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Multi-mode cavities have now attracted much attention both experimentally and theoretically. In this paper, inspired
by recent experiments of cavity-assisted Raman transitions, we realize a two-axis spin Hamiltonian H = q(Jf + )(J)z,) + wpJ;
in two cavities. This realized Hamiltonian has a distinct property that all parameters can be tuned independently. For proper
parameters, the well-studied one- and two-axis twisting Hamiltonians are recovered, and the scaling of N~! of the maximal
squeezing factor can occur naturally. On the other hand, in the two-axis twisting Hamiltonian, spin squeezing is usually
reduced when increasing the atomic resonant frequency @y. Surprisingly, we find that by combining with the dimensionless
parameter (> —1), this atomic resonant frequency @y can enhance spin squeezing greatly. These results are beneficial for

achieving the required spin squeezing in experiments.
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1. Introduction

Squeezed spin states, which were first introduced by Kita-
gawa and Ueda,!! are quantum correlated states with reduced
fluctuations in one of the collective spin components.!>3]
Such states have attracted considerable interest because they
not only play significant roles in investigating many-body
entanglement, [*>! but also have important applications in atom
interferometers and high-precision atom clocks.!%”! In gen-
eral, there are two methods to produce spin squeezing. One is
based on a one-axis twisting Hamiltonian Hoar = qu, where
q is the nonlinear spin—spin interaction strength and J, is the
collective spin operator in the x direction. When the initial
state is prepared as |J, = —j) for ¢ > 0 (|J; = j) for g < 0),
the maximal squeezing factor for this one-axis twisting Hamil-

2/3 1] where N is the total atomic num-

tonian scales as N~
ber and J = N/2. In contrast, for the other two-axis twist-
ing Hamiltonian Hrar = ¢(J; —J;), the maximal squeezing
factor scales as N~! with the same initial state.!!! Since the
scaling of N~! approaches the Heisenberg limit, implementing
the two-axis twisting Hamiltonian in current experimental se-

8-151 A possible scheme

tups is very important and necessary.!
is to transform the one-axis twisting Hamiltonian into the
two-axis twisting Hamiltonian by applying pulse sequences
or continuous driving in the two-component Bose—Einstein

condensates.['%1%1 However, the experimental achievement of
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such two-axis twisting Hamiltonian is still challenging.

The ultrahigh-finesse cavities interacting with two-level
particles (such as atoms, nitrogen vacancy centers, supercon-
ducting qubits, etc) are also powerful platforms to produce
effective spin squeezing, since the photon of cavity mode
can induce nonlinear spin—spin interaction and thus generate
the required one-axis twisting Hamiltonian.[?*-3°1 Recently,
multi-mode cavities'3!! have attracted much attention both

32-37

experimentally and theoretically. ! 1 On one hand, these

setups can be used to explore novel physics, such as the

38391 the crystal-

spin-orbit-induced anomalous Hall effect, !
lization and frustration,*>*!1 the spin glass,*>**) and the
gapless Nambu—Goldstone-type mode without rotating-wave
approximation. %l Moreover, two-mode field squeezing!*”)
and unconditional preparation of a two-mode squeezed state
of effective bosonic modes!*®! have also been achieved by in-
troducing two cavities.

In this paper, inspired by recent experiments of cavity-
assisted Raman transitions, **% we mainly realize a gener-
alized two-axis spin Hamiltonian H = q(J? + xJ;) + aoJ-,
where ) is an anisotropic parameter and @y is an effective
atomic resonant frequency, when an ensemble of ultracold six-
level atoms interacts with two quantized cavity fields and two
pairs of Raman lasers. The Hamiltonian achieved has a dis-
tinct property that the interaction strength ¢, the anisotropic
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parameter ¥, and the effective atomic resonant frequency @y
can be tuned independently. For reasonable parameters, the
well-studied one- and two-axis twisting Hamiltonians are re-
covered. Numerical results reveal that for the standard two-
axis twisting Hamiltonian (¥ = —1 and wy = 0), the cor-
responding maximal squeezing factor scales as N~!, as ex-
pected. On the other hand, in the two-axis twisting Hamilto-
nian HraT, spin squeezing is usually reduced when increas-
ing the effective atomic resonant frequency @gSurprisingly,
we find that by combining with the anisotropic parameter y
(>

hance spin squeezing greatly. These results are of benefit for

—1), this effective atomic resonant frequency @y can en-

achieving the required spin squeezing in experiments.

