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Stochastic resonance system is an effective method to extract weak signal. However, system output is directly in-
fluenced by system parameters. Aiming at this, the Levy noise is combined with a tri-stable stochastic resonance system.
The average signal-to-noise ratio gain is regarded as an index to measure the stochastic resonance phenomenon. The char-
acteristics of tri-stable stochastic resonance under Levy noise is analyzed in depth. First, the method of generating Levy
noise, the effect of tri-stable system parameters on the potential function and corresponding potential force are presented
in detail. Then, the effects of tri-stable system parameters w, a, b, and Levy noise intensity amplification factor D on the
resonant output can be explored with different Levy noises. Finally, the tri-stable stochastic resonance system is applied to
the bearing fault detection. Simulation results show that the stochastic resonance phenomenon can be induced by tuning
the system parameters w, a, and b under different distributions of Levy noise, then the weak signal can be detected. The
parameter intervals which can induce stochastic resonances are approximately equal. Moreover, by adjusting the inten-
sity amplification factor D of Levy noise, the stochastic resonances can happen similarly. In bearing fault detection, the
detection effect of the tri-stable stochastic resonance system is superior to the bistable stochastic resonance system.
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1. Introduction

Stochastic resonance (SR) is a nonlinear phenomenon
where the weak signal can be enhanced and the noise is
weakened through the interaction among a nonlinear dynamic
system, weak signal with small parameters and background
noise.!' Since SR was proposed by Benzi et al. in 1981,
SR has been widely used for detecting weak signals. Many
new stochastic resonance models have been continually put
forward, which were based on the classical one-dimensional
Langevin equation. Lindner et al.!¥ studied the nonlinear
underdamped symmetrical monostable system and the way
to improve the power spectrum of the signals with specific
The SR was introduced
for weak signal detection in bistable system in Refs. [4] and

frequency by adjusting the noise.

[5]. In recent years, the tri-stable systems have attracted
more and more attention and many different tri-stable sys-
tem models[®-8! were put forward from various angles. Arathi
and Rajasekar explored the SR in a symmetric triple-well sys-
tem with the different depths of the wells in Ref. [9]. The
general tri-stable system model was defined and the dynamic
characteristics of the tri-stable system were analyzed in depth
in Ref. [10]. These findings were obtained basically in the
Gaussian noise background, but the Gaussian noise is too ide-
alistic to simulate the real noise which fluctuates drastically.
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As an important general noise model, Levy noise with long-
tailed nature can simulate effectively the large-scale fluctua-
tion so that it can reflect the random perturbation in the actual
engineering more accurately. The parameter-induced stochas-
tic resonance in an overdamped system under ¢ stable noise
was investigated by the random simulate method in Ref. [11].
The characteristics of power function type monostable SR un-
der Levy noise were analyzed in Ref. [12]. The SR of asym-
metric bistable system with ¢ stable noise was also probed in
Ref. [13].

The parameter-induced and noise-induced SR in a tri-
stable system under Levy noise and their application re-
searches in bearing fault diagnose have been so rarely studied
until now. To solve the above problems, in this paper we study
the characteristics of tri-stable SR under Levy noise on the ba-
sis of current researches about the tri-stable system. First, the
tri-stable SR is presented by using self adaptive algorithms.
Then the laws for the resonant output of tri-stable system gov-
erned by parameters w, a, b, and the intensity amplification
factor D of Levy noise, are explored under Levy noise with
different values of characteristic index o and symmetry pa-
rameter 3. Finally, to study the validity and reliability of the
tri-stable system, the bearing fault signal processing capability
of tri-stable SR method and the classical bistable SR method
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are compared with each other and analyzed.

2. Models and methods

The Langevin equation of tri-stable system is considered
as follows:

dx dU (x)

- dx

+ Asin(27fot) + DE (1), (1)

where Asin(27 fot) is the system input signal to be measured,
A is the amplitude of the input signal to be measured, fy is the
frequency of the input signal to be measured, D& (¢) is the Levy
noise with noise intensity amplification factor D, and U (x) is
the potential function of tri-stable system.

