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By performing the electronic structure computation of a Si atom, we compare two iteration algorithms of Broyden
electron density mixing in the literature. One was proposed by Johnson and implemented in the well-known VASP code.
The other was given by Eyert. We solve the Kohn-Sham equation by using a conventional outward/inward integration of
the differential equation and then connect two parts of solutions at the classical turning points, which is different from the
method of the matrix eigenvalue solution as used in the VASP code. Compared to Johnson’s algorithm, the one proposed

by Eyert needs fewer total iteration numbers.
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1. Introduction

In modern density functional computation of electronic
structures, the exchange correlation potential is a functional
of the electron density.“] If the latter is known, we can fur-
ther determine a lot of the ground state properties, such as to-
tal energy and its derivatives with respect to other variables
such as atom positions, strain or electric field.”) However,
we can only set up an approximate electron density from the
start, then calculate the exchange-correlation potential to solve
the Kohn—Sham (KS) equation!!! to get single-particle states
and build a new electron density through the Fermi-Dirac
distribution.3#! Mixing the previous and current output elec-
tron density to generate a new input electron density and the
exchange-correlation potential for the next cycle of solving the
Kohn—Sham equation. The iteration continues till a converged
electron density and the single-particle energy eigenvalues are
obtained. Mixing the electron density properly and solving
the Kohn—Sham equation either in matrix eigenvalue form or
in differential equation form consist of a self-consistent field
(SCF) computation process.

In crystal solids, we may use the space periodicity to ex-
pand the electron density and the potential over the discrete
reciprocal lattice vectors in the reciprocal space, and use the
plane wave basis or other proper basis functions to transform
the KS equation into a matrix-eigenvalue form. In this way
we can fully adopt the linear algebra methods to get energy
bands and wave functions.>*! The VASP code has been im-
plemented in the following density mixing schemes:>*! lin-
ear mixing, Kerker mixing,>! Broyden mixing,®! and Pulay
mixing.[”! Different reciprocal lattice vector components of
density may have different mixing weights.’] The Broyden
mixing algorithm used in the electronic structure computa-
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tion is adapted from Broyden’s original iteration method!®!
and was first proposed by Vanderbilt and Louie!®! and refined
by Johnson,!®! Kresse et al.,’! and Eyert.['”) Among all of
electron density mixing algorithms, Broyden electron density
mixing (BEDM) has been most often used in the SCF compu-
tation in VASP code. ! This algorithm uses the multiple-step
recursive equations to calculate the inverse Jacobian matrix.
In contrast, Eyert proposed a very simple BEDM algorithm
without recursion. [*!

In this paper we compare two BEDM algorithms through
the electronic structure computation of a Si atom under the lo-
cal density approximation.'># The KS equation is solved by
using the conventional outward/inward integration of the dif-
ferential equation and then connecting two parts of solutions at
the classical turning points.!'!1 It is different from the method
of the matrix eigenvalue solution as used in the VASP code. As
the BEDM is nonlinear, the resulting electron density needs a
rescaling in order to keep the charge conservation. In addition,
we find that when the BEDM is used, we must use the shooting
method to search the accurate energy eigenvalues for shallow
bound states instead of using the energy eigenvalue correc-
tion formula, which is expressed through the first-derivative
discontinuity of radial wave functions at the connection point
and can be found in the textbook.[!!! In the shooting method, a
lot of guessed energy eigenvalues are chosen and then the out-
ward/inward integrations of the differential equation are per-
formed to see whether two parts of solutions can be connected
with the smooth first derivative at the classical turning points.
It is a very time-consuming process. In contrast, it is found
that in the linear electron density mixing (LEDM) we can use
this perturbation correction to calculate the estimation of the
energy eigenvalues in the next cycle and obtain the converged
results. Our results show that the BEDMs need less iteration

*Project supported by the National Natural Science Foundation of China (Grant No. 61176080).

TCorresponding author. E-mail: zhangmanhong @ncepu.edu.cn
© 2016 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

053102-1


http://dx.doi.org/10.1088/1674-1056/25/5/053102
mailto:zhangmanhong@ncepu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B  Vol. 25, No. 5 (2016) 053102

numbers but longer computation time compared to the LDM.
Of the two BEDM algorithms, to reach the same converged re-
sults, the one proposed by Eyert takes less total iteration num-
bers.

