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Based on the time-convolutionless master-equation approach, we investigate the squeezing dynamics of two atoms
in dissipative cavities. We find that the atomic squeezing is related to initial atomic states, atom—cavity couplings, non-
Markovian effects and resonant frequencies of an atom and its cavity. The results show that a collapse-revival phenomenon
will occur in the atomic squeezing and this process is accompanied by the buildup and decay of entanglement between two
atoms. Enhancing the atom—cavity coupling can increase the frequency of the collapse-revival of the atomic squeezing.
The stronger the non-Markovian effect is, the more obvious the collapse-revival phenomenon is. In particular, if the atom—
cavity coupling or the non-Markovian effect is very strong, the atomic squeezing will tend to a stably periodic oscillation
in a long time. The oscillatory frequency of the atomic squeezing is dependent on the resonant frequency of the atom and

its cavity.
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1. Introduction

Based on the Heisenberg uncertainty relation!’-?! which
quantified uncertainties by standard deviations of two ob-
servables X and Y, ie., AXAY > [([X,Y])|/2, the atomic
squeezing theory has been brought forward. That is to say,
its spin or angular momentum has often been regarded as
squeezed if the uncertainty of one spin component of an atom,
say (AS1)? or (AS,)?, is smaller than |(S3)|/2.1** The past
decades progress in researches on atomic squeezing showed
that the atomic squeezing effect is one of the important prop-
erties of quantum dynamics and has been applied widely in
quantum science. For example, the atomic squeezing ef-
fects cannot only enhance the sensitivities of gravity-wave
detectors,! high-resolution spectroscopy,® high-precision
measurements!”! and atomic clocks,!! but also can be use-
ful in optical communications”! and the tiny mechanical
detection of a superconducting nano-mechanical resonator
both theoretically!!%!!l and experimentally.!'?! Most of these
achievements obtained are related to spin squeezed atomic
ensembles!'3~13! while the study of two-atom squeezing dy-
namics is relatively less.

On the other hand, because any real quantum sys-
tems unavoidably interact with their environments, !%17] more
and more attention has been paid to the influences of non-
Markovian environments on atomic squeezing dynamics. In
recent years, researchers have done many works in atomic
squeezing dynamics of noisy environments and have had a

lot of progress. For example, Xue!!8]

investigated the spin
squeezing dynamics of N independent spin-1/2 particles with

exchange symmetry by the Ising-type Hamiltonian. The au-
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thors in Ref. [19] studied spin squeezing of an ensemble of
N independent spin-1/2 particles under non-Markovian chan-
nels by the Hierarchy equation method. Xiao et al.l*°! con-
sidered the squeezing of a two-level atom coupled to a non-
Markovian reservoir by the exact solution method. The au-
thors in Ref. [21] studied the squeezing dynamics of two
independent two-level atoms off-resonantly coupled to two
non-Markovian reservoirs by the time-convolutionless master-
equation approach, and so on.

Although many important progresses have been acquired
in experimental and theoretical research on the squeezing dy-
namics of quantum systems, these investigations mentioned
above are mainly focused on the two classes of model. One
is the model of open quantum systems of qubits directly in-
teracting with non-Markovian environments. The other is the
model of closed quantum systems of qubits interacting with
cavities, in which the influences of environments on the cav-
ities are neglected. In this paper, we will focus our attention
on the squeezing dynamics of two atoms in dissipative cav-
ities by the time-convolutionless master-equation approach.
The results show that a collapse—revival phenomenon will
occur in the atomic squeezing and this process is accompa-
nied by the buildup and decay of entanglement between two
atoms. Enhancing the atom—cavity coupling can increase the
frequency of the collapse—revival of the atomic squeezing. The
stronger the non-Markovian effect is, the more obvious the
collapse—revival phenomenon is. The oscillatory frequency of
the atomic squeezing is dependent on the resonant frequency
of the atom and its cavity. These results provide a potential
method to extend the available time of the atomic squeezing,
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which would be useful in the high precision applications.

The outline of the paper is as follows. In Section 2, we
introduce a dissipative two-atom system. In Section 3, we re-
view the squeezing dynamics of two atoms. Then we discuss
in detail the two-atom squeezing dynamics in Section 4. Fi-
nally, a brief summary is presented in Section 5.