2. Two-axis spin Hamiltonian with independently-

tunable parameters

Figure 1(a) shows our proposal, in which an ensemble
of ultracold six-level atoms interacts with two quantized cav-
ity fields and two pairs of Raman lasers. These six levels
consist of two stable ground states (|0) and |1)) and four ex-
cited states (|r1), |r1), |s1), and |s2)) (see Fig. 1(b)). For
87Rb atom, the detailed levels can be chosen as |0) — 58S, 2
|F=1,mp=0),|1) — 5812 |F=2,mp=0), |r)— 5P1)2
‘F =1,mp= 0>, |S1> — 5P3/2 ‘F =1,mp= 0>, |r2> — 5P1/2
|F =1,mp = —1), and [s2) — 5P3), |F = 1,mp = —1). Two
independent photon modes, whose creation and annihilation
operators are a' (b") and a (b), mediate the |0) <— |s;) and
[1) <— |r1) (|0) «— |s2) and |1) <— |ry)) transitions (red
and blue solid lines) with atom—photon coupling strengths g,
(8s,) and g, (gr,), respectively. Whereas two pairs of Raman
lasers govern the other transitions {|0) «— |r;), |[1) <> |s1)}
and {|0) «— |r2), |1) <— |s2)} (red and blue dashed lines)
with Rabi frequencies {€,, 2 } and {Q,2, Q,,}, respec-
tively. A, , and Ay, , are the detunings from the excited states.

The total Hamiltonian illustrated in Fig. 1 can be written,
under the rotating wave approximation, as

Ht = Hc + Ha + Hi, (D
where
He = @ya'a+ onb'b, )
N
Hp = Z {o, 1) (rilj 4 @, [r2) (12l ; + @, [51) (511
j=1

+@s, [52); (s2]; + 001 [1); (1]
N

2
+Qu 52) (1] €710
+8, 1) (0] e (On = on)

+Qr2 ‘r2>j <0|j efi(w()rztfﬁarz) +HC] },

[Qsl ‘S1>j <1|] eii(wlﬁt*(ﬂvl)

3)

N

Hy = Z [gsl |s1>j <O|ja+gr1 |r1>j<]|ja
=1

+85,152); 00+ g, |r2); (1] ;6+He.]. (4)

In the Hamiltonians (2)-(4), @y, ,, 0, ,, and @; are the atomic
frequencies, @iy, , (@, ,) and @y, , (@r,) are the frequencies
(phases) of Raman lasers, respectively, and H.c. denotes the
Hermitian conjugate.

magnetic field B

Raman lasers

Ch

™

Raman lasers

Fig. 1. (color online) (a) Proposed experimentally-feasible setup that
an ensemble of ultracold six-level atoms interacts with two quantized
cavity fields and two pairs of Raman lasers. A couple of orthogonally
placed cavities C, and C, are arranged in a specific plane, and a guided
magnetic field B is applied along one of the two cavities (see, for ex-
ample, C,) to fix a quantized axis and split the Zeeman sublevels of
the atomic ensemble. Both the cavity modes and Raman lasers prop-
agated in C, (Gp) are assumed to be right-handed circularly polarized
(linearly polarized along the guided magnetic field B). (b) Energy-
level structure and their transitions induced by two photon modes and
two pairs of Raman lasers. For 87Rb atom, the detailed levels can be
chosen as |0) = 5 |[F = 1,mp =0), |1) = 58, |F =2,mp =0),
|r1> — 5P1/2 ‘F =1,mp :0>, ‘S[) — 5P3/2 ‘F =1,mp :0>, |r2> —
5P1/2 |F =1,mr = 71>, and |Sz> — 5P3/2 ‘F: 1,mp = 71). In such
an arrangement, the transitions labeled by the red lines (blue lines) are
thus 7 transitions (o~ transitions).

