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We study the dynamics of the cubic–quintic nonlinear Schrödinger equation by the symplectic method. The behaviors
of the equation are discussed with harmonically modulated initial conditions, and the contributions from the quintic term are
discussed. We observe the elliptic orbit, homoclinic orbit crossing, quasirecurrence, and stochastic motion with different
nonlinear parameters in this system. Numerical simulations show that the changing processes of the motion of the system
and the trajectories in the phase space are various for different cubic nonlinear parameters with the increase of the quintic
nonlinear parameter.
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1. Introduction
It is well known that the cubic–quintic nonlinear

Schrödinger equation (NSE)

i
∂E
∂ t

+
∂ 2E
∂x2 +q|E|2E−g|E|4E = 0 (1)

has been used in many physical fields, such as nonlinear op-
tics, plasma physics, water wave theory, and fluid dynamics.
Here E(x, t) is the complex amplitude of the wave, q is the
cubic nonlinear parameter, and g is the quintic nonlinear pa-
rameter which is small. Usually the quintic term serves as
damping and dissipation. Some works have been done to study
the cubic–quintic NSE. He et al.[1] illustrated the integrabil-
ity of the cubic–quintic NSE numerically and showed that the
quintic nonlinear term will lead to a spatiotemporal complex-
ity of the wave fields. The pattern dynamics of the NSE were
studied and homoclinic chaos was shown in Ref. [2]. Tan et
al.[3] showed that the drifting of the solution pattern is a com-
mon phenomenon in the NSE. When g = 0, the cubic–quintic
NSE becomes a cubic NSE. Many methods have been pro-
posed to solve the cubic NSE analytically and numerically.
A new conservative finite difference method was constructed
through the semidiscretization.[4] Chang et al.[5] presented a
new linearized Crank–Nicolson-type scheme by applying an
extrapolation technique to the real coefficient of the nonlinear
term. Luo et al.[6] showed that the accuracy of the compu-
tation can be enhanced by using a high order central space
difference to the cubic NSE, and the drifting of the solution
pattern was presented. Moon[7] illustrated the correlation be-

tween homoclinic orbits and coherent patterns of the nonlin-
ear Schrödinger equation, and showed that the irregular ho-
moclinic orbit crossing can be observed which indicates the
chaotic oscillations when adding a perturbed term to the equa-
tion. When g = 0 and q > 0, equation (1) is a focusing cu-
bic NSE. Such an equation has a homoclinic structure which
can be described in terms of doubly periodic solutions[8,9]

and is susceptible to be described in terms of finite-mode
truncation.[10] The lowest order separatrix of such homoclinic
structure is the well known Akhmediev breather.

Recently, the symplectic method was developed to
solve the Hamiltonian system, and it is superior to the
nonsymplectic ones, especially for many-step and long-
time computation.[11–13] Up to now, it has been applied to
many fields, such as the quantum mechanics,[14] molecular
dynamics,[15] Bose–Einstein condensates,[16–20] solar system
dynamics, and general relativity.[21–25] A fourth-order, three-
stage, symplectic integrator with small numerical error has
been used, and a method of fast Lyapunov indicator has been
applied in studying the dynamics of the system.[21,23] The Lya-
punov exponents and the fast Lyapunov indicators are chaotic
indicators independent of the dimensionality of phase space,
and they are widely used in higher-dimensional systems to dis-
tinguish chaos from order.[24] For example, the fast Lyapunov
indicator has been used in the three-body problem and com-
pact binary systems to identify chaos.[26–28] High-order sym-
plectic finite difference time-domain schemes have been used
in the Maxwell’s equations[29] as well as in the Schrödinger
equation,[30,31] and good numerical results have been reported.
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As for the nonlinear Schrödinger equation, a symplectic finite-
dimensional reduction approach is used, which is proved to be
effective.[32] The cubic NSE has a symplectic structure and
thus can be solved by the symplectic method. In Ref. [33],
we have discussed the dynamic behaviors of the cubic NSE by
the symplectic scheme. Since the cubic–quintic NSE can be
transformed into a Hamiltonian system, it can also be solved
by the symplectic algorithm.

In this paper, the dynamics of the cubic–quintic NSE are
studied by the symplectic method and we concentrate on the
impact of the quintic term. We observe that the system will
exhibit interesting behaviors, and the changing process of the
phase trajectories is various for different cubic nonlinear pa-
rameter q with the increase of the quintic nonlinear parameter
g. The study on the contributions from the fifth degree terms
may be important for some future modellings, and this topic is
related to a rather broad area of mathematical physics.

In Section 2, the symplectic method is extended into the
cubic–quintic NSE. In Section 3, the conservation of the con-
served quantities is discussed. In Section 4, the basic dynamic
properties of the NSE with different cubic nonlinear parameter
q and increasing quintic nonlinear parameter g are illustrated.
Conclusions are given in Section 5.