2. Dissipative two-atom system

We consider a composite system of two two-level atoms
(A, B) interacting respectively with two cavities (a,b), where
each cavity is coupled to a bosonic environment (1,2), and
there is no interaction between the partition “Aal” and
“Bb2”.12] The Hamiltonian is written as

H = Hpq1 + Hpypo, (D
and

1
Hpa1 = Ewoﬁz + (OoaTa + Z wkack
k

+Q(ac, +a'c )+ (a’ +a)ng(cz +ci), ()
k

where 0, = |e)(g| and o_ = |g)(e| are the raising and lower-
ing operators of the qubit and o, = |e)(e| — |g)(g| is a Pauli
operator for the qubit with transition frequency ,”®! &' and
a are the creation and annihilation operators of the cavity, c,t
and ¢y are the creation and annihilation operators of the envi-
ronment, €2 is the coupling between the atom—cavity, and g
is the coupling between the cavity—environment.

First, we solve the density matrix of the atom—cavity
system satisfying Eq. (2). Let us suppose that there is one
initial excitation in the atom—cavity system and the environ-
ment is at zero temperature. Neglecting the atomic sponta-
neous emission and the Lamb shifts, in the dressed-state basis
{192),|®1),|90) }, using the second order of the time convolu-
tionless (TCL) expansion, [ the non-Markovian master equa-
tion for the density operator p(t) is

plt) = ~ilHo.p(r)
) 3l @2lp0l0n) ool - (02}l L) )

00 Sleboilolon oy

~ 3o olp) ). ®

where Hy = a0,/2 + wpa'a + Q(ac, +d'c ), |¢) =
(11g)+[0€))/v2 and 1) = (|1g) — [0e))/v/2 are the eigen-
states of Hy with energy @wy/2+ Q and @y/2 — Q as well
as |@y) = |Og) is the ground state with energy —ayp/2. The
timedependent decay rates for |@; ) and |@,) are ¥ (z) and 75 (¢)
respectively.

We take a Lorentzian spectral density of the environment,
ie.,

. 1 j/())uz
MO o2 @

where A defines the spectral width of the coupling which is
connected to the reservoir correlation time g by R = A1
and 7 is related to the relaxation time scale 7s by 7s = ¥ I
If A > 2yp; the relaxation time is greater than the reservoir
correlation time and the dynamical evolution of the system
is essentially Markovian. For A < 2y, the reservoir correla-
tion time is greater than or of the same order as the relaxation
time and non-Markovian effects become relevant.'>’~2°! When
the spectrum is peaked on the frequency of the state |¢), i.e.,
o] = oy — 2, the decay rates for the two dressed states |@;)
and |@,) are respectively expressed as!?4!

n(t) = w(l—e?),

_ YOAZ E . _ .y
r() = 4Q2+A2{1+ [ 1 sin(2Q1) cos(ZQt)} e .

If the initial state of the atom—cavity is

p11(0) p12(0) pi13(0)
p(0)= | p2(0) p2(0) p23(0) |, (5)
p31(0)  p32(0)  p33(0)

we can acquire the matrix elements at all time from Eq. (3) as

pii(t) = diip11(0), pi2(t) =d{5p12(0),
p13(t) = di3p13(0),
p2(t) = d53p2(0), pas(t) =drp(0),
P33(1) = d33pi1(0) +d33p2(0)+d3p33(0).  (6)
Here,
dll = em1f2 gl2 = ¢ 2 =i (hHA)
a3 = e (@) o1/
A3 = e 3| 4B = e i(@-Qre—3fi
dij = 1—dj{, di3=1-d3, d}i=1, @)
where

fi ’}’0[+%(6_Mfl),

b= wA2 [ 4Qe Msin(2Qr)
2T 402 407122
N (A% —4Q%) (e Mcos(2Q1) — 1)
A[EQ2 22

From the results above, we can obtain the density matrix
of the composite system satisfying Eq. (1). Following the pro-
cedure described in Ref. [27], we construct the density matrix
pT(t) for the two atom—cavity system. In the dressed-state
basis DT = {[1) = [¢202),[2) = |@291),[3) = [@200), |4)
[0192),15) = [@191),16) = [9190),|7) = [9o@2),[8)
[Po®1),|9) = |@o@o)}, using Eq. (6), we can obtain the re-
duced density matrix pT(¢) at all time in the identical case, in

which the two atoms are identical, and likewise for the two
cavities and for the two Bose reservoirs,?? i.e.,
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phi() ph() pi)  pl)
P (1) pn(1)  pis(t)  pau()
p3i(1)  pH(t)  pis(t) Pl
P4 (t)  pp(t)  pis(t)  pi)
p(1) = | pli(e) ph(t) ph(t)  pL(r)
Po1(t)  Per(t)  Pgs(t)  Pay(t)
P11 (t)  p(t)  pis(t)  pir)
P (1) po(t)  pga(t)  pgy(t)
P (1) por(t)  poz(t)  Poy(t)

