
Chin. Phys. B Vol. 25, No. 5 (2016) 053203

Carrier-envelope phase measurement using plasmonic-field-enhanced
high-order harmonic generation of H atom in few-cycle laser pulses∗
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We investigate the plasmonic-field-enhanced high-order harmonic generation (HHG) of H atom driven by few-cycle
laser pulses, by solving the time-dependent Schrödinger equation (TDSE). Compared with the homogeneous field, HHG
spectra generated by inhomogeneous field exhibit two-plateau structure. We analyze the origin of the two plateaus by using
the semiclassical trajectory method. Our results from both classical and TDSE simulations show that the cutoffs of the two
plateaus are dramatically affected by the carrier-envelope phase (CEP) of laser pulse in the inhomogeneous field, even for
a little longer pulse. Thus, we can determine the CEP of driving laser based on the cutoff position of HHG generated in the
inhomogeneous field.
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1. Introduction
High-order harmonics are generated when the matter is

subject to a short, intense laser field.[1] Since the high-order
harmonic spectra can be extended to the soft x-ray region[2,3]

and exhibit a supercontinuous structure, it becomes a preferred
light source for the generation of attosecond pulses.[4,5] Gen-
erally, the high harmonic generation (HHG) can be well un-
derstood by the semiclassical three-step model.[6,7] According
to this model, the electron is first ionized toward continuum
by tunneling through the field-modified potential barrier, then
accelerated in the laser field, and finally recombined with the
parent ion and emits a harmonic photon. The highest harmonic
energy (cutoff) is given by the formula Ip + 3.17Up, where Ip

is the atomic ionization potential and Up is the ponderomotive
potential. Recently, the studies of plasmonic-field-enhanced
HHG have demonstrated that the inhomogeneous field could
considerably broaden the plateau region of HHG.[8–16]

With the development of laser technology, an intense
laser pulse that contains only a few cycles can be generated
now.[17–19] For a few-cycle laser pulse, the carrier-envelope
phase (CEP) plays important roles in attosecond physics,[20,21]

HHG,[22] above threshold ionization (ATI),[23,24] double
ionization,[25,26] and so on. Hence, the measurement of the
CEP is essentially crucial for laser–matter interaction. Jones
et al.[27] confirmed the control of the pulse-to-pulse CEP using
temporal cross correlation, based on the f-to-2f scheme.[27–30]

However, the f-to-2f interferometer could not measure the ab-
solute phase. Therefore, a variety of methods of measuring the
CEP were raised. The determination of CEP using ATI spec-
trum has been demonstrated both experimentally[31–34] and
theoretically.[35,36] Compared to ATI, the HHG spectrum is

an all-optical method in which its signal can be more easily
collected, and strong dependence of harmonic cutoff on the
CEP[37,38] suggests that the retrieving of CEP from HHG spec-
trum is feasible. Li et al.[39] and Xiang et al.[40] have proposed
two methods to measure the CEP using the HHG spectrum
from asymmetric molecules. Fetić et al.[41] investigated the
CEP-dependent plasmonic-field-enhanced HHG yield by us-
ing the semiclassical method. As far as we know, for the atom
in the inhomogeneous field, there are no reports about the de-
pendence of the cutoff of the HHG spectra on the CEP from the
simulations by solving the time-dependent Schrödinger equa-
tion (TDSE). Thus, it is necessary to confirm the relationship
between the HHG spectra and the CEP of the laser pulse by
the TDSE, which will be done in this work. Based on the com-
parison of cutoff dependence on the CEP of laser pulse from
TDSE and semiclassical simulations, we will demonstrate the
possibility of measuring CEP from plasmonic-field-enhanced
atomic HHG.

In Section 2, we briefly present the theory and method.
In Section 3, the numerical results and analysis are presented.
Finally, our conclusions are given in Section 4. The atomic
units (a.u., h̄ = me = e = 4πε0 = 1) are used throughout, un-
less otherwise stated.