By means of the Hamiltonian (1), we first realize a two-
mode Dicke model with independently-tunable parameters. In
the interaction picture with respect to the free Hamiltonian

Hy = @ya'a+onb'b

N
+ Z (o, Is1); (s1l; 4 @, (1) (r1;
j=1

+(T)s/2|S2>j<52|j+07:2|r2>j<’2|j+a)vl‘1>j<l|j)a
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where @, = &)‘5/1 = (wOrl + wlﬂ)/z’ a, = 55; = (wsz +
60132)/2, 0 = (wDrl - wlSl)/z = (0)()r2 - (1)152)/2, (T)r/l =+
@,, and @,, = O + ®,, the Hamiltonian (1) can be rewritten
as (see Appendix A)

H = wpa'a+ ogb’b+ ayJ.

+ (@ +a) + Mady (b + D). (5)
Here J, = (J4 +J-)/2 and J, = —i(Jy —J_)/2, with
J+= VI ao = xiV0), (), and g, =

(|1> (1]; —10); <0| :)/2, are the collective spin opera-
tors, and WA = Ay + 5 (Ngr1 /A, 1+Ngsl /AM), = Ap +
3 (NgZ /A, +Ng% / ASZ) are the effective cavity frequen-
cies, = Ay + § (22 /Ay, + Q2 /A, — Q2 /Ay — Q2 /Ay,)
is the effective resonant atomic frequency, A1 = £, g, /A5, =
Q. 8, /Ay and Ay = Q 85, /Ay, = 21,8, /A, are the ef-
fective atom photon coupling strengths, with A, = @, — @,
Ay = 0y — Oy, Ay = @ — @, Ay, = O, — O, and
A} = 0] — ®;. We show that the Hamiltonian (5) is our re-
alized two-mode Dicke model, based on recent experiments
of cavity-assisted Raman transitions.[*>>"1 In contrast to the
convectional two-mode Dicke model achieved in the two-level
atoms, the Hamiltonian (5) has a distinct property that all pa-
rameters can be tuned independently. For example, wa and
wp as we mentioned depend on the detunings A, and Ay,
respectively. Thus, they can range from the positive to the
negative. The choice of the different cavity frequencies wa
and wg help us to create a tunable two-axis spin Hamiltonian,
see below. The effective atomic resonant frequency wy can
also be controlled by the detuning A;. In addition, the effec-
tive atom—photon coupling strengths A; and A, can be driven
by the Rabi frequencies of Raman lasers, respectively.
We now introduce two new unitary transformations, U; =
exp [Gle(a? —a)} and U = exp [szy(bj' —b)] with G| =
A1/ wa and G, = A,/ g, to rewrite the Hamiltonian (5) as

H = U,U,HU U}
= oa(d" — G1Jy)(a—GiJy) + o (b" — GaJy) (b — Gady)
+ o {[J; cosh[Gy(b" — b)] + iJ, smh[Gz(bT b)]|
x cosh[Gi(a' —a)] — iJ,sinh[Gy(b" — b)]}
+ A1 {Jxcosh[G, (b" — b)] — i/, sinh[G, (b" — b)]}
x {a" +a—2G[J.cosh[Gy(b" —b)]
—iJysinh[G) (@' —a)]} + A2 {Jy cosh[Gy (a' — a)]
+1[J; cosh[Ga (b — b)] + iJ,sinh[G, (bT — b)]]
x sinh[Gy(a" —a)]} (b" +b—2GaJy).

