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This paper investigates the consensus tracking problems of second-order multi-agent systems with a virtual leader
via event-triggered control. A novel distributed event-triggered transmission scheme is proposed, which is intermittently
examined at constant sampling instants. Only partial neighbor information and local measurements are required for event
detection. Then the corresponding event-triggered consensus tracking protocol is presented to guarantee second-order
multi-agent systems to achieve consensus tracking. Numerical simulations are given to illustrate the effectiveness of the

proposed strategy.

Keywords: consensus tracking, event-triggered control, sampled-data, second-order multi-agent systems

PACS: 89.75.-k, 05.65.+b, 02.30.Yy

1. Introduction

In the last decade, synthesis and analysis of multi-agent
systems have been extensively investigated by various re-
searchers from multiple disciplines due to their broad ap-
plications, including swarming, flocking,!!! formation, target
pursuit,>3! synchronization,* automated highway systems,
distributed sensor networks, cooperative control of unmanned
air vehicles, congestion control in communication networks,
and so on. As one of the basic issues in the distributed coordi-
nation control of multi-agent systems, consensus is to design
an appropriate control protocol for each agent such that the
whole system can ultimately reach an agreement.>~12]

Along with the progress in computer technology, an agent
may be equipped with an embedded microprocessor to access
information and update the control input. However, since the
power supply of an agent is constrained, it is urgent for re-
searchers to devise a proper consensus algorithm for multi-
agent systems such that the energy consumption can be further
reduced while the control performance is guaranteed. From
this respect, two alternatives are in consideration to make the
control updating more efficient. A traditional method is the
time-triggered control, in which the control execution and in-
formation transmission are periodic. Although this approach is
effective for energy saving to some extent, the sampling period
is often chosen according to the worst-case scenario, which
may lead to unnecessary energy waste. Motivated by this con-
flict, the event-triggered strategy has been subsequently pro-
posed. In event-triggered fashion, controller actuation only
happens at some specific instants rather than continuously or
in a periodic pattern. These specific instants are determined by
a predefined event condition, e.g., the error exceeds a specific
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threshold. It was shown in Ref. [10] that the event-triggered
control outperforms the time-triggered control in many as-
pects.

Recently, there has been a remarkable rise in the amount
of results on event-triggered control of networked control sys-

s.113-17] This framework has been

tems and wireless network
proved to be applicable for multi-agent systems in Ref. [18].
Based on the idea of feedback, Dimos et al. proposed both
centralized and distributed event-triggered strategies for each
agent to determine the control updates. In Ref. [19], Garcia et
al. revised the event condition to avoid continuous communi-
cation on the basis of the results in Ref. [18]. Two novel event-
based control strategies applying a time-dependent event de-
tector for average consensus of single-integrator and double-
integrator multi-agent systems were presented in Ref. [20].
In Ref. [21], Fan et al. considered the event-triggered con-
sensus problems of the first-order multi-agent systems, where
the event condition involves combinational measurements to
further reduce the controller actuation. In Ref. [22], a novel
event-based control algorithm was proposed to solve the con-
sensus problem of multi-agent systems with switching topolo-
gies, in which the event condition is distributed and sampled.
In essence, the focus of event condition contains two fac-
tors: lower frequency of control updating and less informa-
tion transmission among agents. However, when it comes to
a consensus tracking case, conditions are more complicated
than those in the average consensus case. Recently, there were
some studies on event-triggered consensus tracking of multi-
agent systems. In Ref. [23], the consensus tracking problems
in multi-agent systems with and without communication de-
lays were considered, where the follower and the leader are
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assumed to be a single-integrator and a double-integrator, re-
spectively. In Ref. [24], a distributed event-triggered control
strategy for the second-order multi-agent systems was pro-
posed, where the control input incorporates continuous mea-
surement of the leader. In Ref. [25], an event-triggered strat-
egy and a distributed estimation were proposed for the dy-
namic tracking control of the second-order multi-agent sys-
tems, where the communication among agents needs to be
carried out constantly. In Ref. [26], Li et al. considered the
event-triggered consensus tracking of the second-order multi-
agent systems with fixed and switching topologies, where the
high-frequency control updating happens if the states of the
agents are close.