2. Theory and method
In order to obtain the HHG spectrum driven by spa-

tial inhomogeneous field, we solve the one-dimension time-
dependent Schrödinger equation (1D TDSE)

i
∂

∂ t
ψ(x, t) =

[
− 1

2
∂ 2

∂x2 +V (x)− xE(x, t)
]

ψ(x, t), (1)
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where the interaction with the laser field is considered in
dipole approximation and length gauge. We assume that
the field is linearly polarized along the x axis. V (x) =

−1/
√

α + x2 is the soft Coulomb potential with α = 2.0 to
match the ground ionization potential Ip = 0.5 a.u. of the real
hydrogen atom. E(x, t) is the spatial inhomogeneous laser
electric field, which is widely used in previous works[42–44]

and can be modeled by

E(x, t) = E0 f (t)(1+βx)cos(ωt +φ), (2)

where β is the inhomogeneity parameter, E0 is the laser am-
plitude, ω is the angular frequency and φ is the CEP, f (t) =
e−(2ln2)t2/τ2

is the Gaussian envelope with the duration τ (full
width at half maximum, or FWHM).

In Eq. (1), we assume that the H atom is in its ground
state (initial state) before starting the time propagation. Equa-
tion (1) is solved numerically by using the Crank–Nicolson
scheme.[45] In addition, to avoid spurious reflections from
the spatial boundaries, at each time step, the electron wave
function is multiplied by an absorption function. Once the
time-dependent wave function ψ(x, t) is determined, the time-
dependent induced dipole acceleration can be given by means
of Ehrenfest’s theorem

a(t) = −〈ψ(x, t)| ∂

∂x
V (x)−E(x, t)

−x
∂

∂x
E(x, t)|ψ(x, t)〉, (3)

and the HHG power spectrum is obtained by the Fourier trans-
form of a(t)

Pq(ω) =

∣∣∣∣ 1√
2π

∫ t

0
a(t)e−iωt dt

∣∣∣∣2. (4)

3. Numerical results and discussion
In our simulations, the intensity and wavelength of the

incident laser is 3.0× 1014 W/cm2 and 800 nm, respectively.
The inhomogeneity parameter is taken to be β = 0.005. We
consider four different pulse durations of laser field: 3 fs, 5 fs,
8 fs, and 10 fs.

We first simulate the HHG spectra in both homogeneous
field (β = 0.0) and inhomogeneous field (β = 0.005) for a CEP
of φ = 0.0π . In Fig. 1 we show our results, from which three
main characteristics are observed: the first one is that the cut-
off of HHG spectra do not change by increasing the pulse du-
ration in both fields; the second one is that the cutoff energies
of the HHG in the inhomogeneous fields are extended about
two times compared to the homogeneous fields; finally, for the
inhomogeneous fields, HHG spectra reveal two-plateau struc-
ture for all pulse durations. These characteristics are beneficial
to study the dependence of HHG cutoff position on the CEP
of laser.

In order to study the underlying mechanism of the cutoff
extension and two-plateau of HHG spectra, we perform the
classical trajectory simulation by solving the Newton equa-
tion. The acceleration of electron in the inhomogeneous field
E(x, t) can be written as

ẍ(t) = ∇xxE(x, t) = E0 f (t)[1+2βx(t)]cos(ωt +φ). (5)

