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Calculations of the quantum information entropy have been extended to a non-analytically solvable situation. Specif-
ically, we have investigated the information entropy for a one-dimensional system with a schematic “Landau” potential in a
numerical way. Particularly, it is found that the phase transitional behavior of the system can be well expressed by the evo-
lution of quantum information entropy. The calculated results also indicate that the position entropy Sy and the momentum
entropy S, at the critical point of phase transition may vary with the mass parameter M but their sum remains as a constant
independent of M for a given excited state. In addition, the entropy uncertainty relation is proven to be robust during the

whole process of the phase transition.
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1. Introduction

Recently, there has been a growing interest in deal-
ing with information theoretical measures for quantum-
mechanical systems. As an alternative to the Heisenberg un-
certainty relation, entropic uncertainty has been particularly
examined.'3] Among the measures of information entropy,
Shannon entropy !4l plays a very important role in the mea-
sure of uncertainty, which has been tested for various forms of
potentials. The entropic uncertainty relation, which is related
to the position and momentum spaces, was given by’

S¢+S,>D(1+In7), (1)

where D represents the spatial dimension. In the one-
dimensional system, the position-space (S;) and momentum-

space (S,) information entropies are defined, respectively, by
Se== | _lw@Pmly(oPax @
Sp== [ _lo(p)Pmio(m)Pdp. G

where y(x) is a normalized eigenfunction in spatial coordi-
nates and @ (p) is its normalized Fourier transform.

Apart from their intrinsic interest, the entropic uncer-
tainty relations have been used widely in atomic and molec-
ular physics.'%'4 For example, the Shannon information en-
tropies for a few molecular potentials have been analytically
obtained, i.e., the harmonic oscillator,[!'3! the Poschl-Teller
(PT),l'6!7] the Morse,!!®!8] the Coulomb,!'”! the potential

1 [20

isospectral to the PT potential,[?”! the classical orthogonal
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24-26] 1y addition, inves-

polynomials'?!'=231 and other studies.!
tigation of the quantum information entropies was also carried
for other analytically solved potentials such as the symmet-
rically and asymmetrically trigonometric Rosen-Morse, 27281
the PT-like potential,*®! a squared tangent potential,[*"! the
position-dependent mass Schrdinger equation with the null
potential,?!] the hyperbolic potential,3?! the infinite circu-
lar well®3! and the Fisher entropy for the position-dependent
mass Schrodinger equation,**331 due to their applications
in physics. Notably, the previous discussions related to
shannon entropy were mostly focusing on analytically solv-
able potentials, but not all the interesting quantum systems
Then

an efficient numerical method would be particularly impor-

have the corresponding analytically solvable modes.

tant. In this work, we will extend the calculations of shan-
non entropy to the one-dimensional system with a schematic
“Landau” potential,[*637] which may be formally derived in
the mean-field level from the vibron model for molecular

38391 and can be only solved in a numerical way.

structures!
Particularly, there exists a quantum phase transitional behav-
ior in the system as varying the control parameter in this type

of potential.36-37]

2. Schematic “Landau’ potential and its numer-
ical solution

One way of addressing quantum phase transitions!“?) is
to use the potential energy approach. A schematic “Lan-
dau” potential is often considered to indicate quantum phase
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transition, %371 which is written as

V() =5 €+ Bt -2 @
with M being the mass parameter and 3 € [0, 1] being the con-
trol parameter. One can prove that the minimum of V (x) with
B < 0.5 may locate at x = 0, while V(x) with B > 0.5 may
have two degenerated minimums at x # 0, which indicates
that quantum phase transition may occur at the critical point
B =0.5. More specifically, it can be derived that the minimum
of V(B), Vinin, and 0Viyin/9dx at the critical point f = 0.5 are
continuous, but 9%V, / dx2 is discontinuous, which confirms
that there indeed exists a second-order quantum phase transi-
tion occurring at the critical point B = 0.5. As we know, quan-
tum phase transition may be reflected not only by the poten-
tial surface evolution of the system but also by the low-lying
dynamics properties. It is thus expected that quantum phase
transition is also indicated by the information entropies. To
calculate the information entropy, one has to solve the eigen-
functions y(x) from the differential equation