2.1. Tri-stable stochastic resonance system

U (x) is the potential function of tri-stable system, and
given as follows:

1 1 1
U(x) = waz - be4 + gax(’, (2)

where w, a, and b are the structural parameters of tri-stable
system, and these parameters meet such inequalities: w,a,b >
0 and b*> — 4aw > 0. When there is no input signal, potential
function contains three minima in the potential well and two
maxima in the potential barrier which are given by

b+ Vb2 —4aw
Xmin = O, + 27, (3)
a
b—Vb%—4aw

Fmax = £ [ = “)

a

Then, the depths of the wells can be obtained as

[ 3/2

AULR = 55— (0 — 4aw) 2 (5)
1

AUy = [(b% —4aw)>> +b(b> —6aw)].  (6)

24a?

As can be seen from formulas (5) and (6), the depths of
the wells are associated with the parameters w, a, and b. In
Fig. 1(a), the potential function U (x) is even-symmetric about
x = 0 and has three stable points and two potential barriers.
The potential force —U’(x) is odd-symmetric about (0,0). It
also shows that when an oscillating particle approaches to one
side of the potential wall, the restoring potential force becomes
large and makes the particle bounce back to the other side of
the potential wall rapidly. Figure 1(b) shows the differences
caused by w when a = 1 and b = 4, where the depths and
widths of the lateral potential wells decrease with w increas-
ing, on the contrary, the depths and widths of the middle po-
tential wells increase with w increasing. Figure 1(c) shows the
plots of potential force —U’(x) versus position for different
values of w when a = 1 and b = 4. The potential forces of the
lateral potential wells first increase and then decrease.
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Fig. 1. Tristable potentials and potential forces (a); potentials (b) and po-
tential forces for different values of w (c).

2.2. Characteristic function of Levy noise

Levy noise, also known as o stable noise, 14191 was first
proposed by Lindburg—Levy in studying the central limit theo-
rem. The distribution of Levy noise can be generally described
by a characteristic function, which can be written as:

exp |:—Gt| (1 +iﬁ72rsign(t)log|t> +iut} ,
a=1,
¢t) = )
exp {—GO‘ [t]* (1 — ifsign(7) tan (?)) + i,ut} )
a#1.

As shown in Eq. (7), the stable distribution of Levy
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noise is related only to parameters o, 8, ¢, and . The «
(a € (0,2]) denotes the characteristic index, which can affect
the trailing and pulse characteristic of Levy noise. With the
parameter o increasing, the tailing characteristics strengthen,
while the pulse characteristics decrease. The Levy distribution
will degenerate into the Gaussian distribution with & = 2 and
the Cauchy distribution with a = 1. The 8 (f € [—1,1]) is the
skewness parameter which can determine the symmetry of the
Levy distribution. The Levy stable distribution is symmetric
about § = 0; The Levy stable distribution shows right-skewed
with 8 < 0 and left-skewed with § > 0. ¢ (0 € [0,+o0)) is
scale coefficient, also known as deviation or dispersion coeffi-
cient, which can measure the dispersion of the Levy distribu-
tion; U (U € (—oo,+o0)) is the mean parameter, which shows
the center of distribution.

2.3. Method of generating Levy noise

Suppose that X is random variable which meets a Levy
distribution,!!” and then it can be structured by Chambers—
Mallows—Stuck (CMS) algorithm,[!31° and shown as follows:

For a # 1

sin(a(V +Cyg))
X =Dgpo 17dﬁ
(cos(V))
cos(V — a(V +Cy p)) ] 0/
’ 8
W +u, (8
where
arctan(f tan(mwo/2))
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Fora =1
= 22 |(5+pv)nv - pm (V)
+ U, (10)

where the random variable V is uniformly distributed in the
interval (—m/2,/2) and W is exponentially distributed with
a unit mean, and V and W are statistically independent. The
Levy noises under different values of characteristic index o
are plotted in Fig. 2, showing that the smaller the ¢ value, the
more pulse peaks the Levy noise contains, and that the ampli-
tudes of these pulses are far greater than other sample average
amplitudes in the sequence. The pulse characteristic of Levy
noise gradually diminishes with & increasing. In Fig. 2(d), the
pulse peak vanishes and the Levy distribution degenerates into
the Gaussian distribution with a = 2.