2. Symplectic schemes for the cubic–quintic
NSE

Consider the cubic–quintic NSE (1) with the following
periodic boundary condition:

E(x+L) = E(x), (2)

where L is the periodic length. Equation (1) can be used to
describe many processes; in nonlinear optics, E(x, t) is the en-
velope of the electromagnetic field; in plasma physics, it de-
scribes the Langmuir wave of the electron. E(x, t) is a complex
function, if we write it explicitly as E(x, t) = u(x, t)+ iv(x, t),
equation (1) becomes

u̇ =−vxx−q(u2 + v2)v+g(u2 + v2)2v,

v̇ =−
[
−uxx−q(u2 + v2)u+g(u2 + v2)2u

]
. (3)

Substitute the second-order central space difference for the
second-order partial derivative,

∂ 2u
∂x2 ≈

1
h2 [u j−1−2u j +u j+1],

∂ 2v
∂x2 ≈

1
h2 [v j−1−2v j + v j+1], (4)

whose local error is O(h2), then the infinite-dimensional
Hamiltonian canonical equation (3) can be discretized into the

following finite-dimensional Hamiltonian canonical equation:

u̇ j =
∂H
∂v j

=− 1
h2

(
v j+1−2v j + v j−1

)
−q(u2

j + v2
j)v j +g(u2

j + v2
j)

2v j,

v̇ j =−
∂H
∂u j

=−
[
− 1

h2

(
u j+1−2u j +u j−1

)
−q(u2

j + v2
j)u j +g(u2

j + v2
j)

2u j

]
,

which can be written in the form

dz
dt

= 𝐽−1 ∂H
∂𝑧

= 𝐽−1
(

∂H
∂𝑢

,
∂H
∂𝑣

)T

= 𝐽−1
∇H = 𝑓(𝑧), (5)

where h = L/N is the space step, N is a sufficiently large posi-
tive integer, j = 1,2, . . . ,N, 𝑧 = (𝑢T,𝑣T)T, 𝑢= (u1, . . . ,uN)

T,
𝑣 = (v1, . . . ,vN)

T, and 𝐽 is the standard symplectic matrix,

𝐽 =

[
0 𝐼
−𝐼 0

]
. Then equation (5) is of N-dimension with the

Hamiltonian

H(𝑢,𝑣) =
1
2
(
𝑢T 𝑣T

)
G
(
𝑢
𝑣

)
+

q
4

N

∑
j=1

(u2
j + v2

j)
2− g

6

N

∑
j=1

(u2
j + v2

j)
3, (6)

where

𝐺=

(
𝑆 0
0 𝑆

)
, 𝑆 =

1
h2



−2 1 0 · · · 0 1
1 −2 1 0 · · · 0

0 1 −2 1
. . . 0

...
. . . . . . . . . . . . 0

0 · · · 0 1 −2 1
1 0 · · · 0 1 −2


. (7)

If a higher order central space difference is used to substitute
the second-order partial derivative, the discrete accuracy can
be enhanced, for example, the fourth-order central space dif-
ference

∂ 2u
∂x2 ≈

1
12h2 [−u j−2 +16u j−1−30u j +16u j+1−u j+2],

∂ 2v
∂x2 ≈

1
12h2 [−v j−2 +16v j−1−30v j +16v j+1− v j+2] (8)

leads to local errors of O(h4).
Therefore the cubic–quintic NSE (1) can be rewritten in

the Hamiltonian formalism which has the symplectic structure,
and its time evolution in phase space is symplectic transforma-
tion. A symplectic method is a method that can preserve the
symplectic structure of the Hamiltonian system, and it is a re-
liable method to solve this kind of problem. For example, the
second order symplectic scheme is[11,34]

𝑧k+1 = 𝑧k + τ𝐽−1(∇H)
(𝑧

k+1+𝑧k
2 )

, (9)

which is the well known mid-point scheme. The fourth order
symplectic scheme is

𝑧n+1 = 𝑧n + τ𝐽−1(∇H)
(𝑧

n+1+𝑧n
2 )
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− τ3

24
𝐽−1∇𝑧((∇H)T𝐽𝐻𝑧𝑧𝐽∇H)

(𝑧
n+1+𝑧n

2 )
. (10)

Another symplectic scheme of Runge–Kutta type is[35]

𝑧n+1 = 𝑧n +
τ

2
(𝑓(𝑌1)+𝑓(𝑌2)),

𝑌1 = 𝑧n + τ

[
1
4
𝑓(𝑌1)+

(
1
4
− 1

6

√
3
)
𝑓(𝑌2)

]
,

𝑌2 = 𝑧n + τ

[(
1
4
+

1
6

√
3
)
𝑓(𝑌1)+

1
4
𝑓(𝑌2)

]
, (11)

which is also of the fourth order. Here τ is the time step. Since
schemes (9)–(11) are implicit, iterations must be done in each
time step to compute the solutions.

