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Bianchi type I in f(7T') gravitational theories*
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A tetrad field that is homogeneous and anisotropic which contains two unknown functions A(¢) and B(¢) of cosmic
time is applied to the field equations of f(T'), where T is the torsion scalar, T = T*,,,5,,"P. We calculate the equation of
continuity and rewrite it as a product of two brackets, the first is a function of f(7') and the second is a function of the two
unknowns A(z) and B(r). We use two different relations between the two unknown functions A(z) and B(¢) in the second
bracket to solve it. Both of these relations give constant scalar torsion and solutions coincide with the de Sitter one. So,
another assumption related to the contents of the matter fields is postulated. This assumption enables us to drive a solution
with a non-constant value of the scalar torsion and a form of f(7") which represents ACDM.
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1. Introduction

Recently, it has been found that there is a contra-
diction between cosmological observations and Friedmann—
Robertson—Walker (FRW) cosmology. The observations show
that the universe is in an accelerating expansion era, but the
FRW cosmology of Einstein’s general relativity (GR) shows
that it is not. This accelerating expansion of the universe is
suggested to be due to a mysterious type of energy with neg-
ative pressure that is known as dark energy (DE). The ev-
idence of the existence of this type of energy comes from
the observation of supernovae type Ia,!'~’! cosmic microwave
background (CMB) anisotropies measured with Wilkinson mi-
crowave anisotropy probe (WMAP),[81 and the large scale

9-11

structures.”~ !l These observations suggest that more than

two-thirds of our universe consists of DE and the remaining
consists of relativistic dark matter and baryons.1?!

Modified theories of gravity have gained a lot of interest
because of their possible explanation of DE.['3!4] This un-
known energy, DE, which has negative pressure, may be phys-
ically equivalent to vacuum energy and is almost equally dis-
tributed in the universe. It has been used as an ingredient factor
in a recent attempt to formulate a cyclic model of the universe.
In its developing process, the universe passes through several
eras corresponding to several values of @ which is the parame-
ter of the equation of state (p = wp): the stiff fluid era (0 = 1),
the radiation dominated era (@ = 1/3), the dust dominated era
(w = 0), and the transition era (@ = —1/3); then it tends to
the DE dominated era (@ = —1). In GR, the cosmological
constant can be considered as the simplest candidate for DE,
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but it suffers from two theoretical problems, coincidence and
cosmological constant.!'>! A number of models with DE to ex-
plain the late-time cosmic acceleration without the cosmologi-
cal constant have been proposed (for more details of this topic,

[16] and references therein).

readers are advised to read review

Einstein proposed the idea of teleparallelism in a trail to
unify gravity and electromagnetism into a unified field the-
ory in 1928.17! Teleparallel space—time is characterized by an
affine connection whose curvature is vanishing, but has tor-
sion. In the past two decades, the geometry of absolute par-
allelism (AP) has attracted the attention of many researchers
in two directions. The first comprises the development of
the geometry,!!®1°1 while the second focuses on the physical
applications of this geometry.?*2!] The main reason for the
name of teleparallel, which means “parallel at a distance”,[*?!
is that parallel transport of a vector depends on the path whose
corresponding curvature is identically zero. It has been estab-
lished that GR can, in fact, be re-constructed in teleparallel
language.[>3-2° The theory is known as the teleparallel equiv-
alent of general relativity (TEGR). An interesting formulation
of TEGR as a higher gauge theory can be found in Ref. [30].
To understand the acceleration of the universe, many theories
of modified gravity have been introduced, among which is the
attempt to generalize TEGR to f(T') theory similar to the idea
of generalizing GR to f(R) gravity.!3!=3¢!

For gravity theories which are invariant under both local
Lorentz and diffeomorphism transformations, the tetrad and
metric formulations are equivalent. The Lagrangian of TEGR

is equivalent, up to a total divergence term, to the GR La-
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grangian and thus the two theories are classically equivalent.
Moreover, T, which is the scalar of the torsion, is local Lorentz
invariant only up to a divergence. However, the f(T') theory is
not local Lorentz invariant. 37!