The fourth order Runge—Kutta method and CMS algo-
rithm are combined to solve Eq. (1) in this paper, which can
be defined as

1
x(n+1) = x(n) + < (ki + 2k +2k3 +kg)+h"n(n), (1)

in which
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Fig. 2. Levy noises for characteristic index @ = 0.8 (a), 1.0 (b), 1.6 (c), and 2.0 (d), with f =0, =1, u =0.
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kzh[W(X(n)Jrkzl) +b<x(n)+kzl)3

—a(x(n)+ kz]>5+3(”)}
k3 :h[—w<x(n)+kzz> +b(x(n)+k22)3
—a<x(n)+k22>5+s(n+1)],
k4:h[—w<x(n)+k3> +b<x(n)+k3)3
—a(x(n)+k3>5+S(n+1)],

where x(n) is the n-th sample value of the input signal, s(n)
is the n-th sample value of the output signal, 1(n) is the n-
th sample value of Levy noise and # is the sampling interval.
The smaller the characteristic index, the larger the amplitude
of pulse is, and the jump tracks of oscillating particle may tend
towards infinity. Aiming at this problem, the system output
x(t) is truncated,'”*-??! and then the system output is written
as x(t) = sign(x(¢)) x 5 when |x(¢)| > 5.

3. Performance index

So far, there are varieties of indexes to measure the SR
phenomenon, such as the amplification coefficients of power
spectral, residence time distribution, SNR gain, etc. Among
them, the SNR gain?*! reflects the effect of SR most visually,
so the SNR gain is chosen in this paper as the index which is
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described as

Sout(fo) / Sou (fo)
Sin(f0)/Ein(fo)

where Sin(fo) and Sou(fo) are the input and output signal

SNRGAIN = (12)

power of SR system respectively, &y, (fo) and &y (fo) are the
input and output noise power of SR system respectively. Be-
cause of the high randomness of Levy noise, the SNR gain is
not fixed in each simulation. To ensure statistical accuracy, the
average SNR gain MR values in all the figures below are ob-
tained as mean values of 100 independent simulations for the
given parameter sets. MR is defined as

1 n
MR = — )" SNRGAIN;, (13)
ni=
where MR is the average SNR gain, n is the simulation time,
SNRGAIN; denotes the SNR gain of the j-th system simula-
tion.

4. Tri-stable stochastic resonance driven by
Levy noise

When the input signal to be tested is s(z) = Asin(27fyr)
where A = 0.5 and fy = 0.05. The parameters of Levy noise
distribution are settobe « =1, =0, 6 =1, u =0, and
D = 0.3. MR is chosen as the measure index. For each
experiment, the sampling frequency is f; = 50 Hz and the
sampling number is N = 10*. When system parameter is fixed
to be b = 2, the optimal parameter pair (w,a) is discovered

by using adaptive algorithms in Fig. 3(a). Figure 3(a) shows
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Fig. 3. (color online) (a) Three-dimensional diagram of adaptive SR, (b) the time domain diagram of noisy signal, and (c) the power spectrum diagram of
noisy signal, and (d) the power spectrum diagram of output signal, for SR of a tristable system.
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that the highest spectral peak is located at (2, 0.5), so the op-
timal system pair is w = 2, a = 0.5, and b = 2. Figure 3(b)
shows the time domain diagram of noisy signal which con-
tains the Levy noise and sinusoidal signal. Figure 3(c) is the
power spectrum diagram of noisy signal. In Figs. 3(b) and
3(c), the input signal to be measured is completely submerged
by Levy noise, so the frequency of the input signal cannot be
identified. Figure 3(d) shows the power spectrum of the out-
put signal through the tri-stable SR system. There is a peak at
fo =0.05 Hz located at the frequency of the measured signal.
The conclusion can be obtained through the above analysis:
by changing the system parameters and selecting the optimal
parameter pair, the tri-stable system, Levy noise and the weak
periodic signal can generate SR, and then the weak periodic
signal can be detected.