3. Squeezing dynamics of two-atom system

To analyze the squeezing properties of the system with
two two-level atoms, we introduce the collective operators Sy,
S,, and S5 as!3"]

1

S = §(S++S—),
1
S, = —(S+—S-
2 21( + )7
S5 = S+, ©

where S, =S +87,5_ =58, +S55, and [S1,S,] = iS3. The
Heisenberg uncertainty relation is given by

(A$1)2(AS2? > L(s3,

1 (10)

where (AS;)* = (83) — (8;)* (j = 1,2). Consequently, the
fluctuation in the component S; of the collective operators is
said to be squeezed if S; satisfies the condition

1
(A8))* < 31(S3)1, (11)

or

F; = (AS;)* = 5[(S3) <. (12)

1

2

Assume that pap(f) expresses the density matrix of the

two-atom system, we can obtain (S;) = Tr(S;pap(r)) and

(85) = Tr(S3pap(t)). Then, we insert (S;) and (S3) into

Eq. (11) or Eq. (12) and can analyze numerically the squeezing
properties of the two-atom system.

4. Results and discussion

In the standard basis BT = {|11), |10), |01), |00), |ee),
leg), |ge),|gg)}, we set that the initial state of the two atom—
cavity is

(o) = (o5 (5 ) e+ €/%sin (5 )iee)) 000, 13

where A and B indicate two atoms, a and b express two cav-
ities, 0 is an amplitude parameter, and ¢ is a phase parame-
ter. We can obtain the reduced density matrix papgp(f) using
Eq. (8), then pap(#) can also be obtained by taking a partial

pis(t)  pls() pl()  pl(t)  pl()
Ps(t)  pi(t) Py (1) pxg(t)  plolt)
P3s(t)  pis(t)  p3r(t)  pig(t)  pao(r)
Pis(t)  Pis(t) P (1) pig(t)  pio(t)
p3s(t)  pis(t)  pe; (1) pig(t)  pio(t) |- (8)
Pos(t)  Pas(t)  Pgr (1) pgg(t)  pgolt)
pis(t)  pist)  pr(1)  pR(t)  pro(t)
Pgs(f) P;;%(f) Pg7(f) PsTs(f) P8T9(’)
Pos(t)  Pos(t)  Por(t)  Poglt)  Pgy(t)

trace of papap () over the other two degrees of freedom. In or-
der to quantify the entanglements of pap(¢), we use Wootter’s
concurrence, 27311 which is defined as

C = max(0,v/1 = V22 = V2 = V),

where A; are the eigenvalues (in a descending order) of the
matrix p = p(0, ® 6,)p* (0, ® 0y). In the following, we an-
alyze the influences of the initially atomic state, the atom-—
cavity coupling, the non-Markovian effect, and the resonant
frequency of the atom—cavity on the atomic squeezing dynam-

(14)

ics.

In Fig. 1, we describe the influence of initial atomic states
on the atomic squeezing in the Markovian regime (A = 59).
Figure 1(a) shows the dynamics revolution of the atomic
squeezing factor F, as functions of ¢ and Yz when 6 = /4.
From Fig. 1(a), we see that the F> is obvious ¢ dependent but
is ¢ independent. For a certain value of @, the F; oscillates
damply when time ¢ increases, namely, the squeezing effect
of the initial atomic state disappears quickly but it is again re-
vived in a very short time. For different @, the F; always oscil-
lates damply in the same rule as time ¢ increases. Figure 1(b)
depicts the dynamics revolution of the squeezing factor F; as
functions of 6 and Yt when ¢ = 0. From Fig. 1(b), we find
that, the F; is not only dependent on ¢ but also dependent on
0. For a certain time ¢, the periodic oscillation will occur in
the atomic squeezing as 0 increases. For a certain value of 0,
the F, oscillates damply when time ¢ increases. For different
0, there are the diverse evolution curves of F,, for example,
there is not any squeezing phenomena when 6 = 7/2 while
the maximum atomic squeezing is > = —0.2 when 6 = /4.