Recently, many researchers have studied the Bianchi type
I (BI) model in the presence of anisotropic DE. Rodrigues!33!
constructed a BI ACDM cosmological model whose DE com-
ponent preserves the non-dynamical character but yields an
anisotropic vacuum pressure. Koivisto and Mota!**! proposed
a different approach to resolve the CMB anisotropy prob-
lem; the earlier isotropy of the universe could be distorted
by the direction-dependent acceleration of the later universe.
Motal*! investigated the BI cosmological model containing
interacting DE fluid with non-dynamical anisotropic equation
of state (EoS) and perfect fluid component. They suggested
that if the EoS is anisotropic, the expansion rate of the uni-
verse becomes direction dependent at late time and the cos-
mological models with anisotropic EoS can explain some of
the observed anomalies in CMB. The exact solution of BI is
derived assuming some constraints on the coefficient of the
second derivative of f(T).[*!! This solution gives a constant
torsion scalar. Here in this study, we apply the field equations
of f(T) to the anisotropic homogenous model. Using the con-
tinuity equation, we derive a solution whose scalar torsion is
constant.

It is the aim of the present study to apply the field equa-
tions of the f(7) gravitational theory to a tetrad field having
homogeneity and anisotropy and try to solve some of the above
mentioned problems that cannot be solved within the frame-
work of GR. In Section 2, a brief review of the f(T) gravita-
tional theory is presented. In Section 3, the tetrad field that has
homogeneity and anisotropy is given and the application of the
field equations of f(7) to this tetrad is done. The resulting dif-
ferential equations are solved using two different methods in
Section 4. In Section 5, we use two fluids and try to find a so-
lution to f(T') and discuss some cosmological consequences.
The final section is devoted to discussion.

2. Brief review of f(7) formalism

The mathematical concept of the f(T) gravity theory
is based on the Weitzenbock geometry. Our convention
The Latin indices de-
scribe the components of the tangent space to the manifold

and nomenclature are as follows.

(spacetime), while the Greek ones describe the components
of the spacetime. For a general spacetime metric, we write
the line element as ds* = g,y dxdx’ = el yely dx! dxf’,
where 1;; = (—1,41,41,41) is the Minkowski metric. €'y
is the covariant vector fields and its inverse ¢;* is the con-
travariant vector fields, satisfying the orthogonality and uni-
tary conditions 'y e;* = &'; and ¢'ye;Y = 8,". In a space-
time with absolute parallelism, the parallel vector fields

e/ define the nonsymmetric affine connection*?! I'* ), =
ei*e'yy, where ¢/ = dye'y. The curvature tensor defined
by the Weitzenbock connection, I' A uv, 18 identically van-
ishing. The torsion and the contortion components are de-
fined as 7%,y =T'% —T'%;y = e,* (8”6“\, - ave““) and
KWVg = — (THV g — TV — T,HY) /2.

The skew symmetric tensor S,'P has the form
Su"P = (KYPy+8YT*; —8fT*;) /2 and the torsion
scalar is given by T = TH,,8,"? = (1/4)T*"PTyyp +
(1/2)T*¥PTyyy — TuyH TP . The action of the f(T) theory
is given by

a Y Mlgl
Stetuin) = [ atxe[ "B r)-24) + Luae(@0)| . 1)

where e = \/—g = det (¢*1), Lmater is the Lagrangian of the
matter field, A is the cosmological constant, and P4 are the
matter fields. Here, Mp is the reduced Planck mass, which
is related to the gravitational constant G by Mp) = \/W
Similar to the f(R) theory, one can define the action of the
f(T) theory as a function of the tetrad fields ¢“;, and by
putting the variation of the function with respect to the tetrad
fields e, to be vanishing, one can obtain the following equa-
tions of motion:

SuPTp f(T)rr
+ | e"udp (eea”Sa"P) — TaMSO‘M} f(T)r

+%5ﬁ‘{(f(T) —2A) = SnTuV, 2)
where
oT of(T Q% f(T
T,p = ﬁv f(T)T = #7 f(T)TT = afjgz )7

and T," is the energy—momentum tensor.

