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The tangent linear (TL) models and adjoint (AD) models have brought great difficulties for the development of vari-
ational data assimilation system. It might be impossible to develop them perfectly without great efforts, either by hand, or
by automatic differentiation tools. In order to break these limitations, a new data assimilation system, dual-number data as-
similation system (DNDAS), is designed based on the dual-number automatic differentiation principles. We investigate the
performance of DNDAS with two different optimization schemes and subsequently give a discussion on whether DNDAS is
appropriate for high-dimensional forecast models. The new data assimilation system can avoid the complicated reverse in-
tegration of the adjoint model, and it only needs the forward integration in the dual-number space to obtain the cost function
and its gradient vector concurrently. To verify the correctness and effectiveness of DNDAS, we implemented DNDAS on a
simple ordinary differential model and the Lorenz-63 model with different optimization methods. We then concentrate on
the adaptability of DNDAS to the Lorenz-96 model with high-dimensional state variables. The results indicate that whether
the system is simple or nonlinear, DNDAS can accurately reconstruct the initial condition for the forecast model and has
a strong anti-noise characteristic. Given adequate computing resource, the quasi-Newton optimization method performs

better than the conjugate gradient method in DNDAS.
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1. Introduction

Clifford proposed the dual-number theory in 1873,!]
Yang et al.'?! and Denavit" extended the theory. Currently,
the dual-number theory is mainly applied in the spatial mech-
anisms, robot design, matrix mechanics, and spacecraft pilot.
Lil*l pointed out the importance of the theory in the spatial
mechanisms and robot design. Zhang!® described the dis-
placement relationship in the spatial mechanisms using the
dual-number conception. Wang et al.!9 estimated the rota-
tional motion and the translational motion of the chaser space-
craft relative to the target spacecraft based on the dual-number.
Hrdina et al.!”) showed that the dual-number is a proper tool
for directly classifying the geometric errors and integrating the
multiaxis machines’ error models. The dual-number method
is similar to the complex-step approximation; Cao et al.[®]
applied the complex-variable method to the data assimilation
problems of general nonlinear dynamical systems, and also
verified the availability for non-differentiable forecast models.
However, the complex-step approximation can only be valid
for one variable once, which would lead to very expensive cost
for large-scale calculation problems. Yu et al.’! implemented
a general-purpose tool to automatically differentiate the for-
ward model using the arithmetic of dual-numbers, which is
more accurate and efficient than the popular complex-step ap-
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proximation, and the computed derivatives are the same as the

(101 yti-

analytical results up to machine precision. Andrews
lized dual-number automatic differentiation to analyze the lo-
cal sensitivities of three physical models. The dual-number
may serve as a means to simplify a model or focus future
model developments and associated experiments. Fikel!!l de-
veloped the mathematical properties of hyper-dual numbers
and then applied the hyper-dual numbers to a multi-objective
121 proposed

a method referred to as hyper-dual step derivative (HDSD),

optimization method. On this basis, Tanaka et al.

which is based on the numerical calculation of strain energy
derivatives using hyper-dual numbers, does not suffer from
either roundoff errors or truncation errors, and is thereby a
highly accurate method with high stability. Recently, Cao
et al.!"3 formally introduced the dual-number theory into the
community of data assimilation in numerical weather predic-
tion (NWP), and proposed a new data assimilation method.
Variational principles for various differential equations
have been investigated for centuries.!'*! Currently, the most

15-22] and

popular data assimilation methods are 3/4D-Varl
Kalman filter.[>>-2] The aim of data assimilation is to pro-
vide accurate initial state information to the discrete partial
differential equations controlling the motions of atmosphere or
ocean. A data assimilation system optimizes the combination

of the observation data and the prior information, and hence
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provides an optimum estimation of the initial atmospheric
state to the NWP model.[?®! Taking the incremental 4D-Var
as an example, it measures the distances between the analysis
states and observations and also the background states. The
cost function can be minimized in terms of increments by an
optimization algorithm if the first-order derivatives or gradient
of the cost function are calculated and provided.!?’! Due to the
high non-linearity of the atmospheric models and observation
operators in NWP, the tangent linear and adjoint techniques
are widely applied in the field of data assimilation. The TL
model is the first-order linearized approximation of the fore-
cast model with respect to the background trajectory, which is
used for computing the incremental updates with perturbations
to the initial state variables. The TL model approximately cal-
culates the perturbed model trajectory, then the cost function
can be attained./?® The gradient of the cost function with re-
spect to the initial condition variable is computed by a back-
ward integration of the AD model. Our ultimate goal is to find
out the optimal initial condition by an optimization algorithm,
of which the gradient of the cost function is very necessary
and important input information.