Under the initial condition that the electron velocity ionized at
the time ti from the nucleus v(ti) = 0, and the electron recom-
bines at the recombination tr under x(tr) = 0, we can obtain the
kinetic energy of electron, Ek(tr) = v2(tr)/2. Then, the photon
energy of emitted harmonic is Ip +Ek(tr). Figure 2 shows the
dependence of harmonic orders on the ionization time ti (blue
squares) and recombination time tr (red circles) of the electron
for inhomogeneous fields with different pulse duration. One
can see that there are two major emission events (labeled as
R1 and R3) for the fields with pulse durations of τ = 3.0 fs
(Fig. 2(a)) and τ = 5.0 fs (Fig. 2(a)), and three major emis-
sions (R0, R1, and R3) for somewhat longer pulse durations of
τ = 8.0 fs, 10 fs (Figs. 2(c) and 2(d)). For the emission of R1,
the classical energies are perfectly consistent with the cutoff
of HHG spectra from TDSE simulations shown in Fig. 1.
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Fig. 1. The HHG spectra in (a) homogeneous field (β = 0.0) and (b)
inhomogeneous field (β = 0.005) for pulse durations of 3 fs, 5 fs, 8 fs,
and 10 fs with CEPs of 0.0π .
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Fig. 2. (color online) Dependence of harmonic orders on the ionization
time ti (blue squares) and recombination time tr (red circles) of the elec-
trons in the inhomogeneous fields. (a) τ = 3 fs, (b) τ = 5 fs, (c) τ = 8 fs,
(d) τ = 10 fs.
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Next, we investigate the CEP dependence of the cutoffs of
HHG both in the homogenous and inhomogeneous fields for
different pulse durations. In Fig. 3 we present the harmonic
cutoff as a function of the CEP for the homogeneous field by
solving the TDSE. It is clear that the cutoffs of the HHG are
determined by the CEP modulo π for the short pulse (3.0 fs
and 5.0 fs). However, the cutoff position of HHG is not sen-
sitive to the CEP with increasing pulse duration, such as in
the case of 8.0 fs and 10.0 fs. This is not appropriate to de-
termine the CEP of driving laser through the cutoff position
of HHG. We carry out the classical calculation to understand
the underlying physics behind these phenomena. Figures 4(a)
and 4(b) show the results of the dependence of harmonic or-
der on the recombination time and the CEP for τ = 3.0 fs and
τ = 5.0 fs, respectively. Three main emissions (R1, R2, and
R3) are clearly displayed. For the three events, the recom-
bination time decreases with the increase of the CEP value.
In Figs. 4(c) and 4(d), we present the harmonic order as a
function of the CEP for different emission events. Firstly,
we can see that the harmonic order labeled by R1 decreases
monotonously by increasing the CEP value in the range from

0.0π to 1.08π , R2 increases from 0.0π to 1.08π and then de-
creases from 1.08π to 2.0π , R3 increases with the increase of
the CEP value in the range from 1.08π to 2.0π . Secondly, the
part above the dashed line in Figs. 4(c) and 4(d) is in agree-
ment with the TDSE results, but the part under the dashed line
in Figs. 4(c) and 4(d) is invisible in the TDSE calculation.
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Fig. 3. (color online) Dependence of the harmonic cutoff on the CEP of
the homogeneous laser field from TDSE simulations for the pulse dura-
tions of τ = 3.0 fs (black squares), 5.0 fs (red circles), 8.0 fs (blue up
triangle), and 10.0 fs (magenta down triangle).
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Fig. 4. (color online) Classical harmonic order as a function of the recombination time of the electron and the CEP of the homogeneous
laser pulse. (a), (c) τ = 3.0 fs; (b), (d) τ = 5.0 fs.

Then, we study the influence of the CEP on HHG gen-
erated in inhomogeneous fields. Figure 5 shows the classical
trajectory of the electron with the change in CEP for differ-
ent pulse durations. Compared with the case of homogeneous
field shown in Fig. 4, we find that the emission of R2 is sup-
pressed in the inhomogeneous field, which results in the ap-
pearance of two-plateau structure. In addition, the cutoff en-
ergy of the HHG spectra is extended in inhomogeneous field,
for example, from 46th in homogeneous field to 100th in in-

homogeneous field for the case of 0.0π , and the cutoff energy
is much more sensitive to the change of φ . Same as the case
of the homogeneous field, the recombination time of the elec-
tron decreases with the increase of the CEP value in the inho-
mogeneous field. Dependence of harmonic order on the CEP
value is shown in Fig. 6 for the main emissions of R1 and R3

(to compare the results from Fetić et al.,[41] R1 is not show
here). From the figure, we can clearly see that R1 decreases
monotonously by increasing the CEP value in the range from
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0.0π to 2.0π , while R3 increases monotonously with the in-
crease of the CEP value from 0.0π to 2.0π . The results show
that the plasmonic-field-enhanced HHG spectra depend on
the CEP modulo 2.0π . Moreover, the R1 and R3 intersect at
φ = 1.08π , where they have the same recombination energy.
The position of the cross point is independent of the pulse du-
ration in the horizontal direction, but harmonic orders increase
in the vertical direction. The harmonic orders at the cross point
with φ = 1.08π are 47th, 71th, 84th, and 88th for pulse dura-
tions of 3.0 fs, 5.0 fs, 8.0 fs, and 10.0 fs, respectively. If we

define the modulation depth, which is the difference between

the maxima and the cross point of the cutoff position of HHG

spectra, we find that the modulation depth decreases with the

increase of the pulse duration, but it remains big enough for

the longer pulses of τ = 8.0 fs and τ = 10.0 fs. This implies

that the measurement of the CEPs using the atomic HHG spec-

tra in the inhomogeneous field is possible even for the longer

pulses, while this way cannot determine the CEP in homoge-

neous field (see Fig. 1).
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Fig. 5. (color online) Recombination time of harmonic cutoff as a function of the CEP of the inhomogeneous laser field with pulse
durations of (a) 3.0 fs, (b) 5.0 fs, (c) 8.0 fs, and (d) 10.0 fs.

