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The high pressure behaviors of Th4H15 and ThH2 are investigated by using the first-principles calculations based on
the density functional theory (DFT). From the energy–volume relations, the bct phase of ThH2 is more stable than the
fcc phase at ambient conditions. At high pressure, the bct ThH2 and bcc Th4H15 phases are more brittle than they are at
ambient pressure from the calculated elastic constants and the Poisson ratio. The thermodynamic stability of the bct phase
ThH2 is determined from the calculated phonon dispersion. In the pressure domain of interest, the phonon dispersions
of bcc Th4H15 and bct ThH2 are positive, indicating the dynamical stability of these two phases, while the fcc ThH2 is
unstable. The thermodynamic properties including the lattice vibration energy, entropy, and specific heat are predicted for
these stable phases. The vibrational free energy decreases with the increase of the temperature, and the entropy and the
heat capacity are proportional to the temperature and inversely proportional to the pressure. As the pressure increases, the
resistance to the external pressure is strengthened for Th4H15 and ThH2.
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1. Introduction

Thorium and its hydrides are promising materials for ad-
vanced nuclear reactors with a high level of safety[1–8] and
have attracted much attention. This is mainly due to their
strength and stability at elevated temperatures while maintain-
ing the desirable properties for neutron moderation.[9] In gen-
eral, thorium hydrides crystalize in ThH2 and Th4H15 phases,
which are both metallic solids.[2] Under ambient conditions,
the stable thorium dihydride crystallizes in a body-centered
tetragonal (bct) ionic structure with space group I4/mmm
(No. 139). There also exists a face-centered cubic (fcc)
fluorite-type structure with space group Fm-3m (No. 225),
which is considered as a metastable phase of ThH2. As for the
Th4H15 phase, it crystallizes in a body-centered cubic (bcc)
structure with space group I-43d (No. 220), which has been
reported to have superconductivity with a transition tempera-
ture of 8 K.[10] In addition, due to the large hydrogen-to-metal
ratio, Th4H15 has been considered as a promising candidate
for hydrogen storage.[11]

The structural and electronic properties and the optical
phonon density of states of thorium hydrides at the ground
state have been widely investigated in previous studies.[12–19]

In order to support the experimental measurements or pre-
dict the microscopic physical properties that cannot be directly
measured in the experiments, many theoretical studies were

also performed for thorium hydrides. The optical phonon den-
sity of states of ThH2 was measured through inelastic neu-
tron scattering,[14] and the bulk modulus of ThH2 was calcu-
lated by the linear muffin-tin orbital (LMTO) method.[15] The
electronic properties of thorium hydrides were investigated by
Shein et al.[16] through the full-potential LAPW (FLAPW)
method. Moreover, the structural, elastic, and electronic prop-
erties of thorium hydrides at the ground state were studied
by the first-principles calculations.[17] Despite abundant re-
searches on thorium hydrides, relatively little is known re-
garding Th4H15. Until now, the elastic properties, phonon
spectra, and thermodynamic properties are still unknown for
Th4H15. Besides, there is still a lack of data about the elastic
and thermal properties of thorium hydrides under high pres-
sures, where a variety of interesting changes could show up.
Furthermore, the stability of such competitive phases of tho-
rium hydrides is also of interest for testing their practical ap-
plications.

In this paper, we perform a first-principles study on the
elastic and thermodynamic properties of thorium hydrides at
high pressures and make a systematic comparison with the
corresponding behaviors at the ground state. The calculation
method for the elastic constants and the computational details
of first-principles are briefly introduced in Section 2. The cal-
culation results are presented and discussed in Section 3. Fi-
nally, the conclusion is given in Section 4.
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2. Computational details
The first-principles calculations were carried out by using

the density-functional theory (DFT) as implemented in Vienna
ab initio simulations package (VASP)[20] with the projector-
augmented-wave (PAW) potential methods.[21] The electron
exchange and correlation potential was evaluated by the gen-
eralized gradient approximation (GGA) introduced by Perdew,
Burke, and Ernzerhof (PBE).[22] To ensure the calculation ac-
curacy, the cutoff energy was set to 450 eV, and the self-
consistent energy convergence of the calculation was set to
10−5 eV. The Brillouin zone (BZ) integration was performed
by using 12×12×12 k-points for ThH2 and 9×9×9 k-points
for Th4H15 with the Monkhorst–Pack scheme.[23] The atomic
structures were fully relaxed until the Hellmann–Feynman
forces on all atoms were less than 1.0×10−5 eV/atom.