Ay(x) = Ey(x), (5)
where the Hamiltonian is presently written as

2 42
A= M gt - 20)). ©)
It is clear that the differential equation (6) can be analytically
solved in the B = 0 case, in which the potential form regains
the harmonic oscillator one. The eigenfunction in the § =0

case can be analytically written as
Win(x) = Ny~ 29 H,, (ax), %

where Hy,(z) is the Hermite polynomial and the normalized
factor is given as

1/2
a M
Np=|—=—| »a=\/+- ®)
VT2mm! h
The corresponding eigenvalues are given as
1
E, = (er 2) h. 9

Although the differential Eq. (6) in the B > 0 cases cannot be
analytically solved, the numerical solutions can be achieved
in a systematic scheme as shown below. One can formally
expand the eigenfunctions of the n-th excited state v, (x) in
terms of the eigenfunctions of the harmonic oscillator given in
Eq. (7) as

t
va(x) = Y CrWn(x), (10)
m=0

where C}, are the expansion coefficients. Therefore, one has
to get the coefficients Cj, at first in order to obtain the eigen-
functions y,(x). For B = 0, the coefficient is just given as
C" = 8,,. For B > 0, one can diagonalize!*!! the Hamiltonian

(5) under the harmonic oscillator basis to get coefficients C},,.

The matrix element of the Hamiltonian under the harmonic
oscillator basis is defined as

AL = [ Wi AWz, (an

with i, j =0, 1, 2,...,#. The number ¢ should, in principle,
be taken as infinite since the dimension of the Hilbert space
for the infinite well V(x) given in Eq. (4) is infinite. However,
one can diagonalize the Hamiltonian with § € (0, 1] within a
finite subspace with sufficient large-¢ truncation to get the co-
efficients accurate enough for the low-lying states.[>”] Once
one obtains the coefficients C};, involved in the eigenfunction
W, (x), one can further get the following wave functions in mo-
mentum space using the Fourier transform

on(p) =Y ChFu(p), (12)
m=0

where F,,(p) is the Fourier transform of the harmonic oscilla-
tor eigenfunction W, (x). It is given as

Falp) = = [ Wl P

2
— N ’”e_zpasz<— p) : (13)
a
where
| 1/2
r_
Ny = [a 71?2’”m!} ' a4

Within the same numerical scheme, one can also calculate all
the other quantities in the position or momentum space.

To check the validity of this method, we calculate the
probability density distributions of the eigenfunctions in both
the position and momentum spaces, which are defined as

p(p)=19(p)|*. (15)

The calculated results for the ground state corresponding to

p(x) = |y(x)%,

n = 0 are shown in Fig. 1 for three typical § values. In cal-
culations, the mass parameter in the Hamiltonian (5) is set as
M = 50 since a relatively large M value may make the phase
transitional features more evident according to the analysis
given in Ref. [37]. It can be found from panel (a) of Fig. 1 that
the position probability density functions p(x) for three f3 val-
ues mainly distribute within the range of x € [—1, 1]. Specifi-
cally, p(x) in the B =0 and 8 = 0.5 cases may develop a peak
around x = 0 except for that the peak for f = 0.5 is wider but
lower than that for B = 0. In contrast, p(x) in the § = 1 case
may develop the double-peaks structure around x = £0.7. As
further seen from Fig. 1(b), the momentum probability density
function p(p) may converge within p € [—20,20]. Similar to
p(x), p(p) in B =0 and B = 0.5 cases also develop a single-
peak but around p = 0, while p(p) in B = 1 case presents an
evidently fluctuating behavior. In short, the different potential
structure may lead to the different probability density distribu-
tion in both position and momentum spaces.
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Fig. 1. (color online) Probability density distribution, p(x) (a) and p(p) (b), for the ground states with three typical 3 values.

3. Information entropy
3.1. Information entropy at the critical point

Once the probability density functions are obtained, the
position and momentum space information entropies for the
one-dimensional potential can be calculated by using Egs. (2)
and (3). Here, we will focus on discussing the situation at
the critical point § = 0.5, where the system is undergoing a
second-order quantum phase transition as mentioned above.
The position and momentum entropy densities can be defined
as

ps(x) = [w(x)PInly ()%, ps(p) =9 (p)Info(p)I>. (16)

To show the properties of the information entropy den-
sities, we plotted position and momentum entropy densities

2.0t

1.5¢

1.0t

p(z)

