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As is known to all, the electron scattering in classical electromagnetic potential is one of the most widespread ap-
plications of quantum theory. Nevertheless, many discussions about electron scattering are based upon single-particle
Schrodinger equation or Dirac equation in quantum mechanics rather than the method of quantum field theory. In this
paper, by using the path integral approach of quantum field theory, we perturbatively evaluate the scattering amplitude up to
the second order for the electron scattering by the classical electromagnetic potential. The results we derive are convenient
to apply to all sorts of potential forms. Furthermore, by means of the obtained results, we give explicit calculations for the

one-dimensional electric potential.
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1. Introduction

The original concept of the path integral approach may
stem from the Wiener integral, which was proposed by Nor-
bert Wiener in order to study the stochastic process of Brown-
ian motion. In 1933, Dirac!!! extended Wiener’s idea to bring
in quantum mechanics for establishing the action principle and
its Lagrangian formalism.

The thorough and complete path integral approach was
developed by Richard Feynman!?! in 1948. In 1963, Feyn-
man expressed the gravitational interaction of two particles by
means of an interchange of a virtual graviton.’] The mathe-
matical technique of the path integral approach was first ap-
In 1967, Faddeev and
Popov!#! utilized the path integral approach to obtain the de-

plied to non-Abelian gauge fields.

tailed quantization rules which are observed to calculate the
contribution from arbitrary Feynman diagrams in the theory
of SU(2) gauge invariant fields. In 1971, with the help of the
path integral approach and dimensional regularization method,
HooftP! successfully demonstrated that massive Lagrangians
for non-Abelian gauge theories without anomalies are renor-
malizable. At present, the Higgs boson, ! which is the last
elementary particle with a mass near 125 GeV predicted by
the standard model of particle physics, had been discovered in
the ATLAS and CMS experiments at CERN’s Large Hadron
Collider on 4 July 2012, and all observational evidence points
to the fact that quantum field theory provides an accurate de-
scription of all known elementary particles. In retrospect, it is
clearly shown that the path integral approach is of great signif-
icance for the development of quantum field theory.
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On the other hand, since the first ruby laser was invented
in 1960 by Maiman at Hughes Laboratories, particularly with
the rapid development of chirped pulse amplification, laser
power has achieved tremendous growth. Nowadays, it has
been reported that the present world highest laser intensity is
the HERCULES laser produced by the University of Michi-
gan, whose focused laser intensity has achieved as high as
2 x 102 W/ecm?."% Consequently, a large number of theo-
retical and experimental phenomena which are involved in the
processes of the electron scattering in the strong laser field,
such as acceleration of electrons,!!"'2] Thomson backscatter-
ing of optical laser light off relativistic electrons,'>-11 and
nonlinear Compton scattering, |72 need to be discussed fur-
ther.

Therefore, seeing that many new operator methods have
witnessed a boom in quantum mechanics, such as the operator-

Hermite-polynomial method, *?!

as far as the application of
the method is concerned, we believe that it is crucial to treat
the classical problem of the electron scattering with the path
integral approach which plays a central role in quantum field
theory. The main merit of the path integral approach is that it
provides a comparatively convenient road to quantization and
to expression for correlation function, which is closely related
to amplitudes for electron scattering processes.

This paper is organized as follows. In Section 2, we in-
troduce the Grassmann algebra, generating functional and cor-
relation functions in the path integral approach of quantum
field theory. In Section 3, we apply the perturbation technique
to calculate the correlation function up to the second order.
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Based on Lehmann—Symanzik—Zimmermann (LSZ) reduction
formula, we derive a general result for the electron scattering
off the classical electromagnetic potential. In Section 4, we
shall present an explicit calculation that is the electron scat-
tering off the one-dimensional time-independent electric po-
tential to illustrate the use of the results presented in Section
3. In Section 5, we shall discuss a heuristic application of the
Gaussian barrier. Finally, in Section 6, we shall give a brief
summary.