2. Theoretical basis

2.1. Relation among the Newton—Raphson method and
several Broyden methods

The BEDMs used in this paper are different from Broy-
den’s original methods and belong to the so-called modified

[3.6.101 Eyert has given a very good account

Broyden methods.
of relations among the Newton—Raphson method, Broyden it-
eration methods, and the modified Broyden methods.!'”) For
readers to better understand the Broyden methods we give a
simple explanation here.

A multi-dimensional iteration may be defined as a non-
linear operator which when applied to an input vector |x<m)> of
length N produces an output vector | y(’">> of the same length.
Here we have used the Dirac state symbol. The superscript m
(m >1) denotes the iteration number. Although the input and
output vectors often take the electron density in the compu-
tation of electronic structures, they can be any variables. We
define a residual vector as follows:

IRMY = [y(m)) — |x(m)y
= [R[|xtm)]). (1)

In the second step we have written |R(")) as multi-dimensional
functions of the input vector [x(™)).  Self-consistency is
achieved when the residual vector vanishes, so [y™)) = [x(™)).
In actual iterations, it is the length of the residual vector that
is used to measure the convergence. Hence, an inner product
is usually defined in the space spanned by input and output
vectors. The inner product also induces a norm in the same
space. The norm of the residual vector is formally written as
(R RO,

In the (m 4+ 1)-th iteration, the residual vector can be lin-
early approximated as

IRy = [Rm)y — g(m) (|5 (m D)y | m)y). 2)

Here J™) is the Jacobian matrix, defined by

(m)
Jim — _IR; _ 3)
1 ax(_m)
J

If the residual vector on the left side of Eq. (2) is required
to vanish, we obtain the following proposal for the new input
vector:

) = a0 (1)1 RO, @

If we know the analytical dependence of |y™) on |x("™)) and
the dimension N is small, we can use Egs. (1) and (4) to ob-
tain a new input vector [x"*1)). At each iteration step, we

calculate the exact Jacobian matrix J) at [x(")) from Eq. (1),
invert it, and then calculate [x("*1)) by using Eq. (4); it is the
so-called Newton—Raphson method.

In most cases, the exact Jacobian matrix is not available.
In the m-th iteration we use an approximated one in Eq. (4)
to calculate a new input vector \x(”’“)) and the corresponding
residual vector [R"+1)). To continue the iteration, the follow-
ing difference vectors are defined:

‘M(M)> — |X(Vn+1)> _ |x<m)>7 (5a)
[ART™) = [RUEL)) — RO, (5b)

m+1)

To get an estimate of J ( , we require it to be the fol-

lowing equation:
AR ) = — 0 A, (©)

Far away from the final solution, the residual vector
|[R(™+1)Y does not vanish. Equation (14) fixes only the pro-
jection of the new Jacobian on the vector |Ax(’”>>. The update
Jmt) _ gm) fulfills a similar equation,

(1) — gy Axmy = —| ARy — g0y AxMY . (7)

(m+1)

To determine J completely, J"+1) — J") can be for-

mally written as

| Ax(m)) (Ax(’") |
<Ax(m) | Ax(m) )

= (Jlm+D) _ ym))

+ (U — gy <[_

where [ is the unit operator and the second term presents the
projection of the update onto the space orthogonal to \Ax(’")>.
Broyden argued to neglect the second term and obtained the
following rank-1 update formula: (!

J(m+1) _ J(m)
1
Ax(m)| Ax(m))
x (AR (A 4 T A (Ax)). @)

The initial Jacobian matrix J(!) can be taken as a constant di-
agonal matrix,

1
JW = BINXN~

(10)
Here Iyxy is the N x N unit matrix and the parameter 8 is
in the range of 0 < 8 < 1. Equations (1), (4), (9), and (10)
form an iteration process. In the above method we update
Jacobian J(" directly. It is called Broyden’s first method.
The drawback of this method is that when N is very large,
we have to store very large N x N matrices and calculate the
matrix inverse used in Eq. (4). Broyden’s second method
uses the inverse Jacobian matrix G = (J")~! directly and
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thus avoids calculating the matrix inverse. Corresponding to
Egs. (4), (5), (9), and (10), we have

|x(m+l)> _ |x(m)> _’_G(’Vl)‘R(’")>7 (11)