0.5t

0.0

-0.6 -0.3

ps(p)

ps(x) and ps(p) together with the probability density func-
tions p(x) and p(p) in Fig. 2 for the three lowest-lying states
corresponding to n = 0, 1, 2. As seen from Figs. 2(a) and
2(b), p(x) and p(p) are symmetric with respect to x = 0 or
p = 0 for all excited states and show a multi-peak structure:
single-peak for n = 0, double-peak for n = 1 and triple-peak
for n = 3. The resulting position information entropy density
ps(x) is also symmetric with respect to x = 0 for all excited
states and also presents a multi-peak structure for different n
number as seen in Fig. 2(c). In contrast, the momentum infor-
mation entropy density ps(p) may give an inverse multi-peak
structure for different n number as shown in Fig. 2(d). Be-
sides, the most part of the amplitude of ps(x) is positive for a
given n in contrast to ps(p), of which the whole amplitude of
ps(p) is negative.
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Fig. 2. (color online) Position and momentum probability densities ((a) and (b)) together with the corresponding information entropy
densities ((c) and (d)) at the critical point 8 = 0.5 for the low-lying states with n = 0, 1, 2. In calculations, the mass parameter has

been set as M = 50.
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By using the information entropy densities, one can cal-
culate the information entropies defined in Egs. (2) and (3),
which can be reexpressed as

so=- [ _pwax s,=— [ plpiap. a7

Generally speaking, quantum fluctuations in the system
around the critical point may be much larger than other situa-
tions, since the system undergoing quantum phase transition is
relatively unstable. It would be interesting to find out whether
the entropic uncertainty relation can be satisfied or not at the
critical point. In Table 1, we give the numerical results of in-
formation entropies Sy, S, and their sum S, + S, with different
nnumbers and M values. It is clearly seen from Table I that the
entropy uncertainty relation is satisfied very well in all cases.
Particularly, the values of S, might be negative in some cases,
but the sum of S, and §), for a given n may remain as an M-
independent constant, of which the value always stays above
the stipulated lower bound of the value (1+In7).

Table 1. Positive and momentum entropies at the critical point for the
low-lying states n = 0, 1, 2 with different mass M.

M Sx Sp Sx+Sp,  1+nm
5 0.4874  1.6648 2.1522  2.1447
20 0.0253  2.1269 2.1522 2.1447
50 —0.2801 24323 2.1522 2.1447
1 5 0.6234  1.9968 2.6202 2.1447
20  0.1613 24589 2.6202 2.1447
50 —0.1441 27643 2.6202 2.1447
2 5 0.7192  2.1548 2.8740 2.1447
20 02570 2.6170 2.8740 2.1447
50 —0.0484 29224 28740 2.1447

3.2. Information entropy evolution via quantum phase

transition

To test the transitional behavior of the information en-
tropy within 8 € [0, 1], the calculated results of S, and S, for
n =0, 1 are shown in Fig. 3 as a function of the control pa-
rameter 3. As seen from Fig. 3(a), the position information en-
tropies S, show a non-monotonically evolution for both n =0
and n = | as changing of 3. Specifically, S, may rapidly in-
crease from negative values to positive values and then drop
to negative values again with the variation of §. In contrast,
the momentum information entropy S, decreases at first and
then grows up as the changing of 3. More importantly, the
results indicate that there is a sharp change in both Sy and S,
around the critical point 8. = 0.5, which in turn indicates that
the absolute value of the derivative dS,/dp or dS,/df may
reach its maximum around the critical point .. One can thus
derive that the system is undergoing a phase transition around
the critical point B.. It should be noted that the turn points of
Sy and S, appearing after the critical point . shown in Fig. 3

may rapidly approach the line denoted by f. as increasing of
M, which indicate that the turn points will coincide with the
line in the large-M limit.

To further check the entropy uncertainty relation in the
whole transitional region with § € [0, 1], the results of Sy +
Sp are shown in Fig. 4 as a function of the control pa-
rameter 8. It can be seen from Fig. 4 that S, + S, may
approximately remain unchanged up to the critical point
B = B. = 0.5 especially for the n = 0 case, in which the
value almost sustains to be equivalent to 1+Inz before ff =
Bc. When beyond B = B, the results of Sy + S, in the
two cases denoted by n = 0 and n = 1 may rapidly con-
verge to almost the same constant value as shown in Fig. 4.

