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Robust H., control for uncertain Markovian jump
systems with mixed delays*
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We scrutinize the problem of robust H.. control for a class of Markovian jump uncertain systems with interval time-
varying and distributed delays. The Markovian jumping parameters are modeled as a continuous-time finite-state Markov
chain. The main aim is to design a delay-dependent robust H., control synthesis which ensures the mean-square asymptotic
stability of the equilibrium point. By constructing a suitable Lyapunov—Krasovskii functional (LKF), sufficient conditions
for delay-dependent robust H. control criteria are obtained in terms of linear matrix inequalities (LMIs). The advantage of
the proposed method is illustrated by numerical examples. The results are also compared with the existing results to show

the less conservativeness.
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1. Introduction

Time delays are frequently encountered in many practical
systems. They are common in many industrial and engineer-
ing systems such as communication networks, manufacturing
devices, and biology. Since the system stability is an essen-
tial requirement in many applications, much effort has been
devoted to investigate the stability criteria for various time-
delay systems during the last few decades.!'™ It is well rec-
ognized that the presence of time delay in a dynamical system
is often a primary source of instability and performance degra-
dation. Moreover, the delay-dependent®! results are gener-
ally less conservative than the delay-independent ones, %! es-
pecially when the delay is small. Recently, much attention has
been paid to the robust stability problem for uncertain systems
with time delays.!7-8]

Markovian jump systems are a special sort of hybrid sys-
tem, which are driven by a Markov chain, where they may un-
dergo unexpected changes in their structures and parameters,
e.g., aerospace systems, power systems, etc.[°~!!l Such sys-
tems can be described by a set of time-delayed linear systems
with the transitions between models determined by a Markov
chain in a finite mode set. Applications of this class of sys-
tems may be found in processes including those in production
systems and economic problems, etc. In the last few years,
some quite significant results on the stability analysis and con-
troller synthesis for Markovian jumping systems with time-
delay have been reported.!!!1%]

The control design for uncertain systems with time-
varying delays has been a difficult problem of control
theory.[!314 Theoretically, this issue could be solved by the
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Lyapunov method. The H.. performance is usually analyzed
in the control theory to synthesize controllers achieving stabi-
lization with guaranteed performance. Stability is one of the
most important problems in the synthesis of control systems.
Therefore, the problems of delay-dependent stability analysis
and H., control for delayed systems have received substan-
tial attention among the control community for the last few
decades.!”!

The H.. control concept was proposed to reduce the ef-
fect of the disturbance input on the regulated output within a
prescribed level and guarantee that the closed-loop system is
stable. In Refs. [16] and [17], the H. technology was pro-
posed to solve the disturbance attenuation problem in various
difficult systems. In this paper, we provide a delay-dependent
H., control for Markovian jump uncertain systems with inter-
val time-varying and distributed delays. A linear matrix in-
equality (LMI) optimization approach is used to achieve the
best effect of disturbance attenuation. The obtained results in
this paper are generally less conservative than those of some
existing methods.

The following notations are used. Throughout this paper,
R" and R™" denote the n-dimensional Euclidean space and
the set of all n x n real matrices, respectively. For a matrix
A
x C

symmetric matrix, where the notation * represents the entries

. . B
B and two symmetric matrices A and C, ] denotes a

implied by symmetry. AT and A~! are the matrix transpose
and inverse of A, respectively. X > 0 means that matrix X is
a symmetric positive definite matrix with appropriate dimen-
sions. I denotes the identity matrix with appropriate dimen-
sions. £ denotes the expectation operator with respect to some
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probability measure P. Let (2,F,P) be a complete proba-
bility space which relates to an increasing family (F;);~o of &
algebras (F;);~0 C F, where Q is the sample space, F is the &
algebra of subsets of the sample space, and P is the probabil-
ity measure on . Let || f||> = /Jo [ £][2dt, £(t) € L2[0,0),
|| £|| refers to the Euclidean norm of function f(z) at time 7.
L, [0,0) is the space of square integrable vectors on [0, o).