To compare the results shown in Fig. 6, in Fig. 7 we show
the cutoff position of the HHG spectra as a function of the CEP
value form TDSE simulations. For τ = 3.0 fs and τ = 5.0 fs,
there are two events labeled R1 and R3 which correspond to the
second and the first plateaus of HHG spectra in Fig. 1. With
the increase of the CEP, the second plateau (R1) decreases and
the first plateau (R3) increases in the range from 0.0π to 2.0π .
The TDSE results are in good agreement with the classical re-
sults (see Figs. 6(a) and 6(b)), but the cross point for τ = 5.0 fs
moves rightwards a little bit, compared with τ = 3.0 fs. In
the case of τ = 8.0 fs (Fig. 7(c)), we can find that there are
three CEP-dependent emission events R0, R1, and R3. The R0

and R1 correspond to the first and second plateaus of HHG
spectra, respectively, and they decrease monotonously by in-
creasing the CEP value from 0.0 to 2.0π . R3 does not ap-
pear in the CEP region of φ < 1.375π due to weak intensi-
ties. When φ > 1.375π , the cutoff position of the third plateau
increases monotonously. Similar conclusion can also be ob-
tained, except that the third plateau bursts into the HHG spec-
tra at φ = 1.5π , for the pulse duration of 10 fs (Fig. 7(d)).
Moreover, comparison between Figs. 6 and 7 shows that agree-

ment between TDSE and semiclassical method is not good for
the pulse durations of 8 fs and 10 fs. The reason for the differ-
ence between two simulations is that the semiclassical method
does not take the interference effects between different trajec-
tories for the longer pulses into consideration. In the case of
the inhomogeneous field, because the intensity difference of
the first and the second plateaus is almost an order of mag-
nitude, it is easy to find the cutoff positions of two plateaus
from the HHG spectra compared to the homogeneous field
(see Fig. 1). In addition, in Figs. 7(a) and 7(b) (τ = 3.0 fs
and τ = 5.0 fs), we can see that the cutoff position changes
very slowly with increasing CEP in the range of 0.0π to 0.25π .
That is to say, the slight change of the cutoff position will lead
to a great change of the CEP. As an example, in Fig. 7(b) we
analyze the difference of CEP (∆φ ) between two adjacent har-
monics. For H101 and H100, ∆φ = 0.16π , this means that to
experimentally determine the CEP through measuring cutoff
positions of the HHG spectra with the measurement accuracy
of one order will give rise to large error in the small scope
φ ∈ [0.0π,0.25π]. However, for other range of the cutoff po-
sition, the difference of CEP (∆φ ) between two adjacent har-
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monic orders is about only 0.02π (∆φ ≈ 0.02π), this indicates
that the error of the determination of the CEP is very small for
φ > 0.25π , even if the measurement error of the cutoff position
is one order. At present, the measurement error of the HHG is
generally less than one order in the experiment. Therefore, it is
practicable to determine the CEP based on the cutoff position
of HHG spectra in inhomogeneous field. Based on the results
of solving TDSE, we confirm that the cutoff positions of the
first and second plateaus are very sensitive to the variation of
the CEP in the range of 0.0π ≤ φ ≤ 2.0π , even for the case of
the pulse duration τ = 8.0 fs and 10 fs, which are suitable for
determining the CEP of driving laser pulse.
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Finally, in order to determine the CEP of the driving laser
pulse conveniently, we define a parameter A to describe the
dependence of harmonic cutoff on the CEP value of the laser
pulse, which is written as

