitation is obtained, as
shown in Fig. 1. A five-dimensional non-autonomous differ-
ential equation describing the dynamics of the circuit can be
written as 

L
di1
dt

= v1− ri1,

C
dv1

dt
=−i1−g(v1)− i3,

L
di2
dt

= v2− ri2 +E1 sinω1t,

C
dv2

dt
=−i2−g(v2)+ i3,

L0
di3
dt

= v1− v2−R0i3,

(1)

where i1, i2, i3, v1, and v2 represent the associated currents and
voltages, respectively, E1 sinω1t is the exciting term, and func-
tion g(v) is the nonlinear conductance which has fifth-order
characteristics

g(v) = d1v+d3v3 +d5v5.

By employing the transformations

yk =
√

Cvk, xk =
√

Lik, (k = 1,2),

x3 =
√

L0i3, k1 =
1√
LC

, k6 =
1√
L0C

,

k2 =
r
L
, k7 =

R0

L0
, k3 =

d1

C
,

k4 =
d3

C2 , k5 =
d5

C3 , A =
E1√

L
,

the dimensionless form of Eq. (1) is derived as

dx1

dt
= k1y1− k2x1,

dy1

dt
=−k3y1− k4y3

1− k5y5
1− k1x1− k6x3,

dx2

dt
= k1y2− k2x2 +Asin(ωτ),

dy2

dt
=−k3y2− k4y3

2− k5y5
2− k1x2 + k6x3,

dx3

dt
=−k7x3 + k6(y1− y2),

(2)

where k1, k2, k3, k4, k5, k6, k7 are constants, among which k1,
k2, k6, k7 are positive, and A and ω are the amplitude and the
frequency of the periodic excitation, respectively.

Complicated bursting phenomena can be observed when
the exciting frequency is far less than the natural frequency of
the system. In this work, we focus on different types of burst-
ing as well as the related mechanisms that would occur when a

slow-varying periodic excitation is applied to the coupled BVP
oscillators.
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Fig. 1. Circuit of coupled BVP oscillators with a periodic excitation.

3. Bifurcation analysis
In order to discover the properties and mechanism of

bursting, the stability of the equilibrium points and the re-
lated bifurcation are first considered. Here we define the pa-
rameter ω � 1 so that an order gap exists between the excit-
ing frequency and the natural frequency, then we investigate
the dynamical behaviors of the system with two timescales.
Since ω/ΩN � 1, the trajectories of the state variables may
oscillate mainly according to the natural frequency ΩN, which
may be moderated by the small amplitude oscillations with
exciting frequency ω . In an arbitrary period TN starting at
τ = τ0 associated with ΩN (implying τ ∈ [τ0,τ0 + TN] with
TN = 2π/ΩN), the whole exciting term w may vary between
WA = Asin(ωτ0) and WB = Asin(ωτ0 + 2πω/ΩN), which
means that w keeps almost constant during any period TN cor-
responding to ΩN. Therefore, by regarding the whole excit-
ing term w = Asin(ωτ) as a generalized parameter, system (2)
could be treated as a generalized autonomous system.

E(x1(0),y1(0),x2(0),y2(0),x3(0)) is defined as an equi-
librium point of the generalized autonomous system. The
characteristic equation of the equilibrium point can be express
as

λ
5 +a4λ

4 +a3λ
3 +a2λ

2 +a1λ +a0 = 0, (3)

where

a0 = −k2Ak2
1k7−Ak2

2k2
6 +Ak2

2Bk7− k2
1k2Bk7

−k2
6k2

2B+ k4
1k7 +2k2k2

1k2
6,

a1 = −Ak2
1k7− k2

1k2B−Ak2
2k7 +Ak2

2B

−2k2
6k2B− k2Ak2

1−2Ak2k2
6− k2

1Bk7

+2k2k2
1k7 +2k2

1k2
6− k2

2Bk7 +2k2
2k2

6 +2Ak2Bk7 + k4
1,

a2 = −2Ak2k7 +2Ak2B−Ak2
6 +2k2

1k7 +2k2k2
1

−Ak2
2 +ABk7 + k2

2k7−2k2Bk7

−k2
6B−Ak2

1− k2
2B− k2

1B+4k2k2
6,

a3 = −2k2B−Ak7−Bk7−2Ak2

+AB+2k2
6 +2k2k7 +2k2

1 + k2
2,
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a4 = −B−A+2k2 + k7, (4)

with A = −k3 − 3k4y1 (0)
2 − 5k5y1 (0)

4, B = −k3 −
3k4y2 (0)

2−5k5y2 (0)
4, while y1 (0) and y2 (0) satisfy the con-

ditions 
(k2k3k7 + k2

1k7 + k2
6)y1(0)+ k2k4k7y1(0)3

+k2k5k7y1(0)5− k2
6y2(0) = 0,

(k2k3k7 + k2
1k7 + k2

6)y2(0)+ k2k4k7y2(0)3

+k2k5k7y2(0)5− k2
6y1(0)+ k1k7w = 0.