Constructing the TL and the AD models manually is quite
complicated and time-consuming, we should first write out the
TL model corresponding to the forward forecast model, then
construct the AD model. In order to reduce the difficulty of
development, the whole forecast model is usually divided into
many small segments, and then we write out the TL and the
AD models of each segment line by line. Although using this
approach makes the development process much simpler, it is
still very easy to make mistakes. Furthermore, the actual atmo-
spheric motion equations are very complicated and need some
smoothing processes, such as temporal, spatial, and bound-
ary smoothing. These processes will bring great difficulties
to us in developing the AD model codes, and sometimes the
constructed AD model cannot be completely reversible for the
forward integration model.

Because of the drawbacks described above, now a lot of
automatic differentiation tools have been developed, such as
TAMC'?! and TAPENADE. " Automatic differentiation is
possibly implemented by the strict rules of tangent linear and
adjoint coding. But there are still some unresolved issues.
(i) It is still not a black box tool. (ii) It cannot handle non-
differentiable instructions. (iii) It is necessary to create huge
arrays to store the trajectory. (iv) The codes often need to be
cleaned-up and optimized.!?”! (v) It has a worse behavior to
second- or higher-order derivatives. At present, generating the
AD model is not yet fully automatic in reverse mode.*! It
seems that in the foreseeable future, human intervention will
be required to finish the most work of AD in reverse mode. !

The optimization algorithms play a very important role in
the variational data assimilation systems. There are two se-

ries of classical optimizing algorithms: gradient-type method
and Newton-type method.!3*! The gradient-type method (such
as conjugate gradient method, CG) requires only the first-
order derivative information, which can be directly employed
to large-scale unconstrained optimization problems. But for
a non-quadratic cost function, the performance of the CG
method deteriorates sharply accompanied by a slow conver-
gence speed. The Newton-type method minimizes the cost
function by using the information of the second-order Hessian
matrix, and the convergence speed is generally faster than the
gradient-type method. In practice, the Hessian of most cost
functions are not positive definite symmetric matrices which
cannot be represented by an analytical solution, leading to us-
ing only the first-order derivative of the cost function (which
is called as quasi-Newton method). So far, the BFGS is gen-
erally thought to be the best quasi-Newton method which can
keep the algorithmic global convergence even if it only uses
the one-dimensional inexact searching.

At each iteration of the optimization calculation, it in-
evitably involves solving and saving the first-order and the
second-order Hessian matrix information of the cost function.
Furthermore, the dimension of the atmospheric state variables
can be up to 103-10° in the data assimilation system. Gen-
erally, high-dimensional models have the natural attribute of
high nonlinearity, and the majority of the geoscientific sys-
tems exhibit strongly non-linear characteristics which are also
known as “the curse of dimensionality”.1**! Currently, the lin-
earization numerical approximation schemes are frequently-
used in NWP for high-dimensional data assimilation, these ap-
proaches would give rise to high resolution regional forecast
departure occurring owing to the convergence problems and
the calculation accuracy problems. There is a corresponding
relationship between the adjoint space and the dual-number
space derived from the original space in mathematics. They
are equivalent to the adjoint state vector and the model state
vector. The dual-number operational rules applied in this pa-
per are strictly without any assumptions and approximations,
the convergence and precision of the dual-number method can
meet the computing requirements of high-dimensional mod-
els. How to quickly and accurately calculate the cost func-
tion and its gradient information by optimization algorithms is
an important question. Nonlinear differential equations gen-
erally do not have analytical solutions, which could be re-
placed by numerical approximate solutions. However, certain
characteristics of the equations tend to be ignored because of
the machine truncation error. > The most attractive feature of
DNDAS is that it can efficiently and accurately calculate the
first-order derivative information without TL and AD models.

In this paper, we design an attractive new data assimila-
tion system, dual-number data assimilation system (DNDAS),
based on the dual-number automatic differentiation principles.
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DNDAS can accurately determine the cost function and its
gradient without developing TL and AD models. The structure
of this paper is organized as follows. The following section
introduces the dual-number automatic differentiation theory.
Section 3 presents the designed architecture of the DNDAS.
Section 4 discusses two optimization algorithms. Section 5
analyzes the results of the simulated data assimilation exper-
iments. Finally, conclusions and plans for future work are
given in Section 6.