2. Path integral treatment

The foundational component of path integral formalism is
the generating functional of correlation functions.>3 For the
spinor field, it reads

Zinn) = [ 297w expliSolvv]
+iSine[ W, W] + 1Ssource [V, W, 1, M }, (D

where Sp, Sint, and Ssource are free action, interactional action,
and source action, respectively, y and 1 are Grassmann fields
whose values are anticommuting numbers. For the purpose of
describing the interaction of spinor field and electromagnetic
field, we choose Sin [V, ¥] as

Sl = —¢ [ A@QIQPVE. @

To begin, we need to refer to the definition of the func-
tional derivatives, 8 /8m and 6/61, as follows. With respect
to a four-dimensional case, the functional derivatives obey the

conditions

6 5
and

O oy @

In addition, if n and 7] are Grassmann numbers, they satisfy

d _ d _ _
afm——ﬁnn——n- )

To evaluate the path integral Z[f}, ] more generally, we
must split up the exponential into the interaction and free term
including source. Meanwhile, to fix the problem, we can use
a trick that replaces the fields ¥ and y in the interaction part
by functional derivatives. It would be nice if we can pull the
interaction part out of the integral and perform the remaining
integral. Then, equation (1) becomes

o o
Z[ﬁan]:exp{lslnt|:+16nv_16ﬁ:| }Zo[ﬁan]a (6)

where Zy[1},m] is the generating functional of the free spinor
field

2l = [ 9wy e [ aatitia—my -+ nv v}

= zo[o,O}exp{ - / d*xd*yn (x)SF(x—ym(y)}- ©)

Notice that Zy[0,0] actually is the Gaussian integral and can
be performed precisely. So as to simplify the subsequent cal-
culations, we will drop it directly. Therefore, we redefine it
as

2l =ew{ - [axahA@S -0 ®

where Sg(x —y) is called the Feynman propagator for the
spinor field. In position space, it is written as

d4p l(ﬂ—i_m) —ip(x—y

On the basis of path integral formulism, the two-point
correlation function for the spinor field is given by

(T yu(x1) Pu(x2)|2)
_ S 29Ty y(x) W (x)exp{iS[y, y]}
T 2w 2 yexp{iS[y, y]}
(—i6/81(x1))(+i6/81(x2))Z[7,N]
Z[n,n] 7,1=0

where |Q) denotes the vacuum state of interacting theory, T

, (10

is called time-ordered product, which instructs us to place the
operators that follow in order with the latest to the left. The
subscript H means working in the Heisenberg picture.

Consider Eq. (10), in fact, the disconnected diagrams in
the numerator can be just canceled by the denominator, only
the connected diagrams can make contributions to the corre-
lation function. In other words, for the two-point correlation
function, we can simply sum all connected diagrams with two
external points. Now it reads

connected

. (11)

7,n=0

. ) _
xexp{lsint[+13n7_15ﬁ:| }Zo[nan]

3. Perturbative expansion for the generating
functional

To compute (Q|Ty(x1)¥(x2)|2), we would like to ex-
pand the generating functional Z[1}, 1] perturbatively with re-
spect to the powers of Sy,

b} b}
Z[n,n] = {1+iSint {_‘_i&q’_i&r_}]
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1 .8 .58 _
*ESim {+151‘[’151’[] +-~~}Zo[n,1ﬂ- (12)

The zero-order term in the expansion of Eq. (11) is given
by

connected

) ) _
571 () S ) 211
= 6 4x X— X
= Fh) {/d 7 (x)Sg( 2)]20[71 ul oo

= Sp(x1 —XQ). (13)

7,n=0

connected

It is nothing but the Feynman propagator.
For the first-order term, it reads

connected

connected

8 SPEP Yz

X 751’]()62 (14)

7,m=0
We replace the fields ¥ and y with functional derivatives.
Thus, equation (14) becomes

. 6 6
_lg/d4ZA[J(Z) 61 (x1) 61 (x2)
5 s e
) <+15Tl(z))yﬂ IE >> R
S o
— 71€/d ZA# (xl) on(x2)
connected

611( e >Z°m”” :

§ 8 & 8
= —1e/d ZAu(z yﬂgn(xl) on(x2) oM (z) 61 (2)

connected

xexp{ _/d4xd4yﬁ(x)Sp(x—y)n(y)}

7,n=0
= ie/d4ZA“(Z)SF(X1 —2)Sr(z—x2). (15)
For the second-order term, it becomes complicated. We
need to calculate the following quantity:

connected

L2 vz

50 o0\ 2

— __e /d4zd4wA”(Z)Av(W)