0.0 0.2 0.4 0.6 0.8 1.0
B

Fig. 3. (color online) The evolutions of position and momentum infor-

mation entropies, Sy (a) and S, (b) for n =0, 1 as a function of the

control parameter 3, where the mass parameter is set as M = 50.
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Fig. 4. (color online) The same as those in Fig. 3 but for the sum Sy +5,,.
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Anyway, the results in Fig. 4 indicate that the entropic uncer-
tainty relation would be well satisfied during the whole process
of quantum phase transition.

4. Conclusion

In this paper, we have studied information entropy for a
non-analytically solvable potential by adopting the diagonal-
ization scheme. Concretely, we have investigated the proper-
ties of the position and momentum quantum information en-
tropies of the one-dimensional system with a schematic “Lan-
dau” potential, in which the variation of the control parameter
B may lead to a second-order quantum phase transition. It
was found that the entropy density functions ps(x) and ps(p)
at the critical point §, may generally give multi-peak distribu-
tions that are symmetric with respect to x = 0 or p = 0. It was
also found that the results of the position and momentum in-
formation entropies S, and S, may change with the variations
of the mass parameter M or the quantum number n but their
sum Sy + S, for a given n number remains as a constant in-
dependent of the mass parameter M. The further calculations
show that there would be a rapidly non-monotonic change in
both S, and S, around the critical point 3., which justifies that
the quantum phase transition can indeed be characterized by
the evolution of the quantum information entropies. Finally,
the results indicate that the entropic uncertainty relation given
in Eq. (1) is very robust for the one-dimensional system dur-
ing the whole process of quantum phase transition. Overall,
the present numerical method seems quite valid to discuss the
information entropy in this type of potential.

References

[1] Yafinez R J, van Assche W and Dehesa J S 1994 Phys. Rev. A 50 3065
[2] van Assche W, Yéiinez R J and DehesaJ S 1995 J. Math. Phys. 36 4106

[3] Aptekarev A L, Dehesa J S and Yafinez R J 1994 J. Math. Phys. 35
4423

[4] Sloane N J A and Wyner A D 1993 Shannon C E Collected Papers
(New York: IEEE Press)

[51 Everett H 1973 The Many World Interpretation of Quantum Mechan-
nics

[6] Hirschmann Jr 111957 Am. J. Math. 79 152

(23]

[24]
[25]
[26]
[27]
[28]
[29]
[30]

[31]

(32]
(33]
[34]
[35]

[36]
[37]
[38]

[39]
[40]

[41]

050302-5

Beckner W 1975 Ann. Math. 102 159

Bialynicki-Birula I and Mycielski J 1975 Comm. Math. Phys. 44 129
Bialynicki-Birula I and Rudnicki 2010 arXiv: 1001.4668 [quant-ph]
Orlowski A 1997 Phys. Rev. A 56 2545

Atre R, Kumar A, Kumar C N and Panigrahi P 2004 Phys. Rev. A 69
052107

Romera E and de los Santos F 2007 Phys. Rev. Lett. 99 263601
Galindo A and Pascual P 1978 Quantum Mechanics (Berlin: Springer)

Angulo J C, Antolin J, Zarzo A and Cuchi J C 1999 Eur. Phys. J. D7
479

Majernik V and Opatrny T 1996 J. Phys. A 29 2187

Dehesa J S, Martinez-Finkelshtein A and Sorokin V N 2006 Mol. Phys.
104 613.

Coffey M W 2007 Can. J. Phys. 85 733
Aydiner E, Orta C and Sever R 2008 Int. J. Mod. Phys. B 22 231

Dehesa J S, van Assche W and Yéfinez R J 1997 Methods Appl. Math.
491

Kumar A 2005 Ind J. Pure. Appl. Phys. 43 958

Dehesa J S, Yafinez R J, Aptekarev A I and Buyarov V 1998 J. Math.
Phys. 39 3050

Buyarov V S, Dehesa J S and Martinez-Finkelshtein A 1999 J. Approx.
Theory 99 153

Buyarov V S, Lopez-Artés P, Martinez-Finkelshtein A and van Assche
W 2000 J. Phys. A 33 6549

Katriel J and Sen K D 2010 J. Comp. Appl. Math. 233 1399

Patil S H and Sen K D 2007 Int. J. Quant. Chem. 107 1864

Sen K D 2005 J. Chem. Phys. 123 074110

Sun G H and Dong S H 2013 Phys. Scr. 87 045003

Sun G H, Dong S H and Naad S 2013 Ann. Phys. 525 934

Sun G H, Avila Aoki M and Dong S H 2013 Chin. Phys. B 22 050302

Dong S, Sun G H, Dong S H and Draayer J P 2014 Phys. Lett. A 378
124

Yainez R-Navarro G, Sun G H, Dytrich T, Launey K D, Dong S H and
Jerry J P 2014 Ann. Phys. 348 153