In Fig. 2, we plot the influence of the atom—cavity cou-
pling © on the atomic squeezing in the Markovian regime
(A = 5y). From Fig. 2, we can see that the F> is obviously
dependent on the atom—cavity coupling. Figure 2(a) exhibits
a quick oscillation of F, in a short time scale as time ¢ in-
creases due to the interaction between the atom with the dissi-
pative cavity. The maximum atomic squeezing is F; = —0.2.
In a longer time scale, the oscillation of F, is modulated by
the coupling parameter Q2 (see the envelope line expressed
by the red-dotted line in Fig. 2(a)), i.e., the F;-oscillation
collapses to zero first and then is revived in a very short
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time. The collapse—revival of F-oscillation is observable over 0.8
Yot € 10, 8] and the periods are 7/, and this collapse-revival
phenomenon is always accompanied by the buildup and de-
cay of entanglement between two atoms. The collapse of F;-
oscillation appears when the entanglement C reduces to zero

¥~ C=0.707 — 5
0.4p)r (a) 2= --Cc

from 0.707. However, the revival of F;-oscillation again arises ot
when the C again rises from zero. Finally, the collapse—revival
of F»-oscillations will disappear at ypt = 7.4 due to the dissipa-
tion of the cavities coupling with the Markovian environments.
Comparing Figs. 2(a) and 2(b), we can know that their squeez-
ing dynamics is similar for different €. The difference is in the
collapse—revival frequency of F,-oscillation and in their decay

rates. The collapse-revival frequency of F;-oscillation in the

latter case is twice the former. The decay rate of the atomic 0.8 i i i 0.2 .

. . . . — 0.1 E
squeezing is obviously smaller than that in the first one. In 04 (c) £2="507 O\HMNWW
particular, if Q > 507y, the collapse—revival frequency of F;- 2 ~%396 295 304
oscillation will become very large and the F, will tend to a sta- =0
bly periodic oscillation when Yt > 16, that is, this collapse— 04 ) ) ) ) )

. . . . . 0 10 20 30
revival phenomena will disappear in a long time so that the ot

F> exhibits a periodical oscillatory behavior between —0.052
2 p Y Fig. 2. (color online) The influence of the atom—cavity coupling 2 on

to 0.124, as shown in Fig. 2(c). Hence, strengthening €2 can the dynamics of atomic squeezing factor F> (black solid line) and the
increase the Collapse_revival frequency Of Fz_oscillation and concurrence C (blue dashed line) versus Yot in the Markovian regime
(A =51). (@)  =1; (b) 2 =2%; (c) Q = 50). Other parameters
are 6 = 7/4, ¢ =0, and @y = 20y. The red dotted lines indicate the
envelope lines of the F-oscillations.

reduce the decay of F;.

(a) 0=m/4
' The physical interpretations of the above results are as
0-6 follows. Due to the interaction between the atom and its cav-
ity, the quantum information will be exchanged between the

atom and its cavity so that the C oscillates and the collapse—

0.4

0.2
revival phenomenon of F,-oscillation will occur in a short
time. On the other hand, due to the coupling of the cavity
with its bosonic environment, the quantum information ex-

changed to the cavity will continuously reduce thus the C and
the collapse-revival phenomenon of F>-oscillation disappears
in a long time, as shown in Figs. 2(a) and 2(b). When £ is
very large, the quantum information can be exchanged very
rapidly between the atom—cavity and can be partly trapped
in the atom—cavity so that C tends to a stable value 0.12 and
F, stably oscillates between —0.052 to 0.124 in a long time,
shown as Fig. 2(c).

Figure 3 exhibits the influence of the non-Markovian ef-
fect on the atomic squeezing when 2 = . From Fig. 3, we

can find that, for the same (2, the collapse-revival frequen-

NN
DA
RN
i :"q'h'

e

0’&'0""', . . . .
i cies of F-oscillations are the same whether the Markovian

or the non-Markovian regimes. The influence of the non-
Markovian effect on the F> is embodied in the revived ef-
fect of F»-oscillation. In the Markovian regime (1 = 5%), the
maximum atomic squeezing is F> = —0.2 at ¢t = 0 then col-
lapses to zero at Yt = 1.57. Afterwards, the maximum atomic

R

U ‘.:.l""":""',:l“‘:\‘\ It
) ‘o’o','l,h,iyiefé :
AR 1.0

0~0 Yot

Fig. 1. (color online) The influence of the initially atomic state on the

. . o ' ' squeezing is recovered to F, = —0.05 at Yt = 3.14, which
atomic squeezing dynamics in the Markovian regime (A = 5%). (a) The

dynamics revolution of the squeezing factor F» as functions of ¢ and }pt is much smaller than F; = —0.2. In particular, the second
when 6 = 7/4. (b) The dynamics revolution of the squeezing factor F, revival of F»-oscillation is very close to zero due to the cav-
as functions of 0 and Yt when ¢ = 0. Other parameters are 2 = Jp and