According to the Routh–Hurwitz criterion, equilibrium point
E is asymptotically stable when

a0 > 0, a1 > 0, a3a4−a2 > 0,

a4a3a2−a2
4a1−a2

2 +a0a4 > 0,

a4a3a2a1−a4a2
3a0−a2

4a2
1 +2a4a1a0

−a2
2a1 +a2a3a0−a2

0 > 0. (5)

By changing the parameters, equilibrium point E may lose its
stability via different forms of bifurcation, such as fold bifur-
cation (FB) and Hopf bifurcation (HB).

With the existence condition of E and the characteristic
equations (3) and (4), the necessary condition of fold bifurca-
tion can be expressed as

FB : − k2Ak2
1k7−Ak2

2k2
6 +Ak2

2Bk7− k2
1k2Bk7

− k2
6k2

2B+ k4
1k7 +2k2k2

1k2
6 = 0. (6)

Substituting λ = ω0 i into characteristic equation (3) and elim-
inating ω0, the Hopf bifurcation condition can be expressed as

HB : (a0−a1a4)
2− (a2−a3a4)(a3a0−a1a2) = 0. (7)

Two bifurcation sets (6) and (7) denote possible bifurcations of
the generalized autonomous system, which may correspond to
the turning points between SP and QS when bursting occurs.

Here we only consider two typical cases

Case A : k1 = 2.0, k2 = 1.0, k3 =−5.0,

k4 = 1.0, k5 = 1.0, k6 = 1.0,

Case B : k1 = 50.0, k2 = 50.5, k3 =−50.0,

k4 = 1.0, k5 = 1.0, k6 = 1.0, (8)

which may correspond to different numbers of equilibrium
points as well as the related bifurcation forms.

Case A By taking k7 and w as the bifurcation parameters,
the bifurcation sets are presented in Fig. 2(a), where the blue
and red curves correspond to fold and Hopf bifurcation sets,
respectively, which divide the parameter space into several re-
gions associated with different types of dynamical behaviors.
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Fig. 2. (color online) Bifurcations in Case A. (a) Bifurcation sets on
the plane of w–k7. (b) Equilibrium branches as well as the bifurcations
for k7= 1.5. (c) Equilibrium branches as well as the bifurcations for
k7= 4.0.

The equilibrium branches as well as the bifurcations for
k7= 1.5 and k7= 4.0 are respectively plotted in Figs. 2(b) and
2(c) as examples, in which the solid and dashed curves corre-
spond to stable and unstable equilibrium points, respectively.
With the variation of w, the number of equilibrium points may
vary between one and three for k7= 1.5, while it may vary
between one and nine for k7= 4.0. Furthermore, since more
equilibrium points are involved in Fig. 2(c), more fold bi-
furcation points, denoted by Ai (i = 1,2, . . . ,8), can be ob-
served, while only two fold bifurcation points, denoted by LPi

(i = 1,2), exist in Fig. 2(b).
Case B The bifurcation sets for Case B are similar to

those for Case A, which we omit here for simplicity. How-
ever, great difference between the stabilities of the equilibrium
points can be observed. The equilibrium branches as well as

070501-3



Chin. Phys. B Vol. 25, No. 7 (2016) 070501

the related bifurcations for k7 = 12.0 are presented in Fig. 3.
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Fig. 3. (color online) Equilibrium branches as well as the bifurcations
for k7= 12.0.

Unlike the situations in Fig. 2(c), though there are the
same number of fold bifurcation points, the stabilities of the
equilibrium branches are different. One may find that not only
the two equilibrium branches E1± but also E3± are stable in
Fig. 3, which implies that more jumping phenomena can be
observed for Case B, leading to multiple stable equilibrium
branches to involve in the slow–fast dynamical behaviors.

4. Bursting oscillation as well as the mechanism
Here we fix the parameter ω = 0.02 so that an order

gap exists between the exciting frequency and the natural fre-
quency and investigate the dynamical behaviors of the system
with two timescales. We turn to the two typical cases de-
scribed above to explore the dynamical evolution of the sys-
tem.

4.1. Bursting oscillations in Case A

From the bifurcation analysis above, two types of bifur-
cations, i.e, fold bifurcation and Hopf bifurcation exist in Case
A. Furthermore, different numbers of equilibrium points and
limit cycles can be observed with the variation of w. Now
we fix A = 1.0 and regard k7 as the bifurcation parameter to
explore different bursting oscillations and the related mecha-
nism.