A =
Ri−R j

Ri +R j
, (6)

where Ri and R j are R1 and R3 for the pulse durations of 3.0 fs
and 5.0 fs, and R1 and R0 for τ = 8.0 fs and τ = 10.0 fs, re-

spectively, in Figs. 6 and 7. Figure 8 shows the dependence of
the parameter A on the CEP in the inhomogeneous field. From
the figure, we can see that the results obtained from semiclas-
sical method is similar to those from solving TDSE for the
pulse duration τ = 3.0 fs and τ = 5.0 fs. However, the results
from the two methods are different in the case of τ = 8.0 fs
and τ = 10.0 fs. The parameter reduces linearly with the CEP
in semiclassical calculation, while it increases linearly with
the CEP in TDSE. Furthermore, we can find that the abso-
lute values of the parameter become smaller at the same CEP
for longer pulse. This means that the difference of the cutoff
positions between the first and second plateau become smaller
from τ = 8.0 fs to τ = 10.0 fs. However, even though the value
is smaller, compared to the results in homogeneous field (see
Fig. 3), the parameter A still can be used to determine the CEP
for the longer laser pulse in experiment in the case of inhomo-
geneous field. It cannot work in the case of the homogeneous
field to determine the CEP for the longer laser pulse. On the
other hand, the dependence of the HHG cutoff on the CEP is a
period of π in homogeneous field in short pulse duration, such
as τ = 3.0 fs and τ = 5.0 fs. While in the case of the inhomo-
geneous field, the dependence of the parameter A on the CEP
is from 0.0π to 2.0π . Hence, it is better to determine CEP in
inhomogeneous field than in homogeneous field based on the
HHG spectra of H atom exposed to the few-cycle laser field.
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Fig. 8. (color online) The parameter A as a function of the CEP in the
inhomogeneous filed. (a) Classical results; (b) TDSE results.
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4. Conclusions
In conclusion, we have investigated the CEP control of

the plasmonic-field-enhanced HHG of H atom by solving the
TDSE numerically and the semiclassical simulation. We find
that there are two plateaus of the HHG spectra in the inhomo-
geneous field. By means of the semiclassical simulation, we
explain the origin of these phenomena. The results of the semi-
classical simulation are in good agreement with the TDSE re-
sults. For the longer laser pulses τ = 8.0 fs and τ = 10.0 fs, the
third plateau bursts into the HHG spectrum at φ = 1.375π . For
φ > 1.375π , the cutoff position of the third plateau increases
in the range of 1.375π to 2.0π . Contrary to the dependence of
the HHG cutoff on the CEP with a period of π in homogeneous
field, the HHG spectrum depends on the CEP modulo 2.0π

in the inhomogeneous field. The position of the cutoff of the
HHG spectrum are dramatically affected by the CEP for the in-
homogeneous field even in a little longer pulse. Moreover, the
results for the first and the second cutoff of the HHG spectra
with the CEP obtained from both semiclassical and the TDSE
method have the same behavious in the case of short pulse.
However, for the longer pulses τ = 8.0 fs and τ = 10.0 fs, the
results of the TDSE are different from the semiclassical sim-
ulation. The TDSE results show that the cutoff positions of
the first and second plateau decrease monotonously with the
increase of CEP. As a result, the CEP of the laser pulse can be
controlled effectively by the plasmonic-field-enhanced HHG
spectrum, which provides a useful method for measuring the
CEP of few-cycle laser pulses.
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[23] MilošviḐ B, Paulus G G, Bauer D and Becker W 2006 J. Phys. B: At.

Mol. Opt. Phys. 39 R203
[24] Peng L Y, Tan F, Gong Q H, Pronin E A and Starace A F 2009 Phys.

Rev. A 80 013407
[25] Liu X, Rottke H, Eremina E, Sandner W, Goulielmakis E, Keeffe K O,

Lezius M, Krausz F, Lindner F, Schätzel M G, Paulus G G and Walther
H 2004 Phys. Rev. Lett. 93 263001

[26] Zhou Y M, Huang C, Liao Q and Lu P X 2012 Phys. Rev. Lett. 109
053004

[27] Jones D J, Diddams S A, Ranka J K, Stentz A, Windeler R S, Hall J L
and Cundiff S T 2000 Science 288 635

[28] Baltuska A, Uiberacker M, Goulielmakis E, Kienberger R, Yakovlev V
S, Udem Th, Hansch T W and Krausz F 2003 IEEE J. Sel. Quantum
Electron 9 972
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