The elastic constants were calculated by means of a Tay-
lor expansion of the total energy E (V,δ ) based on the follow-
ing law:[24–26]

E (V,δ ) = E (V0,0)+V0

[
∑

i
τiξiδi +

1
2 ∑

i j
Ci jδiξ jδ j

]
, (1)

where E (V0,0) and V0 are the total energy and the volume
of the equilibrium cell with no strain, respectively, τi is an
element in the stress tensor, ξi is a Voigt factor,[10] and Ci j

is the elastic constant. For cubic structures, fcc ThH2 and
bcc Th4H15, there are three independent elastic constants
(C11, C12, and C44). Thus, the elastic constants can be cal-
culated with three different strains. The bulk modulus B
and shear modulus G were obtained by the Voigt–Reuss–
Hill (VRH) approximation,[27–29] i.e., B = 1

2 (BV +BR) and
G = 1

2 (GR +GV). As for bct ThH2, the six independent elas-
tic constants, C11, C12, C44, C13, C33, and C66, can be ob-
tained with six different strains. The Young modulus E and
Poisson’s ratio ν were obtained by the following formulas:
E = 9BG/(3B+G) and ν = (3B− 2G)/[2(3B+ 2G)]. The
supercell approach and the small displacement method were
used to calculate the phonon dispersions in the BZ and the
corresponding phonon density of states (DOS) with the help
of the PHONOPY code.[30] For the phonon calculations, the
2×2×2 supercells for bct and fcc phases containing 48 and 96
atoms were constructed, respectively. As for the bcc Th4H15,
the 2× 2× 1 supercell containing 152 atoms was used. The
quasi-harmonic approximation (QHA) method[31] was em-
ployed to calculate the thermodynamic properties associated
with the phonon frequencies.

The Helmholtz free energy F (T,V ) was calculated by

F (T,V ) = E (V )+Fvib (T,V )+Fel (T,V ) , (2)

where E (V ) is the ground state total energy at a given unit
cell volume V , Fvib (T,V ) is the vibrational energy of the lat-
tice ions, and Fel (T,V ) is the thermal electronic contribution

to the free energy, which can be expressed by electronic en-
tropy Sele (T,V ) and energy due to the electron excitations
Eele (T,V ),

Fel (T,V ) = Eele (T,V )−T Sele (T,V ) . (3)

Under the quasi-harmonic approximation (QHA), Fvib (T,V )

can be calculated by

Fvib (T,V ) = kBT
∞∫

0

g(ω) ln
[

2sinh
(

h̄ω

2kBT

)]
dω, (4)

where ω is the phonon frequency and g(ω) is the phonon den-
sity of states (DOS). The Sele (T,V ) and Eele (T,V ) can be cal-
culated by

Sele (T,V ) =−kB

∫
n(ε,V ) [ f ln f +(1− f ) ln(1− f )] dω, (5)

Eele (T,V ) =
∫

n(ε,V ) f ε dε−
εF∫
−∞

n(ε,V )ε dε, (6)

where n(ε,V ) is the electronic density of states, f is the
Fermi–Dirac distribution, and εF is the Fermi energy.