2. Dual-number automatic differentiation prin-
ciples

A dual-number £ can be expressed as a pair of ordered
real numbers x and x/

f=x+¢€x, €))

where x is the real unit, x’ is the dual unit, and € is the dual
mark which is definedas €2 =€3=---=0, ¢ # 0. To facilitate
the representation, equation (1) can be written as £ = (x,x’).
The basic algorithms of dual-number are detailed in Ref. [13].
Here we focus on the principles of dual-number automatic dif-
ferentiation.

The dual-number function is expanded into Taylor series

f(®) = fx+ex) = f(x) +&x' - df(x)/dx, 2)

thus the function argument can be extended to the dual-number

vector
T=x+ex,
then
f(@)=(f(z),Vf(z) '), 3)
where & = (£1,£,,...,£,) and z, ' are n-dimensional control
variables.

To obtain the derivation of arbitrary function f(x) at
point @, we calculate the function value f({xg,2')) at the
dual-number point x( in the dual-number space, which equals
to evaluating (f(x), Vf(x)-z').

In order to compute cost function J(x) and its gradient in
DNDAS, we construct the corresponding dual-number vector
& = (x;,e;) (i=1,...,n, e; is the unit vector whose i-th ele-
ment equals to 1). We then substitute the dual-number vector
& into the cost function, and the cost function J(z) becomes
the dual-number function /(). After doing the Taylor expan-
sion, J(4) becomes

A

](;f:) 2 /2']”(58)

J(x)+ex') (z)+€ex T—i—

(J(x),VJ), “)

where €” = 0(n > 1). We eliminate the component whose or-
der is higher than two. The real and the dual units of J(&)

represent the cost function and its gradient, respectively. As
shown in Eq. (4), when calculating the first-order derivative of
the cost function with respect to the control variables, we just
need to perform forward integration once in the dual-number

space.
3. DNDAS
In variational data assimilation, the cost function is usu-
ally defined as
J(x) = Jo(x) +Jo(x) +J¢
1 _
= E(m —x,)TB ! (x — )
1
+5 W - H@) R y° ~ H(@)]+°, ()

where J, () is the background term, J, () is the observation
term, J¢ describes the physical and dynamic constraint condi-
tions which is optional, @ is the control variable vector, xy, is
the background vector (the prior information), y° is the ob-
servation vector, and B and R are the background error co-
variance matrix and the observation error covariance matrix,
respectively. It is seen that the smaller the cost function is, the
closer the numerical model solution is to the true atmospheric
state. Figures 1 and 2 show the frame of the DNADS and the
process of minimization, respectively.

inputs: observations,
observational error, first guess, the

number of control variables

A 4

initialise and integrate forward model
in dual-number space

minimise

A 4

outputs: analysis, cost function,
and gradient information

Fig. 1. Frame of DNADS.

Note that, the Vo, J|| —
|Va, J|| < 1076 (where ||-|| gives the L2 norm) is used to
reduce the amount of calculation, and to guarantee that the

convergence criterion
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calculation error is smaller than the machine error. Due to the
fact that DNDAS is still in testing phase, we consider the fore-
cast model to be perfect and do not impose the background
error in assimilation experiments (Section 5).

integrate the differential
equation in dual-number
space

l

obtain the forecast field

I

calculate cost function in
dual-number space

A

A 4

directly obtain J and V.J

NO

A 4

minimisation routine:
CG
and BFGS

test for
convergence

A

outputs: analysis, cost

output auxiliary verbose function, and gradient

information . .
information

Fig. 2. Minimise and output.

4. Optimization algorithms

After obtaining the cost function and its gradient vector,
a descent algorithm is chosen to determine the optimal ini-
tial state of the forecast model. Optimization or minimization
problems have the general form: min f(z), € = (x',...,x") €
R”, x represents the control variables, and 7 is the number of
control variables. f : R" — R is the cost function which is re-
quired to be continuously differentiable. The general process
of optimization calculation is defined as follows.

Step 1 Set an initial value xy € R".

Step 2 Calculate the search direction dj of cost function
f at point xy.

Step 3 Calculate the step length factor oy by linear
search. If f(x41) < f(xr), generate a sequence {x; } of con-
trol variables @, namely, x| = @) + 0 dy.

Step 4 If the convergence criterion ||V f(x;y1)|| < € is
satisfied, then stop. Otherwise, go back to Step 2.

In this paper, the conjugate gradient algorithm is the
Beale restarted memoryless variable metric algorithm.[36]
The quasi-Newton algorithm is the BFGS variable metric
method. 37! For convenience, the conjugate gradient method is
called CG, the BFGS variable metric method is called BFGS.