2. Problem statement

Let {r;,# > 0} be a right-continuous Markov chain on a
probability space (2, .F,P) taking values in a finite state space
N ={1,2,...,m} with generator IT = {m,,} given by

TpgA +0(A), P#4q,

Plriea =gl =p}= { 1+7mppA+0(A), p=gq,

where A > 0, lim;_, 4o # =0, and 7,,; > 0 is the transition
rate from p to g if g # p, while 7, = — Zg’zlwép Tpg-
Consider the following uncertain Markovian jump system

with interval time-varying and distributed delays:
z(t) = A(r, 1)a(t) + Ag(re, 1)z (t — T(1))

+ A(r1) /tih:c(s)ds—l—B(r”t)u(t) + By (r)w(r),

z(t) =C(r)x(t) + Cy(r)x(t — t(2))
+D(rp)u(r) + Dy(r)w(r),
z(s) = ¢(s), s€[—max(nm,h),0], (1

where x(r) € R” is the state, u(t) € R™ is the control input,
w(t) € R? is the disturbance input which belongs to L;[0, ),
and z(¢) € RY is the controlled output of the system. The ini-
tial vector ¢ € Cyp, where Cj is the set of continuous functions
from [—17y,0] to R”. 7() and & denote the time-varying delay
and the distributed delay, respectively, and 7(¢) is assumed to
satisfy

Tm < T(t) < v, T() < U, @

where T,, Tv, h, and U are constants. The ma-
trices A(r,t) = A(ry) + AA(r,t), Ad(r,t) = Ag(ry) +
AAq4(ri,1), Ae(r,t) = Ae(rr) + AAg(ri,t), B(re,t) = B(ry) +
AB(r,t), where B, (r;),C(r;),Cq(r;),D(r;) are known
real constant matrices with appropriate dimensions, and
AA(r,t),AAq(rs,t),AAs(rs,t), AB(ry,t) are real-valued un-
known matrices representing the time-varying parameter un-
certainties which are assumed to be of the following form:

[AA(r,1) AAq(ri,1) AAg(ry,1) AB(ry,1)]
= L(r))F(ri,t) [E1(ry) Ex(ry) Es(r1) Ea(r1)],  (3)

where L(r;) and E;(r;) (i =1,2,3,4) are known real constant
matrices and F'(¢) is an unknown time-varying matrix function

satisfying FT(t)F(¢t) < I, V. Since almost every sample path
of the above Markov chain is a right-continuous step function
with a finite number of simple jumps, the global existence re-
sults on the solutions of the Markovian jump system (1) can
be found in Section 4 of Ref. [20].

Lemma 1 (Schur complement[lg]) Let M, P, Q be

given matrices and Q > 0, then
P MT T
<0&P+M Q 'M<O.
M -Q

Lemma 2['81 For any constant matrix M € R, M =
MT > 0, scalar n > 0, vector function w : [0,17] — R” such
that the integrations concerned are well defined,

[0

Lemma 3! Let D, E, and F(t) be real matrices of ap-
propriate dimensions, and F(¢) satisfies F'*(t)F(¢) < I, then
the following inequality holds for any constant € > 0:

T

M [/011 'w(s)ds] < 1"'/0.17 w! (s)Mw(s)ds.

DF()E+E'F'(1)D" <eDD" +¢ 'E"E.

3. Main results

For the sake of notation simplification, in the following,
for each possible r, = p (p = 1,2,...,m), we simply write
L(r;) as L;; for instance, A(r,t) is denoted by A,(r), and
Aq(ri,t) by Agp, and so on. On the other hand, we have
u(r;) = u,(t). We now rewrite system (1) by using state feed-
back control u, (1) = K,x(t) as follows:

(1) = (A, + B,K,)a(t) + Agya(r — (1))

Ay /tihw(s)ds—&-Bwpw(t),
z(t)=(Cp,+D,Kp)x(t)+ Cqpx(t — (1)) + D,pw(t),
x(s) = ¢(s), s € [-max(wm,h),0]. “4)

Theorem 1 For a prescribed scalar y > 0 and some given
positive scalars T, Tm, A, U and matrix K, system (4) with
condition (2) is asymptotically stable and satisfies ||z(¢)|» <
7||w(t)]|2 for all nonzero w(t) € L;[0,00) if there exist matri-
ces P,>0,Q;>0(i=1,2,3),R>0,58;>0(j=1,2),and
appropriate dimension matrices IN;, Oy (I = 1,2,3,4,5) such
that the following LMI is satisfied:

T 1, CT
* Tzz 0 <O, 5)
* * =1
where
_ I PB,,
1“_[ e y;}]+2N+2{,+EO+2};,

Y= mA'S) yv2ATS: yoiN %0 |,

A:[(AP+BPKP) 0 Agp 0 Ag 0],
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A t t
C=[(C,+D,K,) 0 Cq, 0 0 Dy, 0], Vz(w,):/ xT(5)Qx(s)ds + x'(5)Qaz(s)ds
N'=[ N}, Nj, Nj, N NI 0], o o

o'=[o], o ol ol ol o], + " (5)Qsx(s)ds

t—1(t)
Ty = diag{—S1,-8>,—82, -S>},

Vi) =h [ Is— (-l (5) Ra(s)ds
Zy=[0 N -N 0 0 0],

20:[0 0 O -0 0 0}, +Tm/ / 5)S1a(s)dsdO
—Tm +9
N
Iy =Y mygPy+Py(A,+B,K,) +(A,+B,K,)'P, ~m
q=1 / $)Sha(s)dsdo.
2 —TM +9
+Q1+Q2+Q3+h"R—- S,
=8, Is=P,Ag, I'is=P,A,, By calculating the time der.ivative of V(x,) along the trajecto-
ries of system (4), we obtain
In=-Qi -85, I';=—(1-p)Q3, Iu=-Q,
s = —R, To) = Ty — T, V(x) = Vi(x) + Valz,) + Va(z) +a+ B, (7)
Proof Define the Lyapunov functional candidate as where
_ 1—Tm
V(w:) = Vi(w:) + Vo () + Va(), (6) o =2€T(1)[ Dy + ZT)E(r) — 26T (1)N ():t(s)dszO,
—1(t
where
T T T t—1(t) ]
Vi) = :IiT(t)Pp:B(I), B=2¢ (l)[20+20]€(t)72€ (1)O o &(s)ds =0,

()= [ () 2T(t—1tm) xT(t—1(t) ='(t—1Mm) (ftihw(s)ds)T wl(t) ],

2O [ Mads< [0 Sa(0)ds + (50— sl (ONS; NTE), ®)
26710 s)ds < /’ " ()" S (s)ds+ (mm — 7(¢))€T (1) O S, ' OTE(t). ©)
|
From Eq. (6), Vi(z,), Va(:), and V3(z, lculated (" wiods) BRI x(s)ds
forl(izlwszq 1(x:), Va(x;), and V3(x;) are calculated as < (/th ()d) R(/,,h ()d>7 (10)
Vi) = 22" (1)P[(A, + B, K, )e(r) + Agya(t — 1(1)) “tn [ #0)S1(0)ds
+A; /tihm@)dHwam < —fa() — 2t — )" Six() — 2 — ). (1)

Substituting Egs. (8)—(11) into Eq. (7), we obtain

V() < EY(TE@) + 1227 (1) S 18 (r) + 12127 (1) Spaie(1)
+(t(t) — )€ (1) NS, ' NTE(1)

Va(z) = ' (1)[Q1 + Q2+ Qs)a(r) — & (1 — ) Q1(1 — Tm)
— 2T (t — o) Qaz(t — Tv)

—(1=p)a"(t = (1)) Qax(r — (1)),

_ ‘ +(t —1(1))€T (108, ' OE(r), (12)
Vi(x,) = PxT(t)Rx(t) —h | x"(s)Rx(s)ds
t—h where
!
+ 128" (1)1 (1) — T / " (5)8)a(s)ds r- {FS;S ”gwﬂ 5 NS 5 S 5 5/
. L .
+ T (1) Soi (1) — / &7 (5) S (5) ds. Under the zero 11:11t1a1 conditions and V (z(t))|;—. — O for sys-
=Ty tem (4), we obtain
By applying Jensen’s inequality, we obtain Joo = / [2T(0)z(1) = PwT (1)w(r)dr
0
t o
—h/ ’acT(s)Ra:(s)ds < / [2T(0)z(t) — Pw T ()w(r) + V (x(r))]dt,
t—h 0
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s < [ € 0P, (13)

By using Lemma 2, I is equivalent to inequality (5), which
means that ||z||2 < y]|w]|» is satisfied for any nonzero w(t) €
L,[0,00), which ensures the asymptotical stability of sys-
tem (4).