Now we are going to rewrite the field equations (2) in
another form. The field equations (2) are written in terms
of the tetrad and its partial derivatives. These equations ap-
pear to be different from Einstein’s field equations. Following
Refs. [43]{45], one can obtain an equation relating the scalar
torsion 7 to the Ricci scalar R. These will make the equiva-
lence between teleparallel gravity and GR clear. On the other
hand, the tetrad cannot be eliminated completely in favor of
the metric in Eq. (2), because of the lack of the local Lorentz
symmetry, but one can show that the latter can be brought in
a form that closely resembles Finstein’s equation. This form
is more suitable for constructing analytic solutions in the f(7T')
theory. To write the field equations in a covariant version, we
must replace the partial derivatives in the tensors by covariant
derivatives compatible with the metric gy, i.e., V5, where
Vsguv = 0. Thus, the definition of the torsion tensor can be
written as

Tuvp - ea'u(VVeap - Vpeav). (3)
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Using Eq. (3) in the definition of contorsion and the skew sym-
metric tensor S*V, one can obtain

K’uvp = ea'uvpeaw
Suvp = nijel'uvl)ejv+6vpnijeiGVGeju
—6”pni-7ei“Vc,ejV. %)

On the other hand, from the relation between the
Weitzenbock connection and the Levi—Civita connection, one
can write the Riemann tensor for the Levi—Civita connection,
{f”,}, in terms of the non-symmetric connection, I'?y, in the
form

RP[JAV = (91Fp”v—av1—‘p”l +FPO-ZIF6NV_FPO-\/FGHA
= VKPuy —VyKP 15 + KP 3 K%y
_KPGVKGWL- 5)

The associated Ricci tensor can then be written as
R,LLV = VVKpup - Vpr[.LV +Kpo-vKGyp _Kpo-pKG#v. (6)

Now, by using the definition of the contorsion along with the
relations K(#V)? = T#(ve) — §i(vo) — () and considering that
SHou =2KH,, = —TH,,, one has!#6-2]

Ruy = =V*Sy2u — 8uvV TP —Si7Kopy,
R=-T-2VHTP,,. %)

Equation (7) implies that the torsion scalar T and Ricci scalar
R differ only by a covariant divergence of a space—time vector.
Therefore, the Einstein—Hilbert action and the teleparallel ac-
tion (i.e. Ltgcr = [ d*x|e|T) will both lead to the same field
equations and are dynamically equivalent theories. However,
this divergence term is the main reason that makes the field
equations of f(T) non invariance under local Lorentz trans-
formation (LLT). Let us explain this for some specific form of

£(T). If
f(R) = R+€eR* = [-T —2VHTP ]
—[T — €T — (1+€)VHTP,
+a4e{ [VHTP 1y + TVETP ), (8)

the last term in the right hand side of Eq. (8) is not a to-
tal derivative term and therefore it is responsible for making
f(R) = R+ R? when written in terms of 7 and 72 not invari-
ant under LLT in contrast to the linear case, i.e., the form of
Eq. (7). The same discussion can be applied to the general
forms of f(R) and f(T), which shows in general a difference
between f(R) and f(T) gravitational theories. It is known that
the field equations of f(R) are of fourth order and invariant un-
der LLT while the field equations of f(T') are of second order

and not invariant under LLT. Therefore, if the divergence term
vanishes, then R = —T, hence one can show that any solution
in TEGR can be a solution to GR; and for a general case, one
can also show that any solution of f(7T') can be a solution to
f(R). This is one the the aims of this study, which is to show
that in the spherically symmetric case, any solution of f(7T')
whose divergence term vanishes will also be a solution to the
f(R) theory.