In the above, we write the NSE (1) into the Hamilton
canonical equation (3), which is of infinite-dimension and has
the symplectic structure. Then we discretize equation (3) by
the symplectic method and obtain equation (5), which is fi-
nite dimensional. The truncation approximations are asymp-
totic in nature. The schemes we considered here are implicit,
and convergence can be achieved by iterations. The finite-
dimensional Hamiltonian canonical equation (5) reserves the
symplectic structure and the property of norm conservation of
the original system (3), then it is natural to use the symplec-
tic method which can preserve the symplectic structure of the
discrete Hamiltonian canonical equation (5) as well as the dis-
cretized norm of the wavefunction.

In computing the NSE, Runge–Kutta methods are also
commonly used and they have been generalized to any given
order by Butcher to prevent the error accumulation. The mul-
tisymplectic method can also be applied in the Hamiltonian
system. For example, Hong et al. presented a conservation
law which is essential and intrinsic for a class of varying co-
efficient NSE.[36] The mid-point scheme is a basic algorithm
and can be used directly to the NLE, which is adopted in this
paper.

3. Conserved quantities of the cubic–quintic
NSE
It is easy to show that the cubic–quintic NSE (1) has con-

served quantities,[1] for example, the quasiparticle number

I1 =
∫
|E|2 dx, (12)

which is the norm of the wavefunction in the quantum system,
the total momentum

I2 =
i
2

∫
(EE∗x −ExE∗)dx, (13)

and the total energy

I3 =
∫ (
|Ex|2−

q
2
|E|4 + g

3
|E|6

)
dx. (14)

In numerical simulations, we choose the initial condition
as

E(x,0) = E0 + ε e iθ cos(Kmaxx), (15)

which is harmonically modulated.[1] Here Kmax is the unstable
wave number corresponding to the maximum instability mode,
and

E0 = 1, for g = 0,

E0 =

(
1−
√

1−4g
2g

)1/2

, for 0 < g <
1
4
,

Kmax = E0(1−2gE2
0 )

1/2.

The ε is a small real constant which is chosen as ε = 0.1,
and ε e iθ indicates the initial amplitude of the modulation.
Moon[7] investigated the long-time evolution of the NSE (1)
for q = 1 and g = 0 when θ is varied from 0◦ to 90◦ under
the initial condition (15), and showed that there are two types
of evolutionary patterns when θ is varied from 0◦ to 45◦ and
from 45◦ to 90◦. In this paper, we only consider the case that
θ is slightly larger than 45◦, i.e., θ = 45.18◦. For different cu-
bic parameter q and increasing quintic parameter g, we study
equation (1) under the periodic boundary condition (2) with
the period length L = 2π/Kmax.
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Fig. 1. Conserved quantities of the cubic–quintic NSE with q = 0.001
and g = 0.001. Evolution of the errors of (a) the quasiparticle number
and (b) the total energy.

The numerical solution of Eq. (1) is obtained by the mid-
point scheme (9) with the second-order central space differ-
ence (4). The mid-point scheme is implicit, an appropriate
temporal step size τ should be chosen and convergence can
be achieved through simple iterations.[37] In computation, we

050202-3



Chin. Phys. B Vol. 25, No. 5 (2016) 050202

choose the space step h = L/64 and time step τ = 0.001. The
Seidel iteration method is adopted. The computation time is
from t = 0 to t = 103 and the total computation step is 106.
The results of the conserved quantities with q = 0.001 and
g = 0.001 are shown in Fig. 1, where Err(N) and Err(E) are
the errors of the quasiparticle number and the total energy, re-
spectively. From Fig. 1, we can see that the quasiparticle num-
ber is preserved to 10−13 and the total energy to 10−8 for long
time computation. We also find that the error of the total en-
ergy oscillates periodically near the zero point during the long
time evolution. It is assured that our method preserves these
quantities well and thus is reliable.

4. Dynamic properties of the cubic–quintic NSE
with different nonlinear parameters
To analyze the dynamic properties of the cubic–quintic

NSE (1) in long time evolution, we use the phase space (A, At)

at x = L/2 defined as
A(L/2, t) = |E(L/2, t)|−1,

At(L/2, t) =
dA(L/2, t)

dt
.

(16)

Here, the amplitude is taken as A(L/2, t) = |E(L/2, t)|−1, the
original wave oscillating around value 1 is modulated to oscil-
late around value 0. Moon[7] experimentally guessed that the
origin (A,At) = (0,0) could be a saddle for q = 1 and g = 0,
and observed that a homoclinic orbit (HMO) would appear
when θ is slightly larger than 45◦. In our study, we consider
the case of θ = 45.18◦ and study the dynamics of equation (1)
with different cubic and quintic parameters under the initial
condition (15), where q is in the range of 0.01–1.0115 and g is
in the range of 0–0.25. Since the result of long time evolution
is almost the same for t > 103, we only discuss the dynamic
properties for 0≤ t ≤ 103.