In the dispersive regime ({|wa|,|ws|} > {A1,42}), we can
expand the Hamiltonian H with respect to G| and G» (up to
second order). In addition, in such limit, the cavity modes
only support the excitation of virtual photons (<aTa> — 0 and

(b'b)y — 0),129%7 e, all terms with respect to the photons
are eliminated. As a consequence, the Hamiltonian H turns

into
= q(J7 + xJ3) + o)., (©)
where
A
=L 7
q o @)
2
0)
- A}g . 8)
WBA;

In the Hamiltonian (6), the parameter ¢ determines the non-
linear spin—spin interaction J2 induced by the virtual photon,
and the anisotropic parameter y reflects the ratio between the
different nonlinear spin—spin interactions J2 and J}z,. Due to
existence of these nonlinear spin—spin interactions with the
anisotropic parameter ) and the effective atomic resonant fre-
quency @y, here we call the Hamiltonian (6) a generalized
two-axis spin Hamiltonian. In addition, It shows clearly that
all the parameters, including the interaction strength ¢, the
anisotropic parameter y, and the effective atomic resonant fre-
quency @y, can also be tuned independently in experiments.
For different parameters, the generalized two-axis spin
Hamiltonian (6) can reduce to some well-studied Hamilto-
nians. For example, when ) > 0, the Hamiltonian (6) be-
comes a standard Lipkin—-Meshkov—Glick model.>-38] When
oy = 0, the Hamiltonian (6) reduces to a generalized two-
If further
setting ¥ = —1, a standard two-axis twisting Hamiltonian
Hrar = q(J} —J3) is derived. Finally, when y = 0, the Hamil-
tonian (6) turns into a generalized one-axis twisting Hamilto-
nian Hgoar = ¢J2 + ooJ,,1>*7%3! which reduces to the standard
one-axis twisting Hamiltonian Hoat = qu for @y = 0. These

axis twisting Hamiltonian Hgrar = q(J? + x]f).

results imply that the Hamiltonian (6) has an important appli-
cation in achieving the required spin squeezing.

Notice that when wa < 0, the effective spin—spin interac-
tion strength ¢ > 0. Thus, we can use the initial state |J, = — j)
to discuss spin squeezing of the generalized two-axis spin
Hamiltonian (6). This initial state |J, = —j) can be easily pre-
pared in experiments.

3. Spin squeezing factor

In order to investigate spin squeezing, it is very necessary
to consider the following time-dependent squeezing factor:!!!

&)=

refers

4 m1n [AJ2 0], )

where n to an axis, which is perpendicu-

lar to the mean-spin direction ng = J/|J| with |[J| =
\/ ()2 4+ () + (1)%, and AA% = (A%) — (A)? is the standard
deviation. If [E2(r)| < 1, the spin state is squeezed, and vice

versa. It should be noticed that here we do not use another
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spin squeezing factor &2 () proposed by Wineland et al.! in
the study of Ramsey spectroscopy, which is substantially con-
nected to the phase sensitivity in experiments. In fact, él% (t)is
related to &2 (1) via &Z(¢) = (N/2|J[)2E3(¢).

In the spherical coordinates, mny = (sinfcose,
sin@sin@, cosf), = arccos({J;) /|J|), and
@ = arccos((Jy) /|[J|sin@) for (Jy) > 0 or @ = 2w —
arccos ((Jy) /|J|sin@) for (Jy) < 0.  Two orthogonal
bases are given by n; = (—sin@,cos@,0) and n, =
(—cosBcos@,cosOsin@,—sin@). Thus, Jp,, = J -n2,
Jn, =Jn, cos®+Jp, sin@, and min(AJ2 | ) could be achieved,
when ¢ varies from 0 to 27 in the plane that is perpendicular
It should be noticed that in
experiments, the maximal squeezing factor

where O

to the mean-spin direction ny.

&ni = min [£5(7)] (10)

is usually measured. >3 Thus, in the following discussion, we
mainly focus on this physical quantity.

Before proceeding, we check the validity of the Hamilto-
—Jj). For the
generalized two-axis spin Hamiltonian, it is very hard to obtain

nian (6), when the initial state is chosen as |J, =

the analytical result of the spin squeezing factor 552 (t).21 In
Fig. 2, we plot the corresponding spin squeezing factors 'g'sz (1)
of the Hamiltonians (5) and (6). It can be seen clearly that
the results of the Hamiltonian (6) are almost identical to those
of the Hamiltonian (5). Therefore, we will apply the Hamil-
tonian (6) to discuss the experimentally measurable maximal
squeezing factor 61%4 in the rest of this paper.