Valencia-Torres R, Sun G H and Dong S H 2015 Phys. Scr. 90 035205
Song X D, Sun G H and Dong S H 2015 Phys. Lett. A 379 1402
Falaye B J, Serrano F A and Dong S H 2016 Phys. Lett. A 380 267

Sun G H, Dusan P, Oscar C N and Dong S H 2015 Chin. Phys. B 24
100303

Tachello F and Zamfir N V 2004 Phys. Rev. Lett. 92 212501
Turner P S and Rowe D J 2005 Nucl. Phys. A 756 333

Tachello F and Levine R D 1995 Algebraic Theory of Molecules (Ox-
ford, UK: Oxford University)

Zhang Y, Pan F, Liu Y X and Draayer J P 2010 J. Phys. B 43 225101
Zhao H X, Zhao H, Chen Y G and Yan Y H 2015 Acta Phys. Sin. 64
107101 (in Chinese)

Diao X F, Long C Y, Kong B and Long Z W 2015 Chin. Phys. Lett. 32
040301


http://dx.doi.org/10.1103/PhysRevA.50.3065
http://dx.doi.org/10.1063/1.530949
http://dx.doi.org/10.1063/1.530861
http://dx.doi.org/10.1063/1.530861
http://dx.doi.org/10.2307/2372390
http://dx.doi.org/10.2307/1970980
http://dx.doi.org/10.1007/BF01608825
http://dx.doi.org/10.1103/PhysRevA.56.2545
http://dx.doi.org/10.1103/PhysRevA.69.052107
http://dx.doi.org/10.1103/PhysRevA.69.052107
http://dx.doi.org/10.1103/PhysRevLett.99.263601
http://dx.doi.org/10.1007/s100530050375
http://dx.doi.org/10.1007/s100530050375
http://dx.doi.org/10.1088/0305-4470/29/9/029
http://dx.doi.org/10.1080/00268970500493243
http://dx.doi.org/10.1080/00268970500493243
http://dx.doi.org/10.1139/P07-062
http://dx.doi.org/10.1142/S021797920803848X
http://dx.doi.org/10.4310/MAA.1997.v4.n1.a7
http://dx.doi.org/10.4310/MAA.1997.v4.n1.a7
http://dx.doi.org/10.1063/1.532238
http://dx.doi.org/10.1063/1.532238
http://dx.doi.org/10.1006/jath.1998.3315
http://dx.doi.org/10.1006/jath.1998.3315
http://dx.doi.org/10.1088/0305-4470/33/37/307
http://dx.doi.org/10.1016/j.cam.2008.04.039
http://dx.doi.org/10.1002/(ISSN)1097-461X
http://dx.doi.org/10.1063/1.2008212
http://dx.doi.org/10.1088/0031-8949/87/04/045003
http://dx.doi.org/10.1002/andp.v525.12
http://dx.doi.org/10.1088/1674-1056/22/5/050302
http://dx.doi.org/10.1016/j.physleta.2013.11.020
http://dx.doi.org/10.1016/j.physleta.2013.11.020
http://dx.doi.org/10.1016/j.aop.2014.05.018
http://dx.doi.org/10.1088/0031-8949/90/3/035205
http://dx.doi.org/10.1016/j.physleta.2015.03.020
http://dx.doi.org/10.1016/j.physleta.2015.09.029
http://dx.doi.org/10.1088/1674-1056/24/10/100303
http://dx.doi.org/10.1088/1674-1056/24/10/100303
http://dx.doi.org/10.1103/PhysRevLett.92.212501
http://dx.doi.org/10.1016/j.nuclphysa.2005.04.003
http://dx.doi.org/10.1088/0953-4075/43/22/225101
http://dx.doi.org/10.7498/aps.64.107101
http://dx.doi.org/10.7498/aps.64.107101
http://dx.doi.org/10.1088/0256-307X/32/4/040301
http://dx.doi.org/10.1088/0256-307X/32/4/040301

	1. Introduction
	2. Schematic ``Landau" potential and its numerical solution
	3. Information entropy
	3.1. Information entropy at the critical point
	3.2. Information entropy evolution via quantum phase transition

	4. Conclusion
	References