CG and BFGS both use the Davidon cubic interpolation!33!
as the basic linear search method to find the best step length.
During the calculation process, the step length & must obey

[39

the Wolfe criteria,>®! which are

flag+ owdy) — f(@h) < powgy di, (6)
gz +opdy) dy > ogldy, 0<p<o<l1, (7)

where p =0.0001 and 6 = 0.9 in this paper. The convergence

criterion is ||g|| < e max(1,||z|)), € = 1075.

4.1. Conjugate gradient method

The steepest descent direction selected by CG has the fea-
ture of conjugacy, so only the first-order derivative information
is required during the calculation. The algorithm is described
as follows. 0]

Step 1 Set the initial point ¢ and parameters p, O, €.

Step 2 Set k =0, and then calculate f(xo) and gy =
g(xo) = Vf(xp). Meanwhile, set dy = —gp and ap = 1/||go |-

Step 3 After the initial state is calculated, we need to
check whether the minimum is achieved at this point. If
llgoll < emax(1,]|xo||), then stop the iteration, output &* =
x(. Otherwise, continue.

Step 4 Calculate the initial o when non-restart, oy =
04—1|dk—1l,/]|dk]|,. On this basis, make the cubic interpola-
tion to find ¢, the termination condition of linear search is the
Wolfe criterion, so that f (x; + oy dy) = gl>i1(')1f(mk + oy dy).

Step 5 Set x| = x; + oy dy. -

Step 6 Compute f(r11), g(Tkr1), Sk = Try1 — Xk, and
Yk = g(@it1) — g(@).

Step 7 If ||g|| < emax(1,]|x]|), then stop the iteration.
Otherwise, continue.

Step 8 When the iteration k = 1000 or |gl, g«| >
0.2||ge1]|%, perform Beale restart, obtain a new search direc-
tion dy4 1, k 1= k+ 1, go back to Step 4. Otherwise, continue.

Step 9 Compute dj, .

Step 10 Self-adjustment search direction dj 1, dyy =
2(f(rs1) — f(r))/diy k1] dis 1> k :=k+1, go back to
Step 4.

4.2. BFGS variable metric algorithm method

The BFGS method requires the cost function to be convex
and twice continuously differentiable. The iterative solution
can be written as!4!]

Tii1 =z + g Gy dy, (®)
where G; ' = V2f(z)~!. We have
Gl k™ s, ©)

where s = @1 — @ and Yy = g1 — gk = Vf(@hy1) —
Vi(xy). Hpq =~ G,:Jil is the approximately inverse Hes-
sian matrix of f at ;. It can be found from quasi-Newton
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equation Hy 1y = s that Hy, is updated accompanied
by {sk,yr}, and avoids direct calculation of the second-order
Hessian matrix. We obtain the equation x| = x; + o Hydy.
The BFGS algorithm is described as follows.

Step 1 Start with an estimate x( and the estimate of the
initial inverse Hessian matrix H which is usually the identity
matrix I.

Step 2 If ||gi|| < &, then stop. Otherwise evaluate dy.| =
—Hj.1gk+ 1, and scale the search direction ||dy4 1 || = ||sk—1]l
k=1,...,n which are the previous » iterations.

Step 3 Set x| = xx + oy dy.

Step 4 Evaluate f(xry1), g(@®r1), Sk = g1 — Ty, and
Yk = g(@rs1) —g(@r).

Step 5 If s; g1 > spg and 8f = f(@rr1) — (f (@) +
0.0001 dk gr) < 0, then stop the linear search. Go back to Step
2.

Step 6 Perform the Shanno and Kettler’s extrapol-
ation*?! or Davidon’s cubic interpolation to estimate a new
step length 0.

Step 7 Update H; | by the following formula:

Hi = (I- syl /sty ) Ho(I— sy /siyi)"
+sksz/szyk, k:=k+1,

go back to Step 2 and repeat the whole process.

The calculation process of BFGS is similar to that of CG,
but there are some differences between them. BFGS considers
the impact of the scale factor and updates matrix H during the
linear search process. It requires more memory resources dur-
ing the calculation process, i.e., n(n+7)/2 and 5n + 2, where

n is the number of the control variables. "]

S. Assimilation experiments
5.1. Simple model

Carbon-11 is a radioactive element with a decay rate of
3.46%/min. The attenuation constant is A = 2.076 s~!. The
atomic number density is Ay at # = 0. The atomic number den-
sity differential equation is

dA

— o = M), (10)

The analytical solution is A = Age .

This first-order ordinary differential equation is treated as
a simple dynamic system. Our goal is to assimilate the accu-
rate initial state of the atomic density by using DNDAS.