Theorem 2 For a prescribed scalar ¥ > 0 and some
given positive scalars T, TM, ¥, # and matrix K, system (4)
with condition (2) is robustly asymptotically stable and sat-
isfies ||z(7)|2 < y|lw(z)||2 for all nonzero w(r) € L,[0,0)
if there are matrices P, >0, Q; >0 (i =1,2,3), R> 0,
S; >0 (j=1,2), and appropriate dimension matrices IN;, O;
(I=1,2,3,4,5), and a scalar &, > 0 such that the following
LMI is satisfied:

I Y, Y3
« Ty 0 | <o, (14)
* % T3

where

Y3 = [PL E"C"],
ng = diag{—Sl,—Sz,—Sz,—Sz},
Y33 = diag{—& I,—¢ 'I,-T}.
Proof Replace A,, Aq,, As,, and B, in LMI (5) by

A, +AA,(1), Agp+ AAg,(1), Ag, + AAg,(r), and B, +
AB, (1), respectively, we obtain

T+PLF(t)E+(PLF(1)E)" <0, (15)
where

PL=[L'P, 00000 tL'S, y&LlS 00],
E=[E,+EK, 0 E) 0 E3, 00000].

By Lemma 3, we know that LMI (15) is equivalent to
I'+e ' (PL)(PL)"+¢E"E <0. (16)

Obviously, by applying Schur complement, LMI (16) is equiv-
alent to LMI (14).

Theorem 3 For a prescribed scalar ¥ > 0 and some given
positive scalars T, Tm, U, h, system (4) with condition (2) is ro-
bustly asymptotically stable and satisfies ||z(¢)]|2> < y||w(?)]|2
for all nonzero w(t) € L,[0,0) if there are matrices Q; > 0
(i=1,23), R>0,S;>0(j=1,2), X, >0, Y, appropri-
ate dimension matrices N, O; (I = 1,2,3,4,5), and a scalar
€, > 0 such that the following LMI is satisfied:

O, 6, O
* Oy 0 <0, a7
* * @33
where
Q B,
O = [ ixs —}/ZVI} + Iy + Iy + o+ I},

@1T2 = [me‘i \/TZIA \/Tzlﬁ \/‘5216} )
on=[LE" C" 2(p)].
@22 = dlag{i-[a 7I7 7§27 7§2}a
@33 =diag{—¢,I,—¢,'I,—I,—A,},
Iy=[0 N -N 0 0 0],
IIp=[000 -0 00],
L=[L"00000 L™ V& LT 00],
N o [wNT A N N WD

= [Nlp N,, N;, N,, N, o},
=T —=T =T T =T FT
o'-|o}, o), 0, 0,, 03, 0].

A=[(A,X,+B,Y,) 0 A, X, 0 A;,X, 00000],

o

Z(p) = [w/ﬂpJXpa“-M/Tcp.p—lXpw--,
VT pi1 Xp, .o s /T N X],

A[,:diag{Xl,...,prl,...,Xer],...,X/\[},

[(CyX,+D,Y,) 0C4,X,00D,,X,0000],

2 =1, X, + A, X,+B,Y,+X,A +Y, B,
+Q1+Q:+Q3+HPR-S), 21, =15,

0213 =Agp X, (215 = A5, X,

2 =-Q -8, 23=—(1-u)Qs,

244 =-Q,, £255=-R.

The feedback gain matrix is given by K, =Y, X ; I
Proof We define

P,=X,' Qi=X,QX,, (i=1.23),
R=X,RX,, S;=X,8,X,, (j=1.2),
Ni,=XN,X" 0,=X0,X", (1=1,2,3,4,5).
Then pre and post multiplying LMI (14) by
diag(X,, X, X p, X, X, 1,I,1,X,, X, I,1,T)
and
diag(X,, X, X, X, X, 1,877,811, X, X, I,1,I)",

we can obtain LMI (17).

4. Numerical examples

In this section, some numerical examples are provided to
demonstrate that the method proposed in this paper is effective
and less conservative than some existing methods.