3. Results and discussion
3.1. Atomic structure

In the present study, we investigated three phases of tho-
rium hydrides, i.e., bct ThH2, fcc ThH2, and bcc Th4H15

(a) (b) (c)

Fig. 1. (color online) Crystal structures of (a) bct ThH2, (b) fcc ThH2,
and (c) bcc Th4H15. The larger green balls are Th atoms and the smaller
white ones are H atoms.
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Fig. 2. Calculated ground-state energy vs. the primitive cell volume for
ThH2 in bct and fcc phases.
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(Fig. 1). At ambient conditions, thorium dihydride crystal-
lizes in a bct ionic structure with space group I4/mmm. The
Th and H atoms are located at the 2a (0, 0, 0) and 4d (0, 0.5,
0.25) sites (in Wyckoff notation), respectively (Fig. 1(a)). The
relaxed lattice parameters a and c are 4.073 Å and 4.901 Å, re-
spectively, which are in good agreement with the experimental
values of 4.10 Å and 5.03 Å.[18] The fcc fluorite-type structure
with space group Fm-3m is recognized as a metastable phase
of ThH2 (Fig. 1(b)), whose structure can be obtained by mod-
ulating the base vectors of the bct phase. The optimized lattice
parameter for fcc ThH2 is 5.487 Å, being in excellent agree-
ment with the experimental value of 5.489 Å.[5] Besides, the
energy–volume relationships of bct and fcc ThH2 were cal-
culated to investigate the stability of ThH2 in energy, as dis-
played in Fig. 2. Obviously, at ambient pressure, the bct phase
is more stable than the fcc phase. The obtained equilibrium
volumes of the bct and fcc phases are 40.68 Å3 and 41.31 Å3,
respectively, while the bcc Th4H15 phase has space group I-
43d. In this structure, the Th atoms locate at the 16c (0.2087,
0.2087, 0.2087) site and the H atoms have two internal coor-

dinates of 12a (0.375, 0, 0.25) and 48b (0.372, 0.219, 0.404)
(Fig. 1(c)).[6] It is also found that the calculated equilibrium
lattice parameter of bcc Th4H15 is 9.130 Å, being in agree-
ment with the experimental value of 9.11 Å.[19]

3.2. Elastic constants at high pressures

Elastic constants are important mechanical parameters
of solid materials, which determine the stiffness of a crys-
tal against the external strain. Thus, we calculate the elastic
constants to study the mechanical properties of thorium hy-
drides under different pressures. The calculated lattice param-
eters, elastic constants Ci j, bulk modulus B, shear modulus
G, Young’s modulus E, and Poisson’s ratio ν for bct ThH2,
fcc ThH2, and bcc Th4H15 at different pressures are listed in
Table 1. For the tetragonal structure, the structural stability
criteria are C11 > 0, C33 > 0, C44 > 0, C66 > 0, (C11−C12)>

0, (C11 +C33−2C13)> 0, and 2(C11 +C12)+C33 +4C13 > 0.
Obviously, the bct phase ThH2 is mechanically stable since
its elastic constants satisfy the above mechanical stability
criteria.[23]

Table 1. Lattice parameter, elastic constants Ci j , bulk modulus B, shear modulus G, Young’s modulus E, and Poisson’s ratio ν of bct
ThH2 at different pressures.

Pressure/GPa a/Å c/Å B/GPa G/GPa E/GPa B/G ν C11/GPa C12/GPa C44/GPa C13/GPa C33/GPa C66/GPa

0 4.073 4.905 90.4 27.5 74.8 3.29 0.362 163.1 69.0 62.0 75.7 89.0 5.1
10 4.031 4.529 115.0 50.3 131.8 2.29 0.309 247.1 62.8 93.7 95.0 109.6 17.1
20 4.014 4.200 132.0 73.8 186.5 1.79 0.264 337.3 63.1 116.2 93.8 127.0 28.8
30 3.996 3.915 149.9 94.7 234.7 1.58 0.239 421.7 64.5 126.6 84.9 160.6 38.6
40 3.964 3.742 165.7 111.6 273.4 1.48 0.225 500.3 57.1 140.5 92.8 170.2 50.8
50 3.946 3.570 193.6 134.2 327.0 1.44 0.219 581.7 38.8 152.6 101.6 224.9 65.9
60 3.916 3.459 218.7 159.4 384.7 1.37 0.207 671.4 39.9 163.4 91.7 293.4 81.1

Table 2. Lattice parameter, elastic constants Ci j , bulk modulus B of fcc ThH2 at different pressures.