In the above references>*26! about event-triggered con-
sensus tracking of multi-agent systems, there is a common fact
that the event condition is assumed to be continuously exam-
ined, which implies a great amount of energy waste. Mo-
tivated by this observation, we propose a novel distributed
event-triggered consensus tracking strategy, where continuous
information is replaced with sampled data in event detection
for lower communication. It is shown that the parameters of
the event condition can be selected such that the second-order
multi-agent systems achieve consensus tracking.

The remainder of this paper is organized as follows. Sec-
tion 2 briefly introduces some concepts in algebraic graph the-
ory and states the problem. Section 3 presents convergence
analysis of the event-triggered consensus tracking protocol. In
Section 4, numerical simulations are given to illustrate the ef-
fectiveness of our results. Section 5 draws conclusions and
discusses further research directions.

2. Preliminaries and problem statement
2.1. Algebraic graph theory and some notations

The interaction topology of multi-agent systems can be
modeled by an undirected graph G = (V,E, A), which con-
sists of a vertex set V = {vy,v,,--- ,vy } representing N agents,
an edge set E C V x V representing the communication links
among agents, and a weighted adjacency matrix A = [g;;]. An
edge between v; and v; is denoted by e;; = (vi,v;). The ad-
jacency element a;; associated with the edge e;; is positive,
ie., e¢;j € E < a;; > 0. Moreover, we assume a;; = 0 for all
i € I. For an undirected graph G, the adjacency matrix A is
symmetric, i.e., a;; = aj;. The set of neighbors of vertex v;
is denoted by N; = {v; € V : ¢;; € E}. Correspondingly, the
degree matrix D of G is defined as D = diag(d),d>,...,dy)
with d; = ¥ je, aij. The Laplacian matrix of G is denoted by
L =D — A. A path from v; to v; means a sequence of distinct
edges (vi,Vit1), (Vit1,Vit2), - - -, (Vigs,vj) in a graph. If there is
a path between v; and v;, then v; and v; are called connected.
Graph G is connected if and only if there is a path between any

two vertices. An important fact of L is that all row sums are
zero and thus L has a right eigenvector 1y associated with the
zero eigenvalue, i.e., L1y = Oy, where 1y and Oy denote the
N-dimensional column vectors with all ones and zeros, respec-
tively. If graph G is connected, L has one and only one zero
eigenvalue and the remaining eigenvalues of L are all positive.

The following notations will be used throughout this pa-
per. RV means the N-dimensional Euclidean space. For a vec-
tor € RY, its Euclidean norm is denoted as ||z||,. For a
matrix A € RV*V the transpose matrix and the largest eigen-
value of A are denoted as AT and Ay4, respectively. A > 0
or A < 0 represents that the matrix A is positive definite or
negative definite, respectively.

2.2. Problem statement

Consider second-order multi-agent systems consisting of
N agents and one virtual leader. The dynamics of agents can
be described as

Xi(t) = vi(t),
{V'i(t) =u(t),i=1,2,...,N, (H

where x;(¢) € R, vi(¢) € R, and u;(¢) € R represent the posi-
tion state, the velocity state, and the control input of agent i,

respectively.
The dynamics of the virtual leader can be described as

Xo(t) = vol(1),
e @

where xo(¢) € R and vy(¢) € R are the position and velocity
states of the virtual leader, respectively.