By using the equations listed above and after some alge-
braic manipulations, one can obtain

Guv - %guvT = *VpSvpy *ScpprUv; 9

where G,y = Ryy — guvR/2 is the Einstein tensor. Finally, by
using Eq. (9), the field equations of the f(T) gravity, equa-
tion (2), can be rewritten in the form

1
f(T)TG,uv + B (f(T) - Tf(T)T)guv
—l—Supvfp f(T)rr = 471TTV#. (10)

Equation (10) can be taken as the starting point of the
f(T) modified gravity model and it has a structure similar to
the field equations of the f(R) gravity. Note that in the more
general case with f(T) # T, the field equations are in covari-
ant form. Nevertheless, the theory is not local Lorentz invari-
ant. In case of f(T) = T and constant torsion, f(7p), GR is
recovered and the field equations are covariant and the the-
ory is Lorentz invariant. Since the principle of homogeneity
and isotropy is not valid near the big bang, we will apply the
modified field equations (10) to a homogenous and anisotropic
model and discuss their relevant physics in the next sections.

3. Homogenous and anisotropic tetrad field

The spatially homogeneous and anisotropic, Bianchi type
I (BI), universe which has transverse direction x and two

equivalent longitudinal directions y and z is given by >

ds? = dr* — A%(r)dx* — B(r)(dy? + d2?), an

where A(f) and B(r) are the cosmic scale factors. For A(r) =

B(t) = a(t), this reduces to the flat FRW spacetime. The diag-

onal tetrad components of BI have the form!!3!

n'y = diag(1,A(t),B(t),B(t)). (12)
The dual of Eq. (12) has the form
h*; = diag(1,A(r) "1, B(r) "1, B(r)™1). (13)
Using Egs. (3), (4), and (12), we obtain the torsion scalar in
the form
T——2 (2;‘?22) (14)

where A = dA(t)/dt and B= dB(t)/dt. We define some phys-
ical quantities for the BI model which are important in cosmo-
logical observations. The average scale factor R, the mean
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Hubble parameter H, and the anisotropic parameter have the

forms
1/A _B
R=(AB)'3, H=_(~+2-
(AB7) 7, s\at2g )
1 Hi—H\?
A= Z 15
(22, 15)
where H; = A/A and H, = B/B = Hj are the directional Hub-

ble parameters along x, y, and z axes. We assume the energy—
momentum tensor TH, to be

Tﬂv :diag(*Puml,sz,sz% (16)

where P, Pmi, Pn2, and Py are the energy density and the

pressures of matter along x, y, and z directions. The non-

vanishing components of the field equations (10) are

f(T)=2T fr = 2K%pu, (17)
)=+ (Go+ s+ 5 )
—4§Tfrr = 2Kk%Pp1, (18)
-2 (Y

—2 (A zli) T frr = 2K Pmp. (19)

Equations (17)—(19) reduce to those of TEGR when f(T) =T
and reduce to the FRW model when A = B = R().
tions (17)—(19) tell us that we have six unknowns pp, Pni,
P2, f(T), A
ditions to make the system closed. This will be discussed in

Equa-
(¢), and B(t), therefore, we need three extra con-

the next section by using two different methods.

4. Solution using continuity equation

Using Egs. (17)—(19) in the continuity equation, TH*V;, =
0, we obtain
B A B
Pm+ Pml +2— Pm27

.+A
Pt | 7

S
= {4{3 +2 B}fTT+fT]

(BZA BB B BA? AB-AB

B’A B2 B’ AB  AB )ZO' (20)

The second bracket contains two unknown functions A(¢) and
B(t), therefore, we need an extra condition to solve it. Here
we will use two different procedures that have been used in
the literature. Other conditions may give interesting results,
which may be considered in future work.

4.1. First procedure assuming A(¢) = B(t)"

For a spatial homogeneous metric, the normal congruence
to homogeneous expansion implies that the expansion scalar 6

is proportional to the shear scalar ¢1>4-6?1
§e o, @1)
where
A B 1 3 1
=7 2— 2 = — HZ. _ - 2 ] 29
0 1 + 3 9 =3 (; i~ 3 0 22)

Using Eq. (22), we obtain the expansion scalar and the shear
scalar for the BI universe in the following forms

A B 1 (A B
0 1 + 3 (¢ \/§<A B)’ (23)
which lead to

A(t) =B(1)". (24)

By using the above condition, the anisotropy parameter of the
expansion is found to be

(m—1)*
A=2—F 25
(mr1)2 *)
Equation (25) shows that when m = 1, we obtain A(r) = B(r),

i.e., the isotropic case. The isotropic behavior of the expand-
ing universe is obtained for A =0, i.e., m = 1.