Next, the laws for the resonant output of tri-stable sys-
tem, governed by parameters w, a, and b and the intensity am-
plification factor D of Levy noise are explored under different
values of characteristic index o and symmetry parameter 3 of
Levy noise.

4.1. Stochastic resonances under different values of char-
acteristic index o

4.1.1. Influences of system parameters on MR for dif-
ferent values of

The input signal to be tested and the sampling frequency
are consistent with the above results. The values of character-

istic index ¢« are 1.6, 1.0, and 0.8 respectively, other parame-
ters are set tobe f =0, c =1, 4 =0, and D = 0.3. For the
parameters a = 0.5 and b = 2, the influence of the parameter
w on MR is shown in Fig. 4. In Fig. 5, the influence of the
parameter @ on MR with w =2, b =2 is shown. For a = 0.5
and w = 2, the curve of MR versus parameter b is shown in
Fig. 6.

Figure 4(a) shows that with the increase of parameter w,
the curves of MR first increase and then decrease for different
values of o. For o = 0.8, the curve shows the double peaks,
which means the resonances in the signal potential well and
between the lateral potential wells are coexistent at this mo-
ment. MR curve shows that there is a smaller peak which is
produced by the resonance in the middle potential well, and
a bigger peak which is caused by the resonance between the
lateral potential wells. Figure 4(b) shows the influence of the
parameter w on MR for & > 1. Whenw € (0, 1.81], MR is very
small, which demonstrates that the system cannot produce SR.
When w € (1.81,5], there is a formant and the resonance peak
interval is approximately the same. In Fig. 4(c), the curve of
MR first increases and then decreases for o < 1. Compared
with Fig. 4(b), MR for a < 1 is greater than MR for o > 1
as a whole, which further validates the fact that the smaller
the characteristic index of Levy noise, the stronger the pulse

characteristics are.
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Fig. 4. Variations of MR with w for (a) different values of «, (b) @ > 1, and (c) & < 1, respectively.
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Fig. 6. Variations of MR with b for different values of a.

In Fig. 5(a), with the increase of parameter a, the curves
of MR first increase and then decrease for different values of
a. That is to say, there is the optimal system parameter a
which can transfer more noise energy into useful signals to
produce SR. Figure 5(b) shows the curves of MR for a > 1,
showing that MR curves first increase and then decrease to
their corresponding certain value. MR for @ = 1 is greater
than MR for o # 1, and the smaller the characteristic index a,
the bigger the MR. From Fig. 5(c), the characteristic index o
becomes bigger with MR increasing when o < 1.

As shown in Fig. 6, with the increase of parameter b, MR
curves first increase and then decrease, and finally tend to O for
different values of o. Also, MR curve for @ = 1 is greater than
that when o # 1. From the above analysis, it can be known
that the parameter b has a significant impact on the features of
SR.

4.1.2. Influence of intensity amplification factor of
Levy noise D on MR for different values of a

The input signal to be tested and the sampling frequency
are consistent with the above results and the values of char-
acteristic index o are 1.8, 1.4, 1.0, 0.8, and 0.6 respectively.
Other parameters are set tobe § =0, c =1 and u = 0. For
parameters a = 0.5, w = 2 and b = 2, the influence of the in-
tensity amplification factor D on MR is shown in Fig. 7. With

7000 ‘ .
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Fig. 7. Variations of MR with D for different values of c.

D increasing, the curves of MR fluctuate and multiple max-
ima appear. It is shown that there is an optimal noise intensity,
which induces better SR in the system. The maximum of MR

for oo = 1 is significantly greater than the maximum of MR for

a#l.