Denote the sampling period and the k-th event time of
agent i by h and t,i, respectively. It should be pointed out that
the initial purpose of introducing the event-triggered mecha-
nism to multi-agent systems is to reduce the frequency of con-
trol updating along with communication between neighboring
agents. For this purpose, we introduce sampled-data into event
condition design. At first, we propose the event-triggered con-
sensus tracking protocol for agent i as follows:

uit) = —ki ) aij [xi(tli)7x.i([jgl)+vi<t;;)*Vj([i,)}

JEN;
— koaio [xi(ty) — xo(t}) +vi(ty) —vo(t})] ,
t € [ti4sh, t+(s+1)h), 3)

where the position state x;(z/) and the velocity state v;(r})
represent the last measurements transmitted by agent i, the
position state xj(t,{,) and the velocity state v j(t]{,) represent
the last measurements received from the neighbor agent j,
the position state xo(t}) and the velocity state vo(z}) repre-
sent the last measurements received from the virtual leader,
k1 > 0 and k> > 0 are two control gains to be determined later,

r, = max{t|t € {t],k=0,1,...}, t <t +sh}, ap = 1 if agent

i has access to the virtual leader, and a;y = O otherwise.
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Since the errors play preliminary roles in an event, we
define the state error measurements and tracking error mea-
surements of agent i as

8xi(sh) = xi(ty) — xi(sh),
{ Syi(sh) = v,-(t,l’i) —vi(sh), @
{ &i(sh) = &(;) — &i(sh), (5)
&i(sh) = mi(t) — ni(sh),

where &;(1) = x;(¢) —xo(¢) and n;(¢) = vi(¢) —vo(2).
Based on the above definitions, we can further propose
the following event condition:

|1 7LL( 8ui(sh) + 8,i(sh)) + kagio (€ (sh) + &i(sh)) |13

> o-lﬁ ||Zl( )||§7 (6)
where 0 < 0; < 1, the parameters o and f3 are defined as
3 (3h+4) 2 3
=3h+14+—— — (" +h=3m")A,
=3ht 4 — (P )
3 3ha+a-3
B=5. 7 a>0, (@)

and

zi(t) = ki Z aij [x,'(t;;) _xj(tj(i/) +vi(tli) _vj(tli’)}
JEN;

+ kpajo [x,'(l‘;;) —X()(t]i) + Vl'(l‘,i) — V()(l‘,i)} . )

Remark 1 At each sampling instant, each agent has to
check the event condition to determine whether an event is
triggered. Once the condition (6) is satisfied, agent i updates
its control law (3) and notifies its neighbors to substitute its
information with current state x;(#! ), otherwise no further ac-
tion is required. On the other hand, both kinds of errors given
by Eqgs. (4) and (5) are reset to zero at every event instant.
Thereby, the next event instant can be accordingly defined as
follows:

e = t,i—&—shinf{sh: ||k1 A (8 (sh) + 8,i(sh))
+baanEa(sh) + ea(sh)| > 05 [t 2} ©)

where #, = 0 is the initial instant. Since the event condition of
agent i remains invariant during a sampling period, the inter-
event times can be lower bounded by sampling period 4, that
is, the event instant is an integer multiple of 4. Thus, Zeno-
behavior is absolutely excluded.

Definition 1 The second-order multi-agent systems (1)

with the virtual leader (2) are said to achieve consensus track-
ing if
—xo(t)[,=0,
i=1,2

lim ||x;(¢)
100 2,
Tim 14(1) — vo (1) |, = 0.

holds for any initial conditions.

LN (10)

In the following, we will theoretically and numerically
show the effectiveness of the protocol (3) with the condition
(6) to guarantee the systems (1) with the virtual leader (2) to
achieve consensus tracking. Before moving on, we need the
following assumption and lemmas.

Assumption 1 The network topology composed of N
agents and a virtual leader is fixed and undirected, and there is
a path from the virtual leader to each agent.

1 Let H = L + B, B =
,ano} and ajo is defined as above. If Assump-

Lemma where

diag{alo, axy---
tion 1 is satisfied, H must be a positive definite matrix.[?7!