In the experiment, we integrate Eq. (10) forward by the
fourth-order Runge—Kutta method in the real number space,
obtaining a numerical integral sequence with the true initial
condition A(0) = Ag = 100. The time step length Az = 0.01,
the integral interval is [0, 6], and the assimilation window

length is [0, 0.06]. The observations are obtained from the

sequence by imposing Gaussian random error N(0, &), where
the error mean is zero and the standard deviation is 8. 6 =0
represents that the observation sequence is noiseless.

The first guess of the atomic density is set as A, = 8.5.
Considering that the observation should be sparse in reality,
three observations at 2nd, 4th, and 6th time steps are selected.

Without considering the background information in the
experiment (merely considering the observation influence), the
discrete form of the cost function is

1
==Y (A —A™)? (11)

i=1

I\JM—‘

where I represents the number of observations, and A; and A?bs
are the numerical solution and the observation, respectively.

The dual-number variable corresponding to the initial
background variable Ay, is Ao, Ao = Ap + €. Then, we per-
form forward integration in the dual-number space to obtain
J(A), whose real unit is the original cost function J and dual
unit is the gradient V 4J. Finally, we update the initial state by
the optimization algorithm.

Figures 3(a) and 3(b) show the cost function and the gra-
dient norm changing with iterations, respectively. It is seen
that the cost function and its gradient norm reach convergence
after three iterations, and the accuracy of the gradient norm
nearly reaches O(1078).

10° 10°
1 @ ®)
, 4
10
10°
<
5 10° 5
B b=}
3 s
o o 10°
10™°
y 3
10™ 10™
1 2 3 1 2 3

Iterations Iterations

Fig. 3. Trends of (a) the cost function and (b) its gradient norm.

Figure 4 shows that the initial state converges to the truth
with the increase of iterations, indicating that we obtain an ac-
curate estimation of the unknown initial state by DNDAS. Fig-
ure 5(a) shows the comparison between the assimilated fore-
cast trajectory and observations (without observation error).
The two trajectories are very close, which illustrates that the
assimilated initial value is very accurate for the forecast model.
In the meantime, figure 5(b) shows the comparison between
the model forecast trajectory (numerical solution) and the true
trajectory (analytical solution), which is consistent with the
result in Fig. 5(a).
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120

100 4

Initial state Ap/cm~3
IS o o
(=] <o [=]

[
o o

(=]

—_

2 3
Iterations

Fig. 4. Trend of initial atomic density Ag.

1004 100
(a) forecast trajectory (b) forecast trajectory
4 observation — truth

80 80

T 60 780
g =t
3 3
~ ~

< 40 < 40

20 20

0 0

0 2 4 6 0 2 4 6
Time/s Time/s

Fig. 5. (a) Comparison between the assimilated forecast trajectory and
observations, and (b) comparison between the assimilated forecast tra-
jectory and the true trajectory.

However, there are always errors in the observation data,
including observation operator errors and so on. Therefore, we
consider the validity of DNDAS with Gaussian observational
errors 6 = 0.1 and 6 = 0.2 in the observational sequences, re-
spectively. Table 1 shows that even if there are observational
errors, DNDAS still converges to the true value with high pre-
cision, indicating that the new assimilation system has a good
anti-noise performance.

Table 1. The assimilation results at different observational error levels.

Initial state Ag Cost function J Iteration
Truth 100.0 / /
§=0.0 100.000064 6.529% 1012 3
§=0.1 99.9997799 3.940% 1077 3
§=02 99.9978279 2.124%1078 3

5.2. Lorenz-63 chaotic model

Lorenz-63 chaotic system is the most famous nonlinear
dynamic system, which is the first example of chaotic dissi-
pative system.!*3] The basis of optimal control to the chaotic
system is to control the highly sensitive initial state.[**! There-
fore, how to obtain the accurate initial conditions is crucial.
The Lorenz-63 model equations are

dx/dt = 10(—x+),
dy/dr =28x—y—uxz,

dz/dt = xy —8z/3. (12)

We integrate the Lorenz-63 equations forward by the
fourth-order Runge—Kutta method in the real number space,
with the true initial condition of the model @ = (xo,y0,20) =
(2.0,3.0,2.5), time step length Az = 0.01, integral interval [0,
1], and assimilation window [0, 0.2]. The observations are ob-
tained by adding Gaussian random error N(0, §) to the integral
sequence of the numerical model.