ﬁn:O
o 1)
67 (x1) 61 (x2)

connected

xY(2) Py (2)p(w)y’ w(w)Z[n,n] (16)

n,n=0

Repeat using the above trick, i.e., replace the fields ¥ and y
by functional derivatives. Thus, equation (16) becomes

_%ez [ dtzdtwau@anompy 87 (x1) 81 (x2)

connected

X J J 0 0 Zo[7,m]
on(z) 67(z) on(w) 87 (w) [ P

= —%ez/d4zd4wA“(z)Av(w)y“yv 51’]?)61) 5178()62)
S

X { —Sp(z—w)Se(w—2z) — Sp(z—2)SE(Ww —w)
165 [ d'y

X Sp(w—y)N(y) —Sr(z—w /d4xSp (x—=w)f(x)
x [ dhySelz=yn() +Se(—w) [ dty

X Sp(w—y)N(y)+Sp(w—w /d4xSF (x—2)7(x)

—Sg( z—z/d4xSFx w)f

—|—/d4xpr w) /dySpw y)
xn(y /deFx )N /dySFZ y)n )}
connected
<exp{ - [ aaatynsir-yn0) |
7_1,77:0
= —62/d4zd4wA”(z)Av(w)SF(x1 —w)
X YSp(w —2)Y" ' Se(z—x2). 17

By applying the generalized LSZ reduction formula?*!
for the spinor field, we establish the connection between the
two-point correlation function and the S matrix. Namely, we
have

VZ)*(p|S|k)
= [datner [atne ealp)(-i)(id,, —m)
X (T () P (62) [ Q) (—1) (—i 9y — m)u(k), (18)

where u is the spinor wave function of the electron, i is the
Dirac conjugation of u, and the quantity Z that appears in this
equation is a ¢ number, known as field-strength renormaliza-
tion factor. Since we only work up to the second-order term,
we set Z = 1.

To isolate the interaction part of the S matrix, we define
the T" matrix as

S=1+iT. (19)

It is easy to see that, for the identity matrix, it indubitably links
the zero-order term which is trivial.

The lowest non-trivial order contribution for 7' matrix is
the first-order term. Hence, combine the result of Eq. (15), the
only thing we need to do is to calculate the quantity

1e/d4x]e””‘1/d4x2e ‘k"z/d4zA

xa(p)(=1)(id,, — )SF(xl—z)
xy“SF(z—xz)(—i?(—i&Xz—m)u(k)
= —ie/d“xleil’xl /d4x2efikx2

050303-3



Chin. Phys. B  Vol. 25, No. 5 (2016) 050303

x [ d A @8 (51 — 2P 84— x)u(h)

— iea(p)u(k) / dze P Ha, () 20)
Substituting the above result into Eq. (18), we have
(p|iT|k)" = —iea(p)utAu(p—b), @D

where Ay (p — k) is the four-dimensional Fourier transform of
Ay (2),

Au(p—k) = / dzei P Ra, (). (22)

Continuing to consider the situation of the second-order
term, we obtain

/d4x elpxl/d4x2e 1kx2/d4zd4
x Ay (z)Av(w)a(p)(—i)(id,, —m )SF(Xl e
% S — 2)7"Se(z — 22) (—i) (—i Ty —m)u(k)
S / d*x eipm / dhxye ko / d*d4wA, (2)
X Ay (w)it(p)&* (x1 — w)Y*Se(w —2)y’ 8* (z — xa)u(k)
= 782/(14)6161[”‘1/d4xZe_ikx2Au(X2)

X Ay (x1)a(p) " Sp(x1 — x2) 7" u(k)
4
= ¢ [ P Auta =D
i(¢g+m)

YAy (p— q)u(k). (23)

q* —m?+ie
Substituting the result of Eq. (23) into Eq. (19), we have
(p|iT|k)"
— _p2 / d*q
J (2m)*

where Sg(g) is the Feynman propagator in momentum space,

i@(p)y*Au(g —k)Se(q) " Ay (p — q)u(k), (24)

it has the form

~ (g +m)
Se(q) = P —mi+ie (25)
Therefore, summing up the above, we finally have
(pliTlk) = (pliT|k) "+ (]iT k)
= —iei(p)y*u(k)Au(p — k)
& [ il -0
AT
< 1"Av(p — q)u(k). (26)

So far, we have derived the amplitude of electron scattering up
to the second order which is completely general, it can be used
to calculate electron scattering with arbitrary form of electro-
magnetic potential.