&(t)

&(t)

UJot

Fig. 2. (color online) Numerical plot of the time-dependent spin squeezing factors ‘532 (¢) of both the Hamiltonians (5) and (6), with the

same initial states |J; = —j). In panels (a) and (b), wa /@y = 200, g /wy = £200 [“+” for (a) and “—

and N =

4. Maximal squeezing factor

We first address a simple case without the effective atomic
resonant frequency (wp = 0), in which the generalized two-
axis spin Hamiltonian (6) reduces to the generalized two-
axis twisting Hamiltonian Hgrar = q(J? + xJ}z) In Fig. 3,
we numerically plot the maximal squeezing factor ‘51\2/[ of the
Hamiltonian Hgrar as a function of the atomic number N
for the different anisotropic parameters ), when the initial
state is chosen as |J, = —j). This figure shows clearly that
when )y = 0, the generalized two-axis twisting Hamiltonian
Hgrar becomes the standard one-axis twisting Hamiltonian
Hoar = ¢Jz,
N—2/311 When increasing the anisotropic parameter y, the

whose maximal squeezing factor éf,[ scales as

maximal squeezing factor £2 decreases, i.e., spin squeezin
M

for (b)), A1/wp =2, Ay /ap =1,

15. In panels (c) and (d), wa /@y = 200, wg /Wy = +200 [“+” for (¢) and “— for (d)], A1 /oy = 1, Ay /@y =2, and N = 20.

is enhanced. In particular, when ¥ = —1, the Hamiltonian
Hgrar turns into the standard two-axis twisting Hamiltonian
Hrar = q(Jf — Jyz), whose maximal squeezing factor 51\24 scales
as N~1,lIl as expected. In addition, the maximal squeezing
factor él\z,l as a function of the anisotropic parameter J is also
plotted in the insert part of Fig. 3. This figure shows that
x = —1 is an optimal point to achieve the maximal squeez-
ing factor él\zd of the generalized two-axis twisting Hamiltonian
Hgrar-

In the real experiments, the effective atomic resonant fre-
quency @y always exists. In Fig. 4, we numerically plot
the maximal squeezing factor éf,[ of the Hamiltonian H =
q(J?— Jyz) + wypJ; as a function of the effective atomic resonant

frequency @y, when the the initial state is chosen as |J, = —j).
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It can be seen from this figure that with the increasing of the
effective atomic resonant frequency @y in the standard two-
axis twisting Hamiltonian Htar, the maximal squeezing factor
&1\2,[ increases, i.e., spin squeezing is reduced.

100
0.04
0.03
R
N=2/3 o002
45 10-1 0 \\\: B 75 10 05 0
O
~ o~ o oo
—a—X=0 0. O~
—o—-x=-0.1 \v;\v O~
x=-0.5 L%
—g—x=—1.0 N
102 1 1
10 40 70 100
N

Fig. 3. (color online) Numerical plot of the maximal squeezing factors
51\2,[ as a function of the atomic number N for the different anisotropic
parameters y. Insert: numerical plot of the maximal squeezing factor
51\2,1 as a function of the anisotropic parameter ), when the atomic num-
ber is chosen as N = 100. In both subfigures, ¢ = 1 and the initial states
are chosen as |/, = —j).

0.022F oo

&)

0.02
¢ 0.04  0.08

qt

0.12

wo/q

Fig. 4. (color online) Numerical plot of the maximal squeezing factor
51\2/[ as a function of the effective atomic resonant frequency @y. In-
sert: numerical plot of the time-dependent squeezing factor ‘532 (¢), when
wp/q = 0.3. In both subfigures, the initial states, the anisotropic pa-
rameter, and the atomic number are chosen as |/, = —j), x = —1, and
N = 100, respectively.