4.1.1. Symmetric subHopf/subHopf bursting

The phase portrait as well as the time history for k7 = 1.50
is plotted in Fig. 4, from which one can find bursting oscilla-
tions with symmetric structure.

Though the period of the movement in Fig. 4 is equal to
that of the exciting term at T = 2π/ω ≈ 314.16, in the neigh-
borhoods of the two equilibrium points E1+ and E1−, relatively
large-amplitude oscillations on the trajectory can be observed,
with the frequency of approximately 2.50. Accordingly, the
trajectory can be divided into four segments, corresponding to
two quiescent states and two repetitive spiking states.
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Fig. 4. (color online) Bursting oscillations for k = 1.50: (a) phase por-
trait, (b) time history, (c) local enlarged time history of (b).
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Fig. 5. (color online) Transformed phase portrait on the plane of (w,x1)
for k7 = 1.5.

In order to reveal the mechanism of the bursting oscilla-
tions in Fig. 4, we present the overlap of the transformed phase
portrait with equilibrium branches in Fig. 5. According to the
time history shown in Fig. 4(b), it is easy to find that the mo-
tion direction of the trajectory is clockwise. If the trajectory
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starts at the point B in Fig. 5, it moves almost strictly along the
equilibrium branch E1+, which is in QS. When the trajectory
passes through point subH1, E1+ loses stability via subHopf
bifurcation. It should be pointed out that the trajectory does
not jump to the stable equilibrium point E1− immediately with
the attraction of E1−, instead it moves along the unstable equi-
librium branch E1+ for a while because of inertia. This phe-
nomenon is called the delay behavior.[17] Then the trajectory
jumps to E1− and oscillates around it, leading the system from
QS to SP. With slow variable w continuously increasing, the
trajectory gradually converges to the stable equilibrium point
E1− and transforms to QS again. Until w reaches to its maxi-
mum 1.0, the movement turns to the left. Due to the symmetry
of the vector field, the left part of the trajectory is similar to
the right part. Till the trajectory returns to point B, a periodic
bursting is completed. Obviously, the repetitive spiking states
are created since slow variable w passes through the subHopf
bifurcation point. So such a bursting can be referred to as sym-
metric subHopf/subHopf bursting of point–point type.

4.1.2. Symmetric subHopf/fold-cycle bursting

With the increase of k7, different types of bursting at-
tractors can be obtained, an example is shown in Fig. 6 with
k7 = 4.0.

Different from the situation in Fig. 4, though the trajec-
tory in Fig. 6 can also be divided into four segments, each
repetitive spiking state is composed of two parts associated
with relatively large-amplitude oscillations SP1 and relatively
small-amplitude oscillations SP2 (see Fig. 6(c)). Note that the
period of the bursting oscillations in Fig. 6 is the same as that
in Fig. 4. However, when the trajectory arrives at the transition
points from QS to SP, for example, at the point S in Fig. 6(c),
instead of jumping from the equilibrium branch E1+ to E1−,
it oscillates almost along the stable limit cycle of the general-
ized autonomous system CY shown in Fig. 6(d), resulting in
large-amplitude oscillations SP1. After twice around CY, the
trajectory settles down to the equilibrium branch E1−, leading
to small-amplitude oscillations SP2.
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Fig. 6. (color online) Bursting oscillations for k7 = 4.0: (a) phase portrait, (b) time history, (c) local enlarged time history of (b), (d)
stable limit cycle in the generalized autonomous system.

The equilibrium branches and the limit cycles of the gen-
eralized autonomous system with the variation of w are shown
in Fig. 7(a), in which the red and blue curves respectively cor-
respond to stable and unstable limit cycles, while LPC+ and
LPC− represent the fold bifurcation points of the limit cycle.
To clarify it, we present the stable equilibrium points and the
limit cycles with different w in Table 1. From the transformed
phase portrait in Fig. 7(b), the associated bifurcation mecha-
nism of bursting can be revealed explicitly, in which the solid
and hollow cycles correspond to stable and unstable limit cy-

cles, respectively. A trajectory starts at point B, it moves along
the equilibrium branch E1+, which is in QS. When it passes
through subH1, E1+ loses its stability. The trajectory also gen-
erates the delay behavior, moving along the unstable equilib-
rium branch E1+ until w= 0.118. It must be especially empha-
sized that the stable limit cycle and equilibrium branch E1−

coexist in the same phase space, but the trajectory is in the
attraction domain of the limit cycle, and therefore, the trajec-
tory appears in large-amplitude oscillation and transforms to
SP1 from QS. Until the stable limit cycle disappears at LPC−,
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the trajectory oscillates around the stable equilibrium branch
E1−, entering into relatively small-amplitude oscillations SP2.
With the increase of w, the trajectory gradually converges to
E1−, leading to QS from SP2. When the variable w reaches

the maximum value 1.0, the trajectory moves to the left. Due
to the symmetry of the vector field, similar dynamical behav-
iors appear with the variety of w until it reaches to point B,
completing a periodic bursting.
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Fig. 7. (color online) Bifurcation mechanism of bursting for k7 = 4.0: (a) equilibrium branches and limit cycles, (b) transformed phase
portrait on the plane of (w,x1).