By using Eq. (24), the solution of the second bracket of
Eq. (20) for the unknown functions A(¢) and B(¢) has the form

(t=c3)\/2c4 m(t=c3)/2c
B([) = e V2mtl A(l‘) = e V2mtl , (26)

where c3 and c4 are another two constants of integration. Us-
ing Eq. (26) in Eq. (14), we obtain a constant torsion scalar.
Substituting Eq. (26) into the field equations (17)—-(19), we ob-
tain

P = Pnp = —pm = constant, 27

which is similar to the de Sitter solution. Equation (27) in-
forms us that this model possesses a dark energy since @ =
—1, where

0] P, P,
:ﬂ, wlzﬂ, and (x)z:iz. (28)
2 pm Pm
4.2. Second procedure assuming A(r) = ¢} e*"0’ /B2

Recall the definition of the mean Hubble parameter men-
tioned in Eq. (15)

1 /A _B v
H==-(—-4+2= === 29
3 (A + B) 3V’ 29

where V is the spatial volume of the universe
V=AB. (30)

Using the following volumetric expansion law: 6]

V = ¢ e3tot (31)
where c’l and Hj are two positive constants, we obtain
C/] e3H0t

B2

Ar) = (32)

050401-4



Chin. Phys. B Vol. 25, No. 5 (2016) 050401

Equation (32) reduces to the isotropic case when A(r) = B(z).
Using Eq. (32) in the second bracket of Eq. (20), we obtain

B(t) — e%([—clz)(:iH()-ﬂ-\/ 91‘134—66"1)7 (33)
where ¢}, is another constant of integration. Substituting
Eqg. (33) into Eq. (32), we obtain

Al =¢, o3Hot+3 (ch—1)(3Ho+/9HG +6¢]) (34)

Following the same steps of the first procedure, we obtain
o=-1. (35)

The density and the pressures of this model are also constants.

In the above two models, we have many problems: (i)
constant scalar torsion which is responsible for making the en-
ergy density and the pressure constant, (ii) violation of con-
servation in spite of using Eq. (20). So we will use another
method to try to overcome the above problems.

5. Solution with two fluids

Here, we will use two equations of state, i.e., two fluids,
and the relation between the scale factors given by Eq. (24) is
as follows:

Pn1 = @1 Pm, P2 = D Pm, (36)

where ®; and @, can take the values 0,1, or —1. For each
value of @;, @, can take the values —1 ,0,1, through that,
we can obtain different models. Here, we are interested in
the physical case in which @; = —1 and @, = 0. Substitut-
ing Eq. (36) into the field equations (17)—(19), we obtain three
differential equations in three unknowns [pn, , f(T) ,B(t)]

f(T)=2T fr = 2% pm,
B> B B
(=422 ) fr—4=T frr =0
(Bz+ B)fT gl =0,
22
B

f(T)=2(m+1) [ ((m+ 1)§2+B> fr +2§Tfrr] =0.37)

As f(T) in Bianchi type I spacetime is a function of time
f(T — 1), one easily can show that

fr=f/T, frr=(TFf-TF)/1° (38)

Substituting Eq. (38) into Eq. (37), then solving to f(T —
t), and after some manipulations, we obtain the solution of
Eq. (37) in the form

1 T
w0~ (i) .
. 2d@2m+1)
T(t)= (m+1)2(chr+c5)*
7 1 T
0= (Grmagra) “o

_d{(m—1) ( 1 >m+1
P Yt ) \ma vy - @Y

/1!

where ¢, ¢, ¢/, and ¢f are three constants of integration.

Substituting into Egs. (18) and (19), we obtain

2

f(m—1) ( 1 >V"+'
M) \min@Girdy) @

P2 = 0. (43)

Pml:*

Using the relation between scale factors A(f) and B(r), i.e.,
Eq. (22), we obtain

—m

1 m+1
(<m+1><ca'r+cg'>> | (9

So far, all the six unknowns are obtained.