Ax™)) = —GUmD AR, 12)
. ” 1 m m
Gt _ glm) — <AR(m)|AR(m)>(\Ax( )Y (AR™|

™ AR (AR™)); (13)

D = BIyxn. (14

Both Broyden’s first and second methods need to store
large N x N matrices and only use the iteration information
in the last step. Vanderbilt and Louie proposed to use itera-
tion information in the previous several steps of iteration.]
For example, if the inverse Jacobian matrix is used to perform
iteration, instead of Eq. (12), we require G+ 1o fulfill the
following M equations:

MDYy = —GUDIARDY, ViI=m+1-M,....m. (15)

In this way, we can use all the iteration information in the pre-
vious M steps of iteration. Eyert has shown how to define a
projection operator and then followed Broyden’s argument to
derive an equation of G"*1) based on G"*+1=M) |Ax()), and
IARD)Y for l =m+1—-M
verse Jacobian matrix, we use

.,m. For the initial guess for in-

G = BIy.y. (16)

Such iteration methods are called modified Broyden
methods. Johnson and Eyert applied the method to the self-
consistent electronic structure computation using the electron
density as iteration vectors.!®!% They reformulated it by us-
ing the variational schemes to determine G"*!) through the
definition of cost functions. In the following we give some

details.

2.2. Implementation of BEDMs during SCF computation

During the SCF computation process, given an input elec-
tron density pj,, we generate an output electron density Poyt
through solving the KS equation. The self-consistency respect
to pin requires that the charge density residual vector R|[pj,]!*!

R[pin] = Pout — Pin; (17)

is zero. pPour and R[p;,] are both complicated functional of pj,.
Let us denote pi(;") as the input electron density in the m-th
step of iteration. In the BEDMs, it is assumed to be near the
zero value of R[p],

R[p] = R[pia] =" (p — pin).- (18)

As no explicit analytical dependence on pj, is available for
Pout, it is impossible to compute the exact Jacobian matrix,

so we have to take an approximation for J"). To require

R[p] = 0, we gain an optimal charge density p* in the form
of

p* = p" 4 () R[p™), (19)

In successive steps, an improved approximation of inverse Ja-
cobian matrix G") = (J)~1 is built up based on Broyden’s
second method and a new charge density is obtained from the
current approximation of inverse Jacobian matrix G () the

(m)

current charge density p. and the current residual vector

mn

R [pi(r:")] through the following equation:

P = o+ GUIRIp]
= (1-G"™)p™ LG pl). (20)

Here equation (20) clearly shows the forming of p;, (m+1)

through the density mixing.

In Johnson’s BEDM algorithm, information of all previ-
ous steps of iterations is used to calculate G for the current
iteration. For the m-th iteration, this is done via a least square
minimization of the following error function:

Er = wol |G — G|

+ Y will(japD) + GV AR P @D
i=1

Here we have defined
ap™) = oY) — |,
m+1) m
AR™) = [R[ply" 1)) ~ [R[p{"]).

In the first and second terms of Eq. (21), the Frobenius ma-
trix norm ||A||r = Y% (Aij)? and the vector norm
I|A|> = (A|A) = YL 1(A )zare used, respectively.l®! For
weight factor wo and wy, the relation wy << w; fulfills.>-6]

(22a)
(22b)

Minimizing the error function in Eq. (21) with respect to
G+ we can derive a set of recursive equations for G+
), |Ap?)and |ARY) with i =1,2, ..., M, M +1.
After completmg M + 1 steps of recursive iterations, we reset
G=aG"
ations. Our implementation of this BEDM uses the corrected
equations given by Kresse er al.l’! The original equations

in terms of G(!