Set the first guess of the model as x, = (12.0,2.0,9.0).
To ensure the effectiveness of the DNDAS, we only select a
few observations at 4th, 8th, 12th, 16th, and 20th time steps.

The cost function is defined as follows (without consider-
ing the background information):

A

Ly
J@) =5 ) llmi— =], (13)
i=1

where [ represents the number of observations.

The dual-number vector corresponding to the ini-
tial background vector xp is &9, TH = xp + ea:{) =
((x1,e1),{(x2,€2),(x3,e3)), where e; (i = 1,2,3) is the unit
vector with the i-th element being 1. We integrate the cost
function /() in the dual-number space to obtain the original
cost function and its gradient (corresponding to the real and
the dual units of J(&)).

The calculation process of the Lorenz-63 model is similar
to that discussed in Subsection 5.1, and we will investigate the
impact of two different optimization methods on the DNDAS.

10 10
(@) ——CG (b) ——CG
—o— BFGS —o— BFGS
10°
c g 10°
- ;
5 10° 5
5 5
8 & 10°
10™
10™ 101
10 20 30 40 50 60 10 20 30 40 50 60
lterations Iterations

Fig. 6. Trends of (a) the cost function and (b) its gradient norm.

For the cost function and its gradient, without observation
error (0 = 0), CG and BFGS can quickly reach convergence
after 60 iterations and 30 iterations, respectively, and obtain
the same accuracy (Fig. 6). The trends of the cost function
and its gradient norm are shown in Figs. 6(a) and 6(b). The
trends of control variables x, y, and z changing along the iter-
ations are plotted in Figs. 7(a)-7(c). We can observe from the
plots that the three control variables all converge to the truth by
using CG and BFGS, however, the iteration number of BFGS
is about half less than that of CG in DNDAS.
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12 4 12
(a) (b) ——CG (c)
[ —o— BFGS
10 10
2¢
N
: 8 j © \
2
-] b < 8
+ + "Z
w0 6 ®n 0 —
= ] 2
Z E £ 6
g 4 G A
-2
2 4
0 -4 2
20 40 60 20 40 60 20 40 60
Iterations Iterations Iterations

Fig. 7. Trends of variables (a) x, (b) y, and z.

To verify the validity of the DNDAS under the existence
of observation error, we have done four groups of experiments
(experiment groups 1-4) with § = 0.0, 6 = 0.1, 6 = 0.2, and
0 = 0.5. In each group of experiment, we evaluate and com-
pare the performances of DNDAS (with BFGS and CG meth-
ods), 3D-Var, and 4D-Var, wherein 3D-Var and 4D-Var uti-
lize the identical observation conditions and background con-
ditions as used by DNDAS. Table 2 illustrates the results from
the DNDAS, it is obvious that no matter of BFGS or CG, the
converged values are all close to the true ones at the end of the
iterations in DNDAS. Even with 6 = 0.5, the accuracy is still

[1Dual-BFGS ZZ Dual-CG (@
EEE3D-Var [ 4D-Var

|Analysis-Truth|

10%

10°

high, which indicates that the DNDAS has an anti-noise fea-
ture for the nonlinear chaotic model. Departures of the analy-
sis from the truth in experiment groups 2 and 3 are presented
in Fig. 8. Because of the limited space, we only present the de-
partures of variables y (Fig. 8(a)) and z (Fig. 8(b)), the trends of
variable x is similar (not shown). In experiment group 2, the
departures of variables y and z are a little bigger in DNDAS
than those in 3D-Var and 4D-Var when the observation error
is small. However, the performance of DNDAS is better at

higher observation error levels.

[ Dual-BFGS Dual-CG (b)
EEE 3D-Var I 4D-Var

10"

107?

10°

|Analysis-Truth|

10*

10°

ALLLLULULILDIIN

Fig. 8. The absolute values of departures (analysis minus truth) of variables (a) y and (b) z in the experiments.

15

[ 1Dual-BFGS (a)
Dual-CG
[ 3D-Var
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Run time/s
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150 ] puarBFGS (b)
Dual-CG

EEHHH 3D-Var
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Iterations
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Fig. 9. (a) Running time and (b) iterations in the experiments.
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Finally, it is found that, for small-scale problems, the
running times of CG and BFGS are nearly the same (see
Fig. 9(a)), but the iteration number of BFGS is half less than
that of CG (see Fig. 9(b)). The main reason is that CG needs
to test two step length factor o cases satisfying the Wolfe cri-
terion during the linear searching, whereas BFGS only needs
to test one case. Consequently, CG is suitable for large-scale
problems, while BFGS is suitable for small-scale problems
which can improve the convergence performance in DNDAS.
In addition, with the increase of the observation errors, espe-
cially for the 4D-Var method, the running time and the itera-
tion number increase significantly, which further evidences the
good anti-noise performance of the DNDAS.