Table 1. Equilibrium points and limit cycles with variation of w for
k7 = 4.0.

w
Stable equilibrium Limit cycles

points stable unstable
(−∞,−0.4619] E1+ No No

[−0.4619,−0.1386] E1+ Yes Yes
[−0.1386,0.1386] None Yes No
[0.1386,0.4619] E1− Yes Yes
[0.4619,+∞) E1− No No

In this case, SPs and QSs are connected by the subHopf
bifurcation of the equilibrium points and the fold bifurcation
of the limit cycle. So, we refer to such a bursting attractor as

symmetric subHopf/fold-cycle bursting.

4.2. Bursting oscillations in Case B

The attractors of bursting oscillations in Case B are dif-
ferent from those in Case A, since the properties of the equilib-
rium points are different. Figure 8 plots details of the bursting
oscillations for k7 = 12.0, A = 5.0 as an example, in which
the trajectory can be divided into eight segments, correspond-
ing to four quiescent states and four repetitive spiking states,
denoted by SPi and QSi (i = 1,2, . . . ,4) in Fig. 9.
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Fig. 8. (color online) Bifurcation mechanism of bursting for k7 = 12.0: (a) portrait phase of three-dimensional, (b) portrait phase of
two-dimensional, (c) time history, (d) local enlarged time history of (c).
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Since w is a slow variable, combining with the equilib-
rium branches shown in Fig. 3, the bifurcation mechanism of
bursting can be obtained upon the transformed phase plotted
in Fig. 9. A trajectory starts at point B, it moves almost along
the equilibrium branch E1+. The trajectory is in QS1 until it
arrives at point A1, where a fold bifurcation takes place. Al-
though two attractors E3+ and E1− coexist in the same phase
space, the trajectory is in the attraction basin of E3+, and thus
the trajectory jumps to the stable equilibrium point E3+, lead-
ing the system to SP1. Then the trajectory oscillates and con-
verges to E3+ with the increase of w, which causes SP1 to
settle down to QS2. When the trajectory arrives at another
fold bifurcation point A5, E3+ disappears with fold bifurcation,
and the trajectory jumps to the stable equilibrium point E1− to
form SP2. Then the trajectory gradually converges to E1− and
transforms to QS3. With further increase of w, it reaches the
maximum value 5.0, and the trajectory moves in the left di-
rection under the effect of the external excitation. Because of
the symmetry of the vector field, when the trajectory returns
to point B, one period of the bursting oscillations is finished
which contains four transitions between QSs and SPs.

In this bursting oscillation, the trajectory undergoes four
QSs and four SPs during each period, and the transition be-
tween QSs and SPs is caused by fold bifurcations. Therefore
we can refer to such a bursting attractor as symmetric double-
fold/fold bursting of point–point type.
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Fig. 9. (color online) Transformed phase diagram on the plane of (w,x1)
for k7 = 12.0.

5. Conclusion
Different types of periodic bursting oscillations for the

coupled BVP oscillators with external excitation can be ob-

served when an order gap exists between the external exciting
frequency and the natural frequency. By introducing the con-
cept of the generalized autonomous system in which the whole
exciting term is regarded as a slow-varying parameter, the bi-
furcation forms as well as the critical conditions of the equi-
librium points are presented. Based on the bifurcation analy-
sis, two cases are chosen to show the typical bursting oscilla-
tions of the system. Under several parameter conditions corre-
sponding to different bifurcation forms involving the oscilla-
tions, different forms of bursting oscillations such as symmet-
ric subHopf/subHopf bursting, symmetric subHopf/fold-cycle
bursting, and symmetric double-fold/fold bursting can be ob-
served, the mechanism of which is explored by employing the
transformed phase portraits. It must be pointed out that since
multiple attractions may coexist in a high-dimensional system,
the approaching of the trajectory depends on the attractors that
the trajectory settles down to, which may determine the types
of QSs and SPs. Furthermore, the delay behavior can be ob-
served at the subHopf bifurcation point which connects the
QS and SP, while other bifurcation points agree well with the
turning points on the trajectories.
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