Pressure/GPa a/Å B/GPa C11/GPa C12/GPa C44/GPa
0 5.487 94.8 60.6 111.8 41.1

10 5.327 124.1 73.6 149.3 58.7
20 5.210 150.0 76.1 187.0 72.4
30 5.113 173.4 84.7 217.8 83.5
40 5.030 195.4 84.3 251.0 90.8
50 4.959 215.3 80.4 282.7 95.2
60 4.896 233.1 73.6 312.9 97.7

Table 3. Lattice parameter, elastic constants Ci j , bulk modulus B, shear modulus G, Young’s modulus E, and Poisson’s ratio ν of bcc
Th4H15 at different pressures.

Pressure/GPa a/Å B/GPa G/GPa E/GPa B/G ν C11/GPa C12/GPa C44/GPa

0 9.130 103.3 58.7 148.0 1.76 0.261 162.2 73.9 71.0
10 8.823 136.0 76.4 193.1 1.78 0.263 209.9 99.0 94.7
20 8.577 164.9 90.6 229.7 1.82 0.268 251.5 121.7 113.2
30 8.361 192.3 106.1 268.9 1.81 0.267 299.0 138.9 128.2
40 8.183 217.9 126.9 318.8 1.72 0.256 365.1 144.2 139.3
50 8.048 241.5 147.8 368.3 1.63 0.246 436.3 144.2 149.0
60 7.938 261.5 163.0 404.8 1.60 0.242 500.4 142.1 153.0
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Fig. 3. (color online) Calculated elastic constants as a function of pressure for (a) bct ThH2, (b) fcc ThH2, and (c) bcc Th4H15.
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Fig. 4. Dependencies of B/G ratio on pressure for (a) bct ThH2 and (b)
bcc Th4H15.

As for the cubic structure, the structural stability criteria
are C11 > 0, C44 > 0, C11 > |C12|, (C11 +2C12)> 0. From the
criteria, it is found that the bcc Th4H15 is mechanically sta-
ble, while the fcc ThH2 is unstable since C11−C12 is negative.
Nearly all the elastic constants increase with increasing pres-
sure except C12 and C13 for the bct phase and C11 for the fcc
phase (Fig. 3). After obtaining the elastic constants at differ-
ent pressures, the polycrystalline bulk modulus B and Shear
modulus G changing with pressure can be evaluated from the
VRH approximation,[27–29] and the results are also shown in
Fig. 3. It is found that both the bulk modulus and the shear
modulus increase monotonically with pressure in the bct and
bcc phases.

The increasing rates of bulk moduli in these phases are
slightly lower than those of shear moduli. It is well known that
a high ratio of B/G is responsible for the ductility of polycrys-
talline materials. The critical value which separates ductile

and brittle materials is around 1.75.[32] Our calculated B/G
decreases from 3.29 to 1.37 for the bct phase with the pres-
sure increasing from 0 to 60 GPa (Fig. 4(a)). The B/G ratio
of bcc Th4H15 increases firstly from 1.76 to 1.82 with pres-
sure increasing from 0 to 20 GPa, and then decreases to 1.60
with pressure further increasing to 60 GPa (Fig. 4(b)). At high
pressures, the B/G ratios of bct and bcc phases are both lower
than the critical value 1.75, indicating that thorium hydrides
are of greater brittleness at high pressures. The Poisson ratio
is defined as the absolute value of the ratio of transverse strain
to longitudinal strain, which is used to quantify the stability of
the crystal against shear. A larger Poisson ratio stands for a
stronger plasticity. The Poisson ratios of thorium hydrides at
different pressures are also listed in Table 1. It is noted that
the Poisson ratios of bct ThH2 and bcc Th4H15 decrease with
the increase of the pressure, indicating that the brittleness of
thorium hydrides increases with pressure, in accordance with
the above result from the B/G ratio.