@y = 20 ity dissipation, as shown in Fig. 3(a). For Fig. 3(b), when
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A = 0.5%, due to the memory and feedback effect of the non-
Markovian environment, the maximum atomic squeezing re-
vived for the first time may reach to > = —0.18 and the max-
imum atomic squeezing revived for the second time may also
reach to > = —0.15. This shows that the revived effect of F>-
oscillation in the non-Markovian regime is obviously better
than the Markovian regime. In particular, when A = 0.05%,
the collapse—revival phenomenon of F>-oscillation is very re-
markable in a short time and the F, will tend to a stably pe-
riodic oscillation between —0.052 to 0.124 in a long time, as
shown in Fig. 3(c). Hence, the smaller the value of A is, the
stronger the non-Markovian effect is, the more remarkable the
collapse—revival phenomenon of F,-oscillation is.

Y~ c=o0.707
040y (a) 2= 57

S0 10 20 30 40
Yot

Fig. 3. (color online) The influence of the non-Markovian effect on the
dynamics of atomic squeezing factor F (black solid line) and the con-
currence C (blue dashed line) versus ¢ when Q = . (a) A = 5y;
(b) A =0.5%; (c) A = 0.05y. Other parameters are 0 = /4, ¢ =0,
and @y = 207%. The red dotted lines indicate the envelope lines of the
F>-oscillations.

The physical explanation is that the quantum information
dissipated to the environments can be partly returned to the
cavities due to the memory and feedback effect of the non-
Markovian environments, and the stronger the non-Markovian
effect is, the more the quantum information returned is. There-
fore, in the Markovian or the weak non-Markovian regimes,
the C and the collapse-revival of F»-oscillation will change
with a small amplitude and then decay to zero (see Figs. 3(a)
and 3(b)). If the non-Markovian effect is very strong, the
quantum information dissipated to the environment can be ef-
fectively fed back to the cavities so that the C and the F;-
oscillation can be well revived after they decrease to zero (see
Fig. 3(c)).

Figure 4 displays the influence of the resonant frequency
@y of the atom—cavity on the atomic squeezing dynamics in

the non-Markovian regime (A = 0.01y) and with Q = .
From Fig. 4, we know that the frequency of the F,-oscillations
is obviously dependent on the resonant frequency @y, which
arises from the resonant coupling of the atoms with its cavity
model. Comparing Figs. 4(a) and 4(b), we find that the fre-
quency of the F>-oscillations in the latter case is twice the for-
mer because the resonant frequency in the latter case is twice
the former. Thus, the more the value of @y is, the more violent
the Rabi oscillating of the atom—cavity is.

0.8 - —

r N (@) wo =87 PN

I~

Yot

Fig. 4. (color online) The influence of the atomic Bohr frequency @y
on the dynamics of atomic squeezing factor F; (black solid line) and the
concurrence C (blue dashed line) versus ¢t when Q = 9. (a) @y = 8%;
(b) @y = 16%p. Other parameters are 6 = 7/4, ¢ =0, and A = 0.01p.
The red dotted lines indicate the envelope lines of the F>-oscillations.

5. Conclusion

In conclusion, we have investigated the squeezing dy-
namics of two atoms in dissipative cavities by the time-
convolutionless master-equation approach. We discuss in de-
tail the influences of the initially atomic state, the atom—
cavity coupling, the non-Markovian effect, and the resonant
frequency on the atomic squeezing dynamics when

w(0) = [oos (£ )1+ e'sin () ee>]ABoo>ab.

The results show that the collapse—revival of the F>-
oscillations can occur whether the Markovian or the non-
Markovian regimes. The squeezing factor F; is obviously 6
dependent but is ¢ independent for different initial atomic
states and the maximum atomic squeezing is F, = —0.2 when
0 = m/4. The frequency of the F>-oscillations is obviously
dependent on the resonant frequency @y, the more the value
of @y is, the larger the oscillating frequency of the atomic
squeezing is. Strengthening the atom—cavity coupling can in-
crease the collapse-revival frequency of F-oscillation and re-
duce the decay of F». The collapse-revival phenomenon of
F>-oscillation lies on the non-Markovian effect, the smaller
the value of A is, the stronger the non-Markovian effect is,
the more remarkable the collapse—revival phenomenon of F;-
oscillation is. In particular, if the atom—cavity coupling or the
non-Markovian effect is very strong, the atomic squeezing will
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tend to a stably periodic oscillation in a long time. These

results may offer interesting perspectives for future applica-

tions of open quantum systems in quantum optical, microwave

cavity QED implementations, quantum communication, and

quantum information processing.
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