Lemma 2 Consider a symmetric matrix A =

A“ A12 .
, where A and Ay, are square. Then A is
<A’}"2 A22 11 22 q
positive definite if and only if both A} — A3 AL'AT, and

A») are positive definite. 28]

3. Convergence analysis

In this section, we will theoretically show the effective-
ness of the protocol (3) with the condition (6) to guarantee the
systems (1) with the virtual leader (2) to achieve consensus
tracking. Before moving on, we first change the control input
(3) of agent i into the following form:

wit) = —ki Y aijbei(th) —xi(sh) —x;(t)) +xj(sh) +xi(sh)

JEN;
— xj(sh) +vi(t}) — vi(sh) — vj(t,{,) +vj(sh) +vi(sh)
—vj(sh)] = kaaio[xi (1) — xo(t) —xi(sh) +xo(sh)
+ x;(sh) — xo(sh) +vi(th) —vo(th) — vi(sh) +vo(sh)
+vi(sh) —vo(sh)], t € [ty +sh,t+ (s+1)h). (11)

Referring to the definitions of errors given in Egs. (4) and (5),
the dynamics of agent i for ¢ € [t} + sh,t} + (s+ 1)h) can be
described as

&i(r) = mi(r),

ni(t) = —ki ¥ aij[0u(sh) —

Ovj(sh) +x;(sh)

JEN;
—xj(sh)+ 8,i(sh) — 8,j(sh) +vi(sh) (12
—vj(sh)] — kaaio[€xi(sh) + & (sh)

+&,i(sh) + ni(sh)].

Denoting M = kjL + kB, we can obtain ME(sh) =
ki Lx(sh)+k, BE(sh) and Mn(sh) = ky Lv(sh) + k, Bn(sh).
Equation (12) can be rewritten in a compact form as

£(1) = nlo),
U(t) = _Z(t) = —ME(Sh) - MTI(Sh) (13)
—ky Lo, (sh) — ki Lo,(sh)
—szex(sh) —]QBEV(S/’I)7
where £(1) = (&1 (7 ) SEv )T n() = (m @), (@),
8:(1) = (8 (1), 0 ()", 8u(t) = (B (0),..., 8w (1),
ex(t) = (& (t),.. st( T, en(t) = (&1 (t),...,&n(t))T, and
z(t) = (zl(t)7...,zN(t))T. To reduce the clutter in the
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notations, we denote e(sh) =
ky Be,(sh)

—k1 L (sh) — ki L, (sh) —
—kyBe,(sh). Then we have

z(t) = e(sh) + M (&(sh) +n(sh)). (14)

Now we provide the main results.

Theorem 1 Under Assumption 1, the second-order multi-
agent systems (1) with the virtual leader (2) applying the con-
sensus tracking protocol (3) with the event condition (6) can
asymptotically achieve consensus tracking, if

O0<h< g,
a>0, (15)
3 221 (2 —3h)
3h+1 3 ’
||kllL( Oyi(sh) + 8yi(sh)) + kaaio (&xi(sh) + €,i(sh)) ||§
< o,ﬁ ll2i(t)113 (16)

are satisfied simultaneously.

Proof Take a candidate Lyapunov function V(r) =
w’ (1) Pw(t)/2, where w(t) = (£7(t),n"(¢))T and the matrix
3IM M

M (1-3n)M

Recalling Lemma 1 and Lemma 2, we have A —
Ap AL AT, =3-1/(1-3h%)]M and Ay = (1-31*)M
From Eq. (15), it is easy to know that the matrix P is positive

P ischosenas P =

definite. Then the time derivative of V(¢) along the trajectory
generated by Eq. (13) for any ¢ € [sh, (s + 1)h) is presented as

vy = €00 (o o _dear) ()
= 3€7(0)Mn() ~ €7 () M=) + 0" () Mn(1)
— (1=32)n (1) M=(1). (17)

Applying the Taylor expansion of £(¢) and n(¢) at t = sh, we
obtain

V()