4. Explicit calculation for the one-dimensional
case

In this section, we have now shown that we utilize the
result obtained in Eq. (26) to apply to a simple case of one-
dimensional classical electric potential scattering. For the sake
of simplicity, we shall suppose that the electron travels along
the positive 23 axis, then let us set

= (k°,0,0,k%), pH
A = (40(2%),0,0,0), @7
(k)2 +m?, p® = \/(p*)*+m? & and p’
are the initial and final momentum of electron, respectively.

Meanwhile, we set k&3 > 0. Then, at the level of the first order,
the T-matrix element becomes

<p3‘iT|k3>(U

—iea(p)Pu(k) [ Pze A ()

u(F) [ a20e 0 [z e R (2)

= —iu'(pP)u (k3)(275)5(17 —K)
/dz3 -iz? )V(ZS).

In the last line, we define V (z3) = eAo(23).
To describe the electron scattering process completely,

= (p°,0,0,p%),

where k0 =

= —ieu

(28)

we have to integrate over the final momentum p> with the
Lorentz-invariant measure,

dp’ 1 5
27 25 P TR
dp? 1 W (p
21 2E(p?)
X /dz3e_iz3(p3_k3)V(z)

= —i

u(k) /dzo REID

— i [ 23 ) (0 — 1)

X / dz? e*iz3(”3*k3)V(z3).

In order to make our subsequent calculations easily, it
is convenient to write the normalization condition for spinor

u(p) as

(29)

u* (p)u’ (p) = 2EpETE" = 2E,8" (30)

and
w (—p)u’ (p) = 2ms*,

where &% is a two-component constant spinor and s is the

2mE*E" = (€2))

spinor index.
With the aim of performing the integration over p3, we

use the identity equation!>! as

%0

3

Then, equation (29) will be split into two separate parts.

§(p° k) = 5[8(P° —K) +8(p* +7)]. (32)
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Namely, for the reflection part of electron scattering, p* =
—k3, at the level of first order, we have

C[odpd K
20 — _j G 3)u1(p) (k3)k 5(p +k3)
/dz3 SRy ()
3 12z*1<3
2E k3 /d @)
_lf/dz3e‘22 2 V().

Analogously, for the transmission part, p3 = k3, we have

:—l

(33)

g0~ i [9P

u(k®) K° 3
= ) 2Ek3 /dv

—1— / 42V (2 (34)

At the level of second order, the T-matrix element has
. 2
<p3|1T|k3>( )
d%q ~
2 _ 3
= — Ao(g—k
& [ Gaeir" 1 Aola—k)

i 0 3 m B
L B P )

_/Lq3/ dzoe:*izoko/dwoelw /dz
/dW3 —iw? V(W3)

3
ig®( w0 i3 i(104° + p3q® +m)
[ S R

_ 3)
Xelzqk

Yu(k®)

= 8" k) [ a2V ()

X /dw3 efiw3”3V(w3)uT(p3)

Jorts

Here, to complete the integral over ¢°, we draw support from

'}’OP +Y3q +m) iq3(w3
)% +ie

D Pud).

(35)

the method of residue theorem and choose the contour satis-
fying the Feynman prescription to deal with it. Namely, when
w3 > 73 we can perform the ¢> integral by closing the contour
below the axis. When w® < 7> we close the contour above the
axis. Then, equation (35) becomes

: 2
<p3|1T’k3>( )
o /dz3 i3k V(Z3)/dWSefiw3p3V(W3)u%(p3)
xY(w*, 2% p°, p) (k) (36)

where the function Y(w?,2%; p°, p?) is defined as

Y(w, 2500, p?)