According to the above discussion, we argue that when
increasing the anisotropic parameter ¥ (from ¥ = —1) or in-
troducing the effective atomic resonant frequency @y in the
standard two-axis twisting Hamiltonian HtaT, the maximal
squeezing factor 61\2,1 increases, i.e., spin squeezing is reduced.
Surprisingly, when we control these two parameters simulta-
neously, spin squeezing can be enhanced greatly. To see this
clearly, in Fig. 5 we numerically plot the maximal squeezing
factors 51\2/[ of the generalized two-axis spin Hamiltonian (6),
ie, H=q(J?+ xlyz) —+ wpJ;, as a function of the effective
atomic resonant frequency @y for different anisotropic param-
eters ), when the initial state is chosen as |J;, = —j). This
figure shows that in the case of y = —0.05 or ¥ = —0.5,

when increasing the effective atomic resonant frequency @y,
the maximal squeezing factor 51\2,[ first decreases greatly and
then increases, i.e., spin squeezing is first enhanced greatly
and then reduced. For the generalized one-axis twisting model
Hgoar = qJ? + axJ,, the maximal squeezing factor &2 has a
similar behavior (see green dashed-dotted line in Fig. 5),0%
but its magnitude cannot arrive at the order of our considered
two-axis spin Hamiltonian (6), because these two Hamiltoni-
ans have different scalings with respect to the atomic number
N. These results are of benefit for achieving the required spin

squeezing in experiments.

0.05
0.04

0.03

2
&

0.02

wo/q

Fig. 5. (color online) Numerical plot of the maximal squeezing fac-
tors 51\2,[ as a function of the effective atomic resonant frequency @y for
the different anisotropic parameters y. The initial state and the atomic
number are chosen as |J, = —j) and N = 100, respectively.

5. The experimental feasibility

Finally, we address the experimental feasibility by con-
sidering 8’Rb atom, with the six levels depicted in Fig. 1. In
this case, the decay rates of the atomic excited states and pho-
tons are about y/2m = 6.0 MHz and x/27w = 1.3 MHz (the
ground states are stable and we do not need to consider the
corresponding decays).[*>>%1 On the other hand, based on the
transitions between the different levels, the atom—photon cou-
pling strengths can reach g, /2w =20 MHz and g, /27 =
15 MHz, respectively, both of which are much larger than the
photon decay rate k. As a consequence, the system is domi-
nated by the Hamiltonian dynamics. When Q,, /27w =20 MHz
and Ay, /27 = 100 MHz, together with the above estimated pa-
rameter values, the adiabatic condition for deriving Eq. (A2)
is reasonable, and moreover, we have A, /271 = 4 MHz and
q/2m = 0.8 MHz for wa /27w = —20 MHz. This choice of the
detuning wy also satisfies the dispersive condition, which is a
key condition to realize our generalized two-axis spin Hamil-
tonian (6). For the anisotropic parameter ), it can be easily
controlled by tuning both the detuning wp and the Rabi fre-
quency £,.

When N = 100 with above parameters, the numerical re-
sult shows that the shortest time for generating the maximal
squeezing factor 51\2/[ is about #, ~ 25 ns (see, for example,
in the insert part of Fig. 4), which is shorter than the photon
lifetime x~!. With the increase of the atomic number N, 7,
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becomes shorter and shorter, since #,,, = 1 /NO'S, as shown in
Fig. 6. In the real experiments with N = 10* or 10°,14%0]
tm = 0.6 ns or 0.1 ns. This indicates that the maximal spin
squeezing can be created very quickly in experiments. Notice
that for more rigorous consideration of the effect inducing the
photon decay x, we should use the method of quantum master
equation. However, here we mainly take the first step to realize
the two-axis twisting Hamiltonian and achieve spin squeezing
(approaching the Heisenberg limit) in the two cavities.

50

300 400 500

100 200
N

Fig. 6. Numerical plot of the shortest time #,, for generating the maxi-
mal squeezing factor as a function of the atomic number N. The initial
state, the effective atomic resonant frequency, and the anisotropic pa-
rameter are chosen as |J; = —j), @y/q = 0.3, and y = —1, respectively.