= BInx«y and restart the next cycle of recursive iter-

given by Johnson have several mistakes.>®! Eyert proposed

to minimize the following error function to get GUmt1) [10]

E, = (W0)2||G(m+1>*G<m+1_M)H2

T Y TRV
i=m+1-m il

where a;; = (AR'|AR) and GU"*1=M) = BTy, . M is the iter-
ation depth and is the same as in Johnson’s algorithm. Weight
factors in Egs. (21) and (23) may be different, but the relation
wo << w; fulfills in both BEDM algorithms. ! Minimizing
the error function in Eq. (23) with respect to G, we can
derive a very easy equation for G (") without using recursion.
Further we can derive an iteration equation for pi<nm>

p1(m+1 - pm +G(m+1 M)R( )>
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m—1
— Y " [ap? +GUHMARD). (24)
i=m—M

The quantities of 7"

are defined in Eyert’s paper and can be
easily calculated through solving a small set of linear algebra
equations.!!! However, the definition of the inverse Jacobian
matrix here has one minus symbol difference and is the same
as that used by Kresse et al.l3) Compared to those complex
equations for G in Johnson’s algorithm, > Eyert’s algo-
rithm does not even need to calculate and store G [10]

To better distinguish a BEDM from the other, we fur-
ther denote Eyert’s BEDM as BEDM1 and Johnson’s BEDM
as BEDM2. In the following we explain how to use these

BEDMs to compute the atomic electronic structure.

2.3. Solving KS equation

As usual, we use the following transformation to discrete
the radial coordinate: %

r = roexp(x). (25)

Here, ry is a constant. The uniform discretion in x with a step
of h gives a discretion which is dense in small r and dilute in
large . With this variable transformation, differentiation and
integration with respect to r can be changed into those with
respect to the variable x: dr = rdx. We denote the uniform
x-discretion points as xi, x2, ..., Xy with an increasing order.
Correspondingly we have a set of non-uniform r-points: ry, rs,
..., ry. Here, N is the number of total discretion points.

The spherical averaged radial electron density p(r) and

the bulk electron density n(r) fulfill the following equations:

p(r) =11 (262)
/0 Tdrp(r) =2 (26b)

Here, Z is the atomic number of an atom and for Si, Z = 14.
The KS equation for the ground state in a spherically sym-
metrical potential is
1 denl (r )
2 dr?

(1+1)
2r2

where Vixc(r) is the Hartree potential plus the exchange—

+ [(VHXC(Y) —Ey)+ Xn(r) =0,(27)

correlation potential. The Hartree atomic unit is adopted:
me =1, =1, and €2 = 1. The wave function can be writ-
ten as

W(rvea(p) = Rnl(r)Ylm(Ga(p)
Xt (1)

~ B0, (6,9)

_ Pu(r(v))
\/,7
The normalization is implemented through [5° dr|x, (r)|* = 1.
With the introduction of ¢,;(r(x)), the following form is ob-
tained:

2
_%xlz@ + (27 (Vixe (r) — Eut) + (L4 1/2)7] 9 (x)

Yim(6,9). (28)

-0 (29)

Given a guess of the eigenvalue E,;, this equation is inte-
grated both outward and inward using Numerov’s method.!'!!
At the exact eigenvalue E,;, two pieces of wave func-
tion are connected with smooth O-th and 1-st derivative of
Xni (Tetp) X5y (retp) at the classical turning point reg. If X, (rep)
is not continuous in two sides of point ., the following im-
provement to the eigenvalue E,; in the (m + 1)-th iteration can

be estimated from the m-th iteration: !

E(m-H)

nl
(xr/zl(rClp - 6) - xy,,l(rctp + 6))an(rctp)
2 fo" drlgu(r)?

= E" 4 . (30)
Here, § is a very small positive number used to define the left
and right derivative of y,; with respect to r. In addition to us-
ing this correction formula (denoted as E-pert), we also try the
shooting method (denoted as shooting) to search for the exact
energy eigenvalue based on the discontinuity of ¥/, (rcyp) in a
certain energy window. Compared to the E-pert method, the
shooting method is slower, but has a higher accuracy.

In the LEDM, the (m + 1)-th input density |pi(m+1>]> is

n

calculated by
Py = Bloly + (1 B) pi™). G1)

In this scheme, if both | pi(nm)> and [p\™)) are normalized ac-

cording to Eq. (26), pignH)) is also normalized.