Ar) =

To see if the above model is consistent with the observa-
tions, i.e., it has an acceleration, we calculate the deceleration
parameter and obtain

_ [A0Al) (B0)BI\'?
q__{ A2(r) ( B2(t) >] = vm @

Equation (45) informs us that the deceleration will depend on
the parameter m and this parameter is not allowed to take —1
and —1/2, i.e., m # —1 or —1/2, because these values make
the scale factors and the scalar torsion ill defined. Therefore,
to obtain an accelerated model with two fluids, the parameter
m can take any negative values except —1 or —1/2.

6. Results and discussion

In the present research, we have studied a spatially homo-
geneous and anisotropic BI universe. We use the continuity
equation and write it as a product of two brackets. We as-
sume the vanishing of the second bracket, which contains two
unknown functions A(z) and B(t). To solve this bracket, we as-
sume two different relations between these two unknown func-
tions. First, we use the relation A(¢) = B(¢)™, where m > 2,
and derive a solution for B(z) and consequently A(¢). Second,
we use the relation A(r) = ¢;’ e’ /B(t)? and repeat the same
procedure to obtain the two unknown functions A(f) and B(t).

The most important property of the derived solutions of
A(t) and B(t) is that the torsion scalar is a constant. The den-
sity and the pressures of these solutions are constants. We have
calculated some cosmological parameters, such as the decel-
eration parameter. We show that our model is accelerating and
its EoS parameter @ = — 1. This means that f(7') in both cases
can be regarded as a cosmological constant.[®?] The above cos-
mological parameters show that the scale factors (26), (33),
and (34) grow exponentially with time; however, the universe
constituents do not change with time. This does not allow the
universe to evolve. However, the universe shows an acceler-
ated expansion. Equation (27) and continuity (20) lead to the
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conclusion that the total density has a constant value, never-
theless, the universe is expanding! This leads directly to a
violation of the conservation principle of energy.

10

Hy, Hy

Fig. 1. (color online) Evolution of Hubble parameters H; = A(t) /A(t)
and H, = B(t)/B(t), wherem =2, ¢y = 1, and ¢§ = 0.

ot

Pm

t

Fig. 2. (color online) Evolution of the density py, in Eq. (39), where
m=2,¢/=1,cy=1,and ¢§ =0.

Another method has been considered using two differ-
ent equations of state and a relation between the scale factors
A(r) and B(t). This method enables us to derive the forms
of f(T), A(t), B(t), Pm> Pm1, and Ppp as in Egs. (39)-(44).
These forms depend on the cosmic time and have evolution as
shown in Figs. 1-3. One can notice that density is decreas-
ing with time and the pressure is increasing but with nega-
tive sign, which indicates the existence of pressure against
gravity causing accelerating expansion as shown in the re-
cent observations.[*7:63-%61 Equation (38) enables us to write
the time mathematically in terms of the torsion scalar, i.e.,

t=1+ 7V_T2E2':l:)1); then we re-express Eq. (40) in terms of
m
the torsion scalar as inverse power-law of T as
1 2/(1+m)
T)=c| ——m—m—— . 46
fT) < 2T(2m+1)> (40)

Note that we give f(7) in terms of the torsion scalar to explore
f(T) in its usual form. But all the calculations in this work
are performed using the time dependent form (38). Equa-
tion (46) reduces to the isotropic case when m = 1.13%1 For
the anisotropic case, f(T) can represent CDM when m > 2.
Bengochea et al.!?®! have investigated the observational infor-
mation for the model f(T) =T — a/(—T") by using the most
recent SN Ia+ BAO + CMBI%4-%] data and they found that the
values lie in the range n € [0.23,0.03]. When m = 3, the be-
havior of f(T) given by Eq. (46) will be generally coincident
with that of Ref. [29].

t

Fig. 3. (color online) Evolution of the pressure Py, in Eq. (42), where
m=2,¢]=1,c¢f =1,and ¢§ =0.

—10 -5 0 5 10

Fig. 4. (color online) Behavior of the deceleration parameter. It is im-
portant to note that the parameter m must not take the values —1 and
—1/2.
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