3.3. Phonon dispersion and thermodynamic properties

In this work, the phonon dispersion was calculated based
on the supercell approach and the finite difference method as
implemented in the PHONOPY code. The calculated phonon
dispersions for bct ThH2, fcc ThH2, and bcc Th4H15 are shown
in Fig. 5. For all the phonon dispersions, an evident gap ex-
ists between the modes contributed by Th and H, which is
attributed to that the Th atoms are much heavier than the H
atoms. In these phonon dispersions, there are no imaginary
frequencies for bct ThH2 and bcc Th4H15, which indicates that
bct ThH2 and bcc Th4H15 can keep their mechanical stabil-
ity up to at least 50 GPa. However, for fcc ThH2, there exist
imaginary frequencies around the Γ point, resulting in that the
fcc ThH2 is thermodynamically instable. The results are well
consistent with our previous mechanical stability analysis for
bct ThH2, fcc ThH2, and bcc Th4H15. Since thermodynamic
properties play an important role in understanding the ther-
mal response of a solid, it is necessary to know the thermal
properties of thorium hydrides under high pressures and tem-
peratures. The vibrational energy, entropy, and heat capacity
were evaluated by the quasi-harmonic approximation in the
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temperature range from 0 to 1500 K (Fig. 6). As the pressure
increases from ambient pressure to 50 GPa, the free energy is
shifted upward. In contrast, the entropy and the heat capacity
are proportional to the temperature and inversely proportional
to the pressure. The entropy is maximum at ambient pres-
sure. As is well known, the heat capacity can provide essential
information about the vibrational properties of a crystal. As
shown in Fig. 6(c), the heat capacity at constant volume (CV )

increases exponentially with temperature when T < 600 K.
With the temperature increasing towards 1500 K, the temper-
ature dependence of the heat capacity becomes weaker and
CV is governed by the atomic vibrations, approaching to the
Dulong–Petit limit 3nR, where R is the gas constant. The
trends of the heat capacity at ambient pressure and high pres-
sure are similar. The specific heat at constant pressure CP can
be obtained by using the relationship between CP and CV , i.e.,
CP−CV = α2

V (T )BTV T , where the constant volume thermal
expansion αV is defined as αV = 1

V (
eV
eT )P. In our calculations,

the unit cell volumes assume a set of values. The calculated
free energy versus volume for a number of selected temper-
atures is plotted in Fig. 7, from which the volume expansion
with increasing temperature can be derived. As a result, the
equilibrium volume V (T ) and the bulk modulus B(T ) can be
obtained by fitting the data to the Vinet equation of states.
Clearly, the bulk modulus B(T ) decreases along with the in-
crease of the temperature, as shown in Fig. 8. This temperature
effect is very common for compounds and metals.[33,34] It is
also found that the bulk modulus B(T ) increases with pressure
to a certain degree, and the resistance to the external pressure
is strengthened. The calculated heat capacity CP of thorium
hydrides are displayed in Fig. 9. As the pressure increases

from 0 to 50 GPa, CP declines slightly.
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4. Conclusion

The high pressure behaviors of Th4H15 and ThH2 have
been studied by using the first-principles calculations based
on the density functional theory. From the energy–volume re-
lationship, the bct phase of ThH2 is more stable than the fcc
phase at ambient pressure. At high pressures, the bct ThH2

and bcc Th4H15 phases are more brittle than they are at am-
bient pressure in terms of the calculated elastic constants and
the Poisson ratio. The thermodynamic stability of these three
phases has been discussed with the calculated phonon disper-

sion curves. In the pressure domain of interest, the phonon
dispersions of bcc Th4H15 and bct ThH2 are positive, indicat-
ing that these two phases are stable, while the fcc ThH2 is un-
stable. The thermodynamic properties including the lattice vi-
bration energy, entropy, and specific heat have been predicted
based on the vibrational frequencies for the stable phases. Our
results show that the vibrational free energy decreases with
the increase of the temperature, while the entropy and the heat
capacity are proportional to the temperature and inversely pro-
portional to the pressure. It is found that the bulk modulus B
increases with pressure, indicating the strengthened resistance
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to the external pressure for Th4H15 and ThH2. The calculated
results in this study would be helpful for future experimental
measurements on thorium hydrides.
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