2.4. Defining the discrete radial electron density

We now define |pi(r:")) vector in a BEDM as

|pi(nm)> = SWf[pi(xin),l 7pi<nm)72’ ""piglm),N]/' (32)
Here, pi(nm) ;= pi(r:")(r,') and the transpose operation ‘/’ has

been taken to define |pi(nm>> as a column vector. Sy, =

diag(\/wry,/Wry,/Wr3, ...,./wry) is a weight matrix. A sim-
ilar definition applies to | p(()'u"t)) with the same weight vector.
One choice is to choose Sy, as an N x N matrix identity ma-
trix,

Swr = Inxn. (33)

The other choice of the weight matrix is

. h 4h 4h 2h
Sor = d1ag<\/ grl, \/3}’2, \/3}’3,..., \/3}’1\/2,
4h h
\ 3N 3FN)- (34

Here, N is further assumed to be an odd integer. Equation (34)

originates from making the variable transformation from r to x
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and then performing a numerical integration with the Simpson
rule in the left of Eq. (26b). Other choices of weight matrix are
also possible. With such definitions of column vector |pi(nm)>
and |p(()z?> we can compute |R[pi(r:">}>, |Ap™), |AR™) and
the corresponding inner products very easily. For example, if
equation (34) is chosen for the weight vector, the following
inner product is calculated:

a;; = <ARi|ARi>

];1 |ARi(rk)|2 X ((Swr)k,k)2

_ /0 dr|AR (7). (35)

To summarize, in the LEDM we use the density column
vector defined by Eq. (31). In BEDMs we compare two defi-
nitions (Egs. (33) and (34)) of the density column vector; the
reason to do this is that in solids, especially in metals, proper
weight factors are needed to avoid charge sloshing. To ana-
lyze convergent properties in different schemes (different den-
sity mixing and different weight vector to define the different
column vector | pi<nm)> for iteratively computing the Jacobian
matrix G ), the following quantity is used:

(&Y — o™y 12
= (RU|RI™)

N
Y R ()P ¢ (Swedia)
k=1

= /m dr[R"™ (r)[2. (36)
0

Here the same set of weight factors defined in Eq. (34) are used
in all schemes to fairly compare the convergent error defined

by Ig|(Jpl) — [p")) 2.

3. Results and discussion

We take 8 = 0.3 in the initial inverse Jacobian matrix and
in Eq. (31). We set wgp = 0.01 and w; = 1 in Egs. (21) and
(23). The iteration depth in two BEDM algorithms is taken as
M =5. The hydrogen wave functions are used as the input. For
the exchange—correlation potential, we have tested both the lo-
cal density approximation (LDA)!?]
dient approximation using the PBE functional.!'3! Tt is found
that the convergence behaviors in both cases are very similar,

and the generalized gra-

so we only present the results based on LDA. As in the initial
cycles, there appear the drastic variations of Vyxc(r), wave
functions and the corresponding E,;, the stable algorithms of
the shooting method plus the LEDM are used in the first 5
times of iterations. With M =5, each cycle of BEDM corre-
sponds to 6 times of iterations in the LEDM. So we compare
two BEDMs in 100 cycles and the LEDM in 600 times of itera-
tions. It should be emphasized that two kinds of weight matri-
ces (Egs. (33) and (34)) are used to define the different column

vector | pi(nm>> for iteratively computing the inverse Jacobian

matrix G to see the effect of different choices of weight

matrices. In the convergent error log || (| péﬁ?) —| pi;m>>)| 2

o™y and | pi(nm)) are converted into forms defined using the
same weight vector in Eq. (34).

Figure 1 shows the calculated radial electron density p(r)
after 600 times of iterations under three conditions: (i) LEDM,
E-pert; (ii)) BEDM1, E-pert; and (iii) BEDM 1, shooting. It can
be seen that p(r) in cases (i) and (iii) are the same, while in
case (ii) the highest peak of p(r) is missing. This peak cor-
responds to 3s and 3p states with small absolute value of E,;.
The wave functions of these states are very sensitive to the er-
ror of E,;. Figure 2 shows the corresponding convergent errors
in three cases. In cases of (i) and (iii), it decreases rapidly with
the iteration number, while in case (ii), it retains very large val-
ues even after 200 times of iterations. Its final decrease after
250 times of iterations gives completely wrong wave functions
for 3s and 3p states in a large r region. The shooting method
is more accurate, but it is too slow. To accelerate the iteration
speed, we have adopted a compound method: for core states
the E-pert method is used to get new values of E,;, for va-
lence states such as 3s and 3p states, the shooting method is
used with a much smaller energy search window. It greatly
enhances the computation speed. The results are calculated
using this method. The trends in Figs. 1 and 2 do not depend
on the BEDM and weight matrix.