6. Conclusion

In summary, we have proposed an experimentally feasi-
ble system, in which an ensemble of ultracold six-level atoms
interacts with two quantized cavity fields and two pairs of Ra-
man lasers, to realize a generalized two-axis spin Hamiltonian
H = q(J7 + xJ;) + apJ.. We have numerically calculated the
experimentally measurable maximal squeezing factor and re-
vealed that when @y = 0 and ¥ = —1, the maximal squeezing
factor 51\2,1 scales as N~!. More importantly, we have found
that by combining with the anisotropic parameter y (> —1),
the effective atomic resonant frequency @y can enhance spin
squeezing greatly. Our results are of benefit for achieving the
required spin squeezing in experiments, and have a potential
application in quantum information and quantum metrology.

Appendix A: Effective two-mode Dicke Hamilto-
nian

Substituting Eqs. (2)—(4) into Hamiltonian (1) yields

B . _ N

H= Aaa‘a+Abbrb+ Z{Arl |r1>j<r1 |j

j=1
+ Ap,y|r2) j(ralj + Asy 1) (511
+ ASZ‘S2>J‘<S2‘J‘+A1‘1>J'<1|]'
1 . .
+519 [s1)(1]j€' P + Qs [52) j(1] &2

+ Q,,|r1) (0] ;61 +Q,,|r2) (0] ;e P2 +H.e!]

+ (g5 [51) (0] ja + g, |r1) j(1|ja

+ 8s,12) ;{01 b+ gr,|1r2) j(1] 6+ H.c ]}, (A1)

WhereAa:wa_a);aAb:wb_@aAsl:wsl_(;)\s/l,A
(1)_;2 —(I/);;, and A] = —EI.
In the large detuning limit, ie., |A;,q,| > {2/,.

52

Q5. 8ra» 8510 V- K}, all excited states can be eliminated

(51

adiabatically,®!! where y and x are the decay rates of the

atomic excited states and photons, and an effective Hamilto-
nian is obtained by

H = opd’a+ opb'b+ wpJ; + T]a*an
+ (A ae™ % 4 A be " 192) ]

+ (Asae ™11 4 A, be1%2) ], +Hel, (A2)

th;/e n= g%| /Arl —‘_‘}Ij\;z/Arz - ggl /AS] - gé{/Ah, Sy =
Yoy 114005, J- = X2 [0)(1]5, and Jo = L=y ([1),(1]; —
|0);(0];)/2 are the collective spin operators,

A+ 1(Q“'z‘ +—Q“'22 e} —9’22) (A3)
wy = - — - ,
"TatA, A, A, A,
1 (Ng;,  Ng
=A, 4+ — 1 ! A4
WA a+ ) Arl Asl ) ( )
1(Ng;, Ng;
=Ap+ = 2 2 A5
0B b+2< A, + A, ) (A5)

are the effective atomic resonant frequency and the effective
frequencies of two cavity modes a and b, respectively, and

), :lgr,‘Qr,‘ :lgS,‘QS,‘
TT2OA, T2 A

(i=12) (A6

are the effective atom—photon coupling strengths.
When choosing g%l_ /Ay = g_%.’_ /A, and L.g. /A, =
£y,85;/As;, the Hamiltonian (A2) turns into

H=oxa'a+ wogb'b+ wyl,

2 . .
+ El(a.br e P tal_e ')

A i i
+ Tz(bh e P2+ bJ_e 'P2) 4+ Hel, (AT)

where the effective atom—photon coupling strengths become

£y, 85 Qg
Ay === = (A8)
Ay, Ay
0,85 Q8
dp = =222 = o A9
2= A (A9)

52 2

The above consideration of the parameters has been used

experimentally.[**>° When applying a unitary transforma-
tion, U = ei[(‘/’.q = 0r )= (Pss+0ry )b b— (5 + @1, )aTa]/Z, the Hamil-

tonian (A7) is rewritten as
~ ) Ao
H = oad’a+ opb’b+ apl. + 7‘(& +a)(J.+7)

n %(berT)(JJrei[((Psl ~05) (01— 91,))/2
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+Le71[(%17<ps2)7(<prlf<pr2)]/2) ) (A10)

Notice that there exists a unitary invariant phase difference
(@5, — @5,) — (¢, — ¢r,)]/2, which can be chosen as —7/2
by sweeping the phases of Raman lasers. Thus, the Hamilto-

nian (A10) becomes the Hamiltonian (5).
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