4.2. Stochastic resonances for different values of skewness
parameter 8

4.2.1. Influences of system parameters on MR for dif-
ferent values of B

The input signal to be tested and the sampling frequency
are consistent with the above results. The skewness parame-
ters take B = —1, f =0 and 8 = 1, other parameters are set to
bea=1,0=1,u=0,and D = 0.3. For parameters a = 0.5
and b = 2, the influences of the system parameter w on MR
for different values of 3 are shown in Fig. 8. For parameters
a=0.5 and w = 2, the influences of the system parameter b on
MR for different values of 8 are shown in Fig. 9. For parame-
ters b =2 and w = 2, the influences of the system parameters

a on MR for different values of  are shown in Fig. 10.

2500 ; . .

D™
Il
= o

MR

MR/10*

Fig. 9. Variations of MR with b for different values of .
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In Fig. 8, with w increasing, MR curves first increase and
then decrease for different values of 8, which indicates that
there is an optimal 3 inducing better SR in the system. It can
also be seen that the parameter intervals inducing SR are ap-
proximately equal for f = —1 and = 1. And MR for f =0
is significantly greater than MR for 8 # 0. In Fig. 9, with b
increasing, there are obvious resonance peaks for different val-
ues of f3, and the positions which are in a range of 1.81-3, i.e.,
b € [1.81,3], of the formant are roughly the same. Further-
more, MR for 8 = 0 is far less than MR for 8 # 0, which is
exactly opposite to the scenario of the bistable system and the
power function type of monostable system under Levy noise.
The influences of the system parameter a on MR for differ-
ent values of 3 are shown in Fig. 10. It can be seen that MR
also first increases then decreases with a increasing and MR
for B # 0 is much less than that for § = 0.
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Fig. 10. Variations of MR with « for different values of 3.

4.2.2. Influences of intensity amplification factor D on
MR for different values of

The input signal to be tested and the sampling frequency
are consistent with the above results. It is assumed that § =
—1, B =0, and B = 1, other parameters are set to be a = 1,
o =1, and u = 0. For parameters a = 0.5, w =2, and b =2
in the simulation experiment, the variations of curves of MR
with intensity amplification factor D are obtained for different
values of 3, which are demonstrated in Fig. 11. With D in-
creasing, the curves of MR first increase and then decrease as
a whole for different values of . Furthermore, the parameter
D intervals which produce better SR are basically concentrated
in the same area, and MR for = 0 is much greater than that
for B # 0. The above analysis also shows that there is an opti-
mal D to produce better SR.
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Fig. 11. Variations of MR with D for different values of .

5. Engineering application

To further validate the applicability of the tri-stable sys-
tem to the bearing fault signal detection in practice, the fault
data of rolling element bearing in outer-raceway and inner-
raceway are analyzed in the following respectively. The bear-
ing fault data are cited from the Bearing Data Center in Case
Western Reserve University (CWRU),?*% and the experi-
mental equipment is shown in Fig. 12. The deep groove ball
bearing with the type of 6205-2RS JEM SKF is chosen as a
test object and its geometric parameters are provided in Ta-
ble 1. The sampling frequency is f; = 12 kHz, the shaft
speed is 1796 r/min, the data length is 4000 and the bearing
data are processed by twice sampling/?®! whose compression
ratio is R = 2400. The fault characteristic frequencies can

be calculated theoretically based on the bearing type and the

shaft/rotating speed as follows:[?7)
D
JSBPRL = nrzfr <1+D;cosa> , (14)
D
feprO = nrzfr (1 - D—;cos OC> , (15)

where « is the bearing contact angle, n; and f; are the number
of rolling elements and the rotating frequency of the shaft re-
spectively, D is the diameter of one rolling element, D, is the
pitch diameter of the bearing. fgppy is the bearing characteris-
tic frequency when the fault appears in inner raceway, fgpro
is the bearing characteristic frequency when the fault appears

in outer raceway.

Fig. 12. (color online) Bearing test stand from CWRU.
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Table 1. Geometric parameters of the test bearing. The unit 1 inch = 2.54 cm.