= 0w =) (0p° + | P |+ m) e P

P3|
T

+6(7 —w>‘ 3‘(}’0P0—7’3|P3|+m) eilP’ 1) (37)

Similarly, we have to implement the integral over p, again, by
using Eq. (32), for reflection, p? = —k3, at the level of second
order, we obtain

dp® 1 i°
@_ _ (% 1
% 27 2E(p3) k35(

X /dz3eiz3k3V(z3)/dw3e*iw3”3V(w3)uT(p3)
><Y(w3 2:0% ) Pu()

i k3 /dz3e‘Zk V(z /dw3e‘W Ly (' (—k3)
x Y(w?, 23 k0, —13)YPu (k)
- —&’f;/dfdwv(f)ww

o128 + 9(13 . W3)6i2k3z3].

PP+

oW —2%)
(38)

For transmission, p> = k3. At the level of second order,
we obtain that

dp> 1 &
21 2E(p3) k3

< a2V [awd eV ol ()
<YW, 25 0% p?) Y u(ie)

= _m/dz%iz‘k V(Z3)/dw3e’iw3"3V(w3)uT(k3)
< Y(w, 2k °) Pu(k)

-~ [ LAV 00 K

W3)m26i2k3(z3—w3)}.

9(2) - _ 5(p3_k3)

+6( (39)

S. Application in analyzing Gaussian barrier

As a kind of concrete application, we choose V(z*) as
the Gaussian barrier given that it has a bearing on the strong
laser field in optics, which is a radially symmetrical distribu-
tion whose potential variation is given by

V(@) =Ve * —eo< <t (40)
where V and o are constant real numbers, and V > 0, o¢ > 0.
Meanwhile, we assume that the magnitude of momentum of
incident electron satisfies the condition k3 < «, because ex-
perimentally the initial velocity of incident electron is typi-
cally small.

For convenience, much emphasis is placed on the trans-
mission part.
that equations (34) and (39) are able to give a clear physical
picture for scattering by the Gaussian barrier on condition that

Our calculations presented in Section 4 show

the approximation up to the second order is accurate enough.

050303-5



Chin. Phys. B  Vol. 25, No. 5 (2016) 050303

Straightforwardly, we have

0 0 1/2
) — _lkl/ dBe @) = k 14 () 1)
(04

2 w .
(:3) {(ko) / dwle @ W3)2/w d¥e @)
+m2/ T dwd e -0 iz

oo .
X / d3e=o@) e‘zk%ﬂ

w3

V2 02 T 2 ,ﬂ
() e
x/+w dw3e“(‘V3+iks)2/.+mdz3e“(z3i’i)z}

Y
p
c
|

Jw3

V2 T 232
= oy [ (5 +e

o [T gdeat [T 4 e
371%

—oo WA

—oo

I
|
—
E‘<
~— [’}
[\
—N
=
S
5
YR
NE
N—
+
3
[38)
(¢}
‘I\)
2|
s

X
|
—
m‘<
~— [’}
[\
—N
~
[
e
N
NE
N———
+
3
5]
(¢}
|2
2T
s

(@ 2@) e

Notice that in the second line from the bottom of Eq. (42), we
take an approximation that is
3
/W 42 e n 2K o —aw)? (43)
o

3
z,li

under the condition of &> < a.
Then, the total transmission amplitude including the triv-
ial part of the zero order is given as follows:

b3 V 0 2 ,M
~%a (k3) {(k) +m’e

1
V(a\2(,, V2Vm* 22
—1m<> (k—a e @ ). (44)

6. Summary

9:

In the previous five sections, by using path integral ap-
proach, we have calculated the first- and second-order con-
tributions of quantum field theory to the process of the elec-
tron scattering. Indeed, according to the general principle of

quantum field theory, we need to quantize the spinor field
and electromagnetic field simultaneously. However, to com-
pare our final results directly with those of the single-particle
Schrodinger equation or Dirac equation, we no longer quan-
tize the electromagnetic field. Instead, we treat the field as a
given, classical four-dimensional potential A, (x) throughout.

Usually, it is sufficient to solve most scattering problems
using single-particle theory. Yet, sometimes one needs to con-
sider more complicated situations which should use field the-
ory like scattering problems in the strong laser fields. There-
fore, the purpose of this paper is to show that the expression we
derive in Eq. (26) is able to give a map describing the phenom-
ena that contain kinds of scattering problems between quan-
tum field theory and quantum mechanics. Moreover, we note
that the path integral treatment of the one-dimensional elec-
tron scattering in classical electric potential may be related to
give a possible explanation of the Klein paradox.?¢-3?]
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