18
16 B —&— LEDM, E-pert
i —&— BEDM1, E-pert

14
12
10

—4A— BEDM1, shooting

—1

B

p(r)/a

N O N RO

10? 10°

—
S)

IS
—
<

r/ag

Fig. 1. (color online) Calculated radial electron density. p(r) after 600
times of iterations in conditions of LEDM, E-pert, BEDM1, E-pert, and
BEDM1, shooting.

Figure 3 shows the convergent error in LEDM, BEDM1,
and BEDM2. It is found that two kinds of weight matrices
used to calculate |pi(nm)> and G hardly affect the convergent
error. With respect to the iteration time, BEDM1 is the fastest,
LEDM is the slowest and BEDM2 is in between. The conser-
vation of charges in the BEDM iteration process is also exam-
ined. With the atomic number Z = 14 and the input total elec-
tron number of N, = [ drpjy(r) before renormalizing pi(r)
to Z, in all four iteration processes with the BEDM shown in
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5
—a— LEDM, E-pert
0 —e— BEDMI1, E-pert
—4&— BEDM]1, Shooting
-5
& —10f
| L
220t
_25 -
730 -
1 L 1 L 1 L 1 L 1 L
0 100 200 300 400 500

Iteration number

Fig. 2. (color online) Convergent errors versus the iteration number in
three cases shown in Fig. 1.

5
- —— LEDM
o —=— BEDMI, S, in Eq. (34)
_5 —e— BEDM1, S,,in Eq. (33)
= —0— BEDM2, S,,in Eq. (34)
£ —10
) ! S.rin Eq. (
< -15F
,E?O _20 -
_25 -
_30 -
1 1 1 1 1 1 1 1

0 50 100 150 200

Iteration number

Fig. 3. (color online) Convergent errors versus the iteration number for
different electron density mixing schemes and weight matrices.

Fig. 3, the quantity (N, —Z)/Z decreases from —1.9x 10~ to
—2.3x 107! after 1 cycle of the BEDM iteration and stays al-
most constant during later iterations. This means although the
BEDMs are nonlinear, the charge conservation almost keeps
with present choices of weight factors.

Figure 4 compares the converged radial electron density
p(r) and those after 1 cycle (6 times of iterations) of BEDM1
and BEDM?2 iteration process. The profile from BEDM1 is
in much better agreement with the converged result. As both
start from the same initial electron density and the same ini-
tial Jacobian matrix, this result indicates that BEDM1 is more
accurate than BEDM2.

Finally using Eq. (24) we easily show how the weight ma-
trix affects the iteration vectors. We can easily prove the fol-
lowing equation:

oA ) = SunSyhlol ). 37)

The same transformation matrix Sy S;rll applies to the trans-
formation of |Ap(™), |R(™), and |[AR™). In this way we
can transform the iteration vectors from weight matrix Sy

to Sy very easily. Meanwhile neither the initial inverse Ja-
cobian matrix nor the form of Eq. (24) will change.

—4A— BEDMZ2, 1 cycle
A BEDMI, 1 cycle
converged

15

10

—1

B

p(r)/a

107 107" 102 10°
r/ag
Fig. 4. (color online) Comparison of the radial electron density p(r): the

converged one and those after 1 cycle (6 times of iterations) of BEDM1
and BEDM2 iteration processes.

4. Conclusions

In summary, we have compared two BEDM algorithms
proposed by Johnson and Eyert during SCF atomic electronic
structure computation. We found when integrating the differ-
ential equation to solve the KS equation, both algorithms need
to use the slower but more accurate shooting method to search
the energy eigenvalues. The usual perturbation estimation of
the correction to the energy eigenvalues is stable with LEDM,
but unstable with two BEDMs. A new compound method is
proposed to accelerate the search of the energy eigenvalues:
using the perturbation estimation for core states and the shoot-
ing method for the shallow valence states. Of two BEDMs, the
one proposed by Eyert is simpler, more accurate and converges
in a much smaller number of iterations in the computation of
atomic electronic structures.
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