Table 2. Assimilation results at different observation error levels.

X0 Yo 20
Truth 2.0 3.0 2.5
CG 2.000004 2.999996 2.500001
Group 1
BFGS 2.000001 2.999992 2.500000
CG 1.978332 3.026054 2.502130
Group 2
BFGS 1.978307 3.026236 2.502133
CG 1.999674 2.999984 2.499634
Group 3
BFGS 1.999675 2.999984 2.499635
CG 2.001449 2.998074 2.498656
Group 4
BFGS 2.001410 2.998122 2.498660

5.3. High-dimensional model (Lorenz-96)

The Lorenz-96 model is a dynamical system which was

(451 The model equations con-

introduced by Lorenz in 1996.
tain quadratic, linear, and constant terms representing advec-
tion, dissipation, and external forcing. Numerical integration
indicates that small errors (differences between solutions) tend

to double in about 2 days. 6 Tt is defined as follows:

dxj

T (Xj41 = xj-2)xj-1 —x; +F, (14)

where x; (j =1,...,N) represents the model state which is
the values of some atmospheric parameters (such as temper-
ature), and F is a forcing constant which is a common value
known to cause a chaotic behavior (we usually set F = 8.0
for maintaining the unbiased feature of the model). There are
N control variables.*”! The boundary conditions are set to be
X_1 = XN—1, X0 = XN, XN+1 = X1, so the variables x; form a
cyclic chain.

We conduct four groups of experiments, the num-
bers of control variables are 4, 40, 100, and 400 respec-
tively, and two optimization algorithms (CG and BFGS) are
both applied in each group; these experiments are named
Exp4-CG/BFGS, Exp40-CG/BFGS, Expl100-CG/BFGS, and
Exp400-CG/BFGS.

We integrate the Lorenz-96 equations forward 1000 steps
with time step length Ar = 0.001 by the fourth-order Runge—
Kutta method in the real number space. The true initial condi-

tion of the Lorenz-96 model is

F = 8.0,
F—-05, j=N/2—1,
00_ F‘—‘y—OS7 .]:1\]/27
NUEYF+15, j=N/2+1, (s)
F, else.

The previous 100 integral values are divided into 10 inter-
vals in order. The observations are obtained by taking the last
value in each interval. Due to the high precision of the fourth-
order Runge—Kutta method, we take observations as unbiased.

The first guess of the forecast model is

F =10,
F—-35 j=N/2—1,

wo ) F+35 Jj=N/2,

YT Y F+45, j=N/2+1, (16)
F, else.

The cost function is defined as follows (without consider-
ing the background information):

N .

0oDs
E Ha:ij—a:,»j
j=1

J(z) = ; a7

1 1

23

where I represents the number of observations.
Subsequently, we construct the dual-number vector as

0
T = (<X1,€1> 9 <x2762> 9 <X3,€3> sty <XN,€N>).

The whole calculation process is similar to that described
for the Lorenz-63 experiment. Next we provide the results of
our assimilation experiments.

5.3.1. The convergence

Figures 10 and 11 show that the cost function and the
gradient norm both reach convergence rapidly with the same
precision, and the iteration number of the BFGS is about half
less than that of the CG in each experiment except for Exp4-
CG/BFGS. It can be concluded that, for the forecast model

10° 10°
(a)  Exp4-CG/IBFGS (b), Exp40-CGIBFGS —— GG
.§ 10° 10° —o—BFGS
f
5 5

10 10
-
8 -10 -10
310 10

10" 107

5 10 15 10 20 30 40
5 5
10 10
(c)y  Exp100-CGIBFGS (d)  Exp400-CG/BFGS

o
]
S, .
*§ 10 10
£
-
2 10° 10°
O

10" 10"

10 20 30 10 20 30
Iterations Iterations

Fig. 10. Trends of the cost function: (a) Exp4-CG/BFGS, (b) Exp40-
CG/BFGS, (c) Exp100-CG/BFGS, and (d) Exp400-CG/BFGS.
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with middle-high dimensional control variables, the conver-
gence performance of the quasi-Newton method is still gen-
erally better than the conjugate gradient method in DADAS.
Furthermore, there are only small amounts of change and re-
duction in iterations and calculation accuracy of the cost func-
tion and its gradient norm with the increase of the number
of control variables. The above results have demonstrated
that DNDAS works well, and it is applicable to the high-

dimensional variables data assimilation with stability and reli-

ability.