Inside Diameter ~ Outside Diameter ~ Thickness  Ball Diameter  Pitch Diameter ~ No. of rolling
(inches) (inches) (inches) (inches) (inches) elements
0.9843 2.0472 0.5906 0.3126 1.537 9

5.1. Bearing outer raceway fault detection

According to Eq. (15), the bearing characteristic fre-
quency when the fault appears at outer raceway is theoreti-
cally fgpro = 107.28 Hz. Figures 13(a) and 13(b) show the
original signal and its power spectrum. It can be seen that the
average period of impulses is 0.01 s, which is larger than the
period of the characteristic frequency (1/fzpro = 0.009 s). It
means that other fault impulses are so weak that they are sub-
merged by the background noise. But, a resonance band can be
clearly found in its power spectrum. Figures 13(c) and 13(d),
figures 13(e) and 13(f) show the detection results of classical

bistable SR model with a = 1, b = 1 and tri-stable SR model
with a =4, b = 0.8, w = 0.032 respectively. In Fig. 13(d),
there is a maximum spectrum peak located at f = 105 Hz
and it is 1.99. Similarly, there is a maximum spectrum lo-
cated at f = 105 Hz in Fig.13(f), but the corresponding spec-
trum increases to 2.358. The error between the detected fre-
quency and the theoretical frequency is | f — fspro| = 2.28 Hz,
which is at an acceptable error level. The above analysis veri-
fies the effectiveness of the tri-stable SR system in the bearing
fault signal detection with outer-raceway defect, and the detec-
tion effect of tri-stable SR system is superior to the classical
bistable SR system.
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Fig. 13. Simulation results of the outer raceway defective signal detection, showing time domains and frequency domains of (a) and (b) the original fault
signal, (c) and (d) the output signal after a bistable system, and (e) and (f) the output signal after a tri-stable system, respectively.

5.2. Bearing inner raceway fault detection

According to Eq. (14), the bearing characteristic fre-
quency when the fault appears at inner raceway is theoretically
feprr = 162.11 Hz. The original signal and its power spectrum
are shown in Figs. 14(a) and 14(b), where the fault impulses

are not obvious in the input waveform due to the strong noise.
The output of classical bistable SR system and the output of
the tri-stable system are shown in Figs. 14(c) and 14(d), and
Figs. 14(e) and 14(f), respectively.

As shown in Figs. 14(c) and 14(d) witha =1 and b =1,
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some of the high-frequency components are weakened and the
target frequency is enhanced. There is a maximum spectral
peak located at f = 159 Hz (the feature frequency within an
acceptable error range) and its value is 0.778. It can be seen
from Fig. 14(f) with @ = 0.01, » = 0.01, and w = 0.04 that,

the amplitude of f = 159 Hz rises to 1.462, that is, 1.88 times
the amplitude in Fig. 14(d). Therefore it effectively shows that
the fault appears at inner raceway and the detection effect of
tri-stable SR system is superior to the classical bistable SR

system.
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Fig. 14. Simulation results of the inner raceway defective signal detection, showing time domains and frequency domains of (a) and (b) the original fault
signal, (c) and (d) output signal after a bistable system, and (e) and (f) output signal after a tri-stable system, respectively.

6. Conclusions

In this paper, we explore the tri-stable SR phenomenon
induced by parameters and Levy noise, and apply the tri-stable
SR to the bearing fault detection. From the results we can draw
the following conclusions: (i) No matter whether it is under
any different characteristic index o or symmetry parameter
B of Levy noise, the SR can be induced by tuning parame-
ters a, b, w, and the intensity amplification factor D of Levy
noise. (ii) For a certain system parameter w (or a or b), MR
first increases and then decreases for different values of char-
acteristic index a, which explains that there exists an optimal
system parameter producing better SR. For o = 1, the reso-
nance effect is best. Moreover, MR for o > 1 is much less
than MR for o < 1. (iii) For a certain intensity amplification
factor D, the curves of MR have multiple maxima for differ-
ent values of characteristic index «. The resonance effect for
o = 1 precedes the resonance effect for o # 1. (iv) For any
system parameters w, a, and intensity amplification factor D,

the system performance is best for § = 0, but as for the system
parameter b, the resonance effect for § # 0 is much better than
the resonance effect for § = 0. (v) In bearing fault signal de-
tection, the detection effect of tri-stable SR system is superior
to the classical bistable SR system.
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