Example 1 Consider system (1) with the following ma-
trix parameters.
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Mode 1:
-02 0 -0.1 0
A= , Ag = )
0 -0.1 —0.1 0.1
0 1 0.2 0.5
Ap = , B1= )
—0.1 —-0.2 —-0.5 1

0.1
BWIZ[OZ], Ci=[0505], Cqy=[0102],

D =[-0.12], D, =0,

L,=0.1I, E) = Ey = E3; = E4 = Es; = 0.5L.

Mode 2:
05 O 0.50.3
Ay = , Ap = ;
0 —-04 0.2 0.3
0.5 0.7 0.6 0.5
Ap = , By= ;
0.8 0.4 0.3 0.5
0.4
Bu=| | ©:=[0503], Co=[0305],

D, =1[0506], Dy,=0, L,=0.1I,
Ey = Ey = E3; = E4) = E5; =0.51.

In order to design a robust delay-dependent H.. state-feedback
control, taking 7, = 0.5,y = 1.5,A = 0.3, and u = 0.5, ap-
plying Theorem 3 in MATLAB LMI control toolbox, we ob-
tain Y = 0.9845, £ = 1.2354, & = 1.6524, and the desired
state feedback controller as follows:

~0.9284 —0.2900
K = —

—0.2082 —0.3495
Therefore, the system of interest is robustly asymptotically
stable.
Example 2 Consider the following time delay system

—1.8288 —0.1778
0.2217 —0.6472

with system mode p = 1:

(1) = Apm(t) + Ag(t —d(1)) + Byw(1),
z(t) = Cpzx(t) + Cypz(t —d(t)) + D,pw(t),
z(s) = ¢(s), s € [-m,0],

with matrix parameters in Ref. [7]

0 1 0 1
A= , Aa = ;
0 —0.1 —0.375 —1.15
0.1
Bwlz P C]:[Ol}v
0.1

Cuq =

(18)

[—0.375 1.15], Dy =0, L = Ey; = Ey =0,.

Taking parameters & = 0 and unknown p, and using LMI
in Theorem 1, we obtain the minimum allowable H.. perfor-
mance Y for different values of 7y and 7, as shown in Table 1,

which clearly shows that the results of the proposed method
in this paper are significantly better than those in Refs. [7]
and [8].

Table 1. Example 4: minimized H.. performance for different 7y and

Tm-
Method 1y = 0.8695 ™ =1

Tm =20 Tm = 0.5695 Tm =0 Tm =0.5
Ref. [7] 0.87 0.81 4.05 3.27
Ref. [8] 0.81 0.72 2.95 2.13
Thm 3 0.5614 0.5305 1.7458 1.1254

Example 3 Consider system (18) with the following ma-

|

trix parameters in Ref. [9]:

—0.7098 1.1908

2.2460 —1.4410
0.6686 —3.2025

1_[—15937 29289
[—1 8999 0.8156 ]

0.6900 —0.7881 —0.1567 —1.2427
0.0403 0.5689
wl = P v2 =
0.6771 —0.2556
C, =[-03775 —0.2959], Cq =0, D; =0,
=0.1184, C,=[-1.4751 —0.2340], Cg =0,
D, =0, D,»=0.3148.

Taking parameters T, = # = 0 and using LMI in Theorem 1,
we obtain the maximum admissible delay upper bound 7y or
different values of y as shown in Table 2, which clearly shows
that the result of the proposed method in this paper are signif-
icantly better than those in Refs. [9] and [10].

Table 2. Example 4: Ty and 7.

Method u 0.5 1.0 1.5 2.0
Ref. [9] 0 0.47 0.52 0.55 0.56
Thm 3 0.60 0.64 0.67 0.69

Ref. [10] 0.5 0.3666 0.4293 0.4450 0.4524
Thm 3 0.5355 0.5754 0.5863 0.5898

5. Conclusion

We have studied the H. control problem for systems
with interval time-varying and distributed delays. On the ba-
sis of the Lyapunov functional, a delay-dependent H., con-
trol scheme is presented in terms of LMIs. It is shown that
a desired state feedback controller can be constructed when
the given LMIs are feasible, and it leads to less conservative
results than the existing methods. Finally, numerical exam-
ples are given to illustrate the effectiveness of the proposed
method. We are interested to extend this work to the discrete-
time uncertain stochastic systems with discrete interval and
distributed time-varying delays. The results will be obtained

in the future.
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