10° 10°
£ (a)  Expa-coBFGS (b) Exp40-CGIBFGS —— CG
5 —o—BFGS
a 0
Z 10
3 10°
T

5
g 10
@}

10" 10°

. 5 10 15 10 20 30 40
10 10°
(c)  Exp100-CG/BFGS (d)  Exp400-CG/BFGS

£
o
a
-~ 0) o
g 1 10
el
@
—
[}

10° 10°

10 20 30 10 20 30
Iterations Iterations

Fig. 11. Trends of the gradient norm: (a) Exp4-CG/BFGS, (b) Exp40-
CG/BFGS, (c) Exp100-CG/BFGS, and (d) Exp400-CG/BFGS.

5.3.2. The quality of assimilated results

Figure 12(a) shows the analysis increment (analysis mi-
nus observation) and observation increment (observation mi-
nus background) in the Exp400-BFGS experiment. Compar-

Model evolution

| e 199_truth

-2 199_forecast
4 r 200_truth

------- 200_forecast
—6 [ 201_truth

= = == 201_forecast
-8

0 200 400 600 800 1000
Time/s

Model evolution

ing with the observation increment (Fig. 12(b)), the magnitude
of the analysis increment in Fig. 12(a) reaches a very small
scale O(107°), indicating that the analysis field assimilated
by DNDAS is quite close to the truth. Fluctuations of analy-
sis increments in the intermediate zone in Fig. 12(a) also show
the correlation among Lorenz-96 model’s control variables be-
cause we provide different initial values for these variables.
The Exp400-CG experiment has a very similar pattern (not
shown).

(a) (b)

Analysis increment/ 10°
. 1 -6
Observation increment/ 10

-2

1
-

-2
100 200

Control variables

100 200 300 400

Control variables

300 400

Fig. 12. (a) Analysis increment and (b) observation increment of each
control variable in Exp400-BF experiment.

In addition, we restart the forecast model with the as-
similated analysis filed. Figure 13(a) suggests that the fore-
cast trajectory (broad line) is consistent with the true trajec-
tory (thin line) of the 199th, 200th and 201st control variables.
Figure 13(b) shows the consistency between the background
trajectory (blue line), the assimilated forecast trajectory (black
line), the true trajectory (red line), and the observation (green
dot) of the 199th variable. These results also verify the avail-
ability for data assimilation by DNDAS.

12 . .
(b) background
10 + mmm truth
forecast
8 observation |
6
4
2
0
-2
—4
—6 : : : : J
0 200 400 600 800 1000
Time/s

Fig. 13. (color online) (a) Comparison between the assimilated forecast trajectory and the truth of the 199th, 200th, and 201st control variables. (b)
Comparison between the assimilated forecast trajectory, the truth, the observation, and the background trajectory of the 199th control variable.

6. Conclusion and perspectives

The results of this study suggest that the DNDAS works

well. Whether it is a simple or a nonlinear chaotic model, the

DNDAS can quickly converge to the desired accuracy, indicat-
ing that the new assimilation system has a certain universality.

The fact that the DNDAS is still competent under the condi-
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tion of imposing observation error and not introducing back-
ground information indicates its robustness. The framework
of DNDAS is so simple that it can be coded and transplanted
to other computing platforms flexibly.

For DNDAS, the optimization methods (such as CG and
BFGS) have a slight influence on the running time. The it-
eration number of BFGS is about half less than that of CG,
however, BFGS needs more memory storage space and can
be too expensive for large scale applications. We should do
more experiments to determine the most efficient optimization
algorithm.

Results in Subsection 5.3 show that the DNDAS is suited
for forecast models with middle-high dimensional control
variables. Moreover, the convergence speed and the calcula-
tion accuracy will not increase with the expansion of the di-
mension in the control variables.

The DNDAS in the paper is only applicable to calculate
the first-order derivatives. If you wish to get the higher-order
derivatives, a more advanced theory needs to be explored, such
as the hyperdual number theory. The innovative approach
might be more suitable for computing the second-order Hes-
sian matrices information in minimization algorithms, bring-
ing about more exact second-order derivatives than the tradi-
tional methods. Further benefits generated from the advanced
theory may still have to be verified.

In summary, the DNDAS system performs well in high-
dimensional forecast models and has potential to become a
new data assimilation system. We aim to move to practical
application of the DNDAS in the future. It is expected that
more advanced optimization algorithms and the hyper-dual
number theory will be the next promising tools to improve the
DNDAS.
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