IN

3[&(sh) + hn(sh)]" M [n(sh) — hz(1)] — [&(sh)
+ hn(sh)]" M z(1) + [n(sh) — hz(t)]"
x M([n(sh) — hz(t)] — (1 — 3h%)
x [n(sh) —hz(1)]" M=(r)
= 3¢ (sh) Mn(sh) —3h&" (sh) M z(t)
+ 3" (sh) Mn(sh) — 3h°n " (sh) M z(t)
— &V (sh)M (1) — hn " (sh) M =(r)
0t (sh)Mn(sh) —2hn* (sh) M z(r)
+ 12T ()M z(t) — (1 - 30*)n" (sh) M 2(r)
+ (1 =3n)hzT (1) M 2(1), (18)

which further leads to

V() < —(3h+1)(ET(sh) + 0" (sh)) M=z(r)

+ (R +h—=31%)2T (1) M (1)
+3(&"(sh) +n" (sh)) Mn(sh)
+ (=24 3h)n" (sh) Mn(sh). (19)
By using Eq. (14) for simplification, we can derive
V() < —Bh+1)z(t)T2(t) + 3h+1)e(sh)T2(r)

+ (R +h=31)2T (1) M 2(1)

+ 3(2(t) — e(sh))'n(sh)

+ (=2 +3h)n " (sh) Mn(sh). (20)

Considering Eq. (15) and the inequality T Ly < ax™ Lx /2 +
y'Ly/2a, a > 0, we have

—(Bh+1)2T(1)z(t) + 3h+1)eT (sh)z(r)
+ (R +h =30 A 2T (1) 2 (1) + ;—azT(t)z(t)
' (t)e(sh) + ——e'(sh)e(sh)

_3
a
3a T
5~ 2+ 30y " (sh)m(sh)

V() <

IN

+
3h+1— - ><i (3h+1)
2a
_l’_

(h*+h—30% Ay +23> 21 (1)2(1)

+ (<3h+ 1— 2) X g + ;)eT(sh)E(sh)

+ (3; — 2+ 3h)LM> 0" (sh)n(sh). 1)

From Eq. (16) and ||kiAL(8yi(sh) + 6yi(sh)) + kaaio(€xi(sh)
+&i(sh))|[5 > [lei(kh)
inequality:

%, we can easily derive the following

lei (k)3 < 07 % [12:(6)]3. (22)

B

Thus, the function V (¢) can be bounded as follows:

& ) =(0)

B
+ (32“ — 2N+ 3haM> nT(sh)n(sh), (23)

V(t) < —(1— Omax)

where Omax = max{c;|i = 1,...,N}. From Eq. (23), it is ob-
vious that V() is negative semi-definite for k € {0,1,2,...}
and ¢ € [sh, (s + 1)h] as z(t)Tz(¢) > 0 and 0T (sh)n(sh) >
0. Since V() >0, V(t) <0, we can obtain lim nV(r) =
0, which further leads to }Lrglo z(t) = 0 and hm 17( h) =
0. It follows from Eq. (22) that ,lggz( ) = tlgge(sh) +
lim M & (sh) + lim M1 (sh), which implies that lim &(sh) =
t—oo t—yoo k—ro0

0 and klglolo n(sh) = 0. Thus, the proof of Theorem 1 is com-
pleted.

Remark 2 In this paper, the network topology is assumed
to be undirected. It should be noted that the results of this pa-
per can be extended to the directed network topology case. For
the directed network topology case, Assumption 1 needs to be
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changed into the assumption that the network topology com-
posed of N agents and a virtual leader is fixed and directed,
there is a spanning tree, and the virtual leader is the root node
of the spanning tree.

Remark 3 Note that our method contains several notice-
able advantages over existing works. Firstly, different from
centralized condition, our event condition is distributed, that
is, each agent has its own event condition to determine when
to update control input. Secondly, the event condition pro-
posed in Eq. (6) is composed of sampled-data, which is effec-
tive for further reducing energy consumption. In such strategy,
the event examination for each agent happens in a periodic
pattern, while most works are in continuous time. Thirdly,
different from results in Ref. [23]- [26], where each agent
needs to access the information of neighbors constantly, the
continuous communication between neighboring agents can
be avoided due to introduction of z;(z) into event design. Fi-
nally, in Ref. [23]-[25], the velocity information of the virtual
leader is always required as a necessary part of event condition
for each agent, however, this requirement is unnecessary in the
event detection given by Eq. (6).

Remark 4 It should be pointed out that in order to
compute the event condition in Eq. (6), each agent needs
to be aware of the largest eigenvalue of Laplacian matrix
L. However, employing the results in Ref. [29], we have
AL < 2dimax < 2(N —1). Then, we can renew the event condi-
tion (6) as follows:

||2k1 (N — 1)(8xi(sh) + 8,i(sh))

(04
+ kadio(&4i(sh) + &i(sh))|[3 > 0=

B

where oy = 3h + 1 + 3/2a*> — (3h+4)/2a — (h* + h —
3h%)(2k; (N — 1) + k). Based on the same constraints in
Eq. (15), it is obvious that &y < a. So the multi-agent sys-

()13, (24)

tems (1) with the virtual leader (2) utilizing the event condi-
tion (24) can also reach consensus tracking.

4. Simulations

In this section, numerical simulations are presented to
demonstrate the effectiveness of the proposed event-based
control strategy. Here we consider second-order multi-agent
systems with four agents and one virtual leader, whose dy-
namics are described by Eqs. (1) and (2). The corresponding
communication topology is shown in Fig. 1.

Without loss of generality, the weights of all the

edges are assumed to be 1. Thus, we can obtain L =

2 —1-10
0 0 -1 1

3 -1-10
ky = 1, the matrix M is given by M = :i _21 _31 _01
0 0 -1 2

It is easy to obtain that A, = 4 and Ay = 4.2631. Accord-
ing to the conditions given by Eq. (15), we choose the sam-
pling period &2 = 0.002 and a = 5, resulting in & ~ 0.657 and
B =1.315. Assume that oy = 0, = 0.6, 03 = 0.8, and 64 =
0.99. Without loss of generality, we choose x((¢) = 0.3 +0.5¢,
x(0)=[4.7 —3.3 0.5 —6.3]T, and v(0) = [-1 1.5 —0.7 2]T.

Figure 2 shows that the position states and the velocity
states of all agents can converge to those of the virtual leader;
in a sense, that second-order multi-agent systems (1) with the
virtual leader (2) applying the protocol (3) with the condition
(6) can ultimately achieve consensus tracking. Here, we also
provide the corresponding triggered instants of each agent in
Fig. 3.

Fig. 1. Network topology composed of four agents and one virtual leader.

(a)

—agent 1 |
— agent 2

4 agent 3
agent 4
—agent 0 ]
78 L L
0 5 10 15
Time/s
6
(b)
4 L
A\
S 13\ — — PR— _
0 —agent 1
— agent 2
_9 agent 3
agent 4
—_—agent 0
_4 \
0 5 10 15
Time/s

Fig. 2. (color online) The (a) positions and (b) velocities of systems (1)—
(2) using protocol (3).
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)
=i
2
m 1. L] L] ® O oommmNeee O L] |
0 . . . .
0 0.2 0.4 0.6 0.8 1.0

Time/s

Fig. 3. (color online) Triggered instants of systems (1)-(2) applying event
condition (6).

5. Conclusion

In this paper, we have investigated event-triggered con-
sensus tracking of second-order multi-agent systems. Utiliz-
ing the Lyapunov function method, we have obtained suffi-
cient conditions to guarantee second-order multi-agent sys-
tems asymptotically achieve consensus tracking. A novel dis-
tributed event-triggered strategy has been proposed, in which
continuous communication among agents can be avoided and
energy consumption can be further reduced. However, it is
noted that the sampling of each agent is assumed to be gen-
erated at the same moment. Besides, the acceleration of the
virtual leader was assumed to be zero and the model consid-
ered in this paper does not contain some complicated cases
such as measurement noises, switching topology and so on.
Therefore, one of the future research directions is devoted to
studying the event-triggered consensus tracking of heteroge-
neous multi-agent systems with asynchronous sampling, mea-
surement noises and switching topology.
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