Figure 2 shows the numerical results with θ = 45.18◦,
q = 0.01, and different quintic parameter g. Figures 2(a), 2(d),
and 2(g) are phase trajectories in the phase space (A,At). Fig-
ures 2(b), 2(e), and 2(h) are the time evolutions of the ampli-
tude of the wave, A(L/2, t). Figures 2(c), 2(f), and 2(i) are
the corresponding Fourier spectra of A(L/2, t). For q = 0.01
and g = 0, the phase trajectory is a single loop, as shown in
Fig. 2(a), it is an elliptic orbit and the origin (A,At) = (0,0) is
an elliptic point. The time series of A(L/2, t) is exact recurrent
motion as shown in Fig. 2(b), and the spectrum is discrete with
peaks of equal intervals as shown in Fig. 2(c). We can see that
the system has a periodic solution and the trajectory in phase
space is a periodic recurrent orbit with a coherent structure.
For q = 0.01 and g = 0.15, the trajectory in the phase space
becomes more thicker and no longer exactly periodic as shown
in Fig. 2(d). The time series of A(L/2, t) is quasirecurrent mo-
tion as shown in Fig. 2(e), and the spectrum of the trajectory

is a discrete distribution with some subharmonics as shown in
Fig. 2(f). We can see that the system has a quasirecurrent solu-
tion when we add a small quintic nonlinearity g. For q = 0.01
and g = 0.21, the trajectory in phase space becomes thicker,
which indicates a quasirecurrent solution. The time series of
A(L/2, t) is not an exact periodical temporal evolution and the
spectrum of the trajectory is a discrete distribution with more
subharmonics. It shows that the system has a quasirecurrent
solution when the nonlinearity g is increased. From Fig. 2, we
can see that there exists an exact periodic recurrence solution
for a small cubic parameter, and it becomes quasirecurrence
with the increase of the quintic parameter.

For Eq. (1) with weak cubic nonlinearity, the trajectory in
phase space is an elliptic orbit and the origin (A,At) = (0,0)
is an elliptic point. With the increase of the cubic param-
eter q (q > 0.5), the periodic orbit will shrink to the origin
(A,At) = (0,0) along the A(L/2, t) = 0 axis, and become two
loops. Simultaneously, the origin becomes a saddle and the
trajectory in phase space is a homoclinic orbit (HMO).[33] Nu-
merical results with q = 0.75 and increasing quintic parameter
g are shown in Fig. 3. Figure 3(a) gives a typical HMO with
q = 0.75 and g = 0.0001. Figure 3(b) shows a thicker phase
trajectory with q = 0.75 and g = 0.03. This trajectory is still
a HMO but is a quasirecurrent solution of many-cycle. When
g is increased to 0.11 and 0.15, the trajectories are again the
regular HMO as shown in Figs. 3(c) and 3(d). If g increases
further, the HMO will deviate from the origin (A,At) = (0,0)
along the A(L/2, t) = 0 axis, and become one loop. Simul-
taneously, the origin becomes an elliptic point and the tra-
jectory becomes an elliptic orbit as shown in Figs. 3(e) and
3(f), which indicates the quasirecurrent solution of the system.
From Fig. 3, we can see that when q = 0.75, the phase trajec-
tory will change from HMO to elliptic orbit with the increase
of the quintic parameter.

When q is increased, we observe more complex phenom-
ena. Numerical solutions with q = 0.925 and different g are
shown in Fig. 4. Figure 4(a) shows a typical regular HMO
with q = 0.925 and g = 0.00003, and the left loop is smaller
than the right one. The time series of A(L/2, t) is periodic
and the spectrum is discrete. It is periodic recurrent motion.
When g is increased to g = 0.015, the periodic orbit is bro-
ken and the irregular HMO crossings appear as can be seen in
Fig. 4(d). The temporal evolution of A(L/2, t) shows the typ-
ical chaotic character, and the Fourier spectrum is noise-like
and has a broadband structure, which indicates the irregular
motion of the system. Therefore a larger quintic nonlinear pa-
rameter g may lead to irregular HMO crossings, and the sys-
tem will exhibit a stochastic behavior. With the increase of g,
the recurrent solution is again observed at g = 0.20 as shown
in Figs. 4(g)–4(i). It is a regular HMO, but the left loop is big-
ger than the right one, which is opposite to that in Fig. 4(a).
For g = 0.24, figure 4(j) shows an interesting phenomenon, a
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recurrent solution of three-cycle, and the three cycles are inter-
twisted together and form a HMO. From Fig. 4, we conclude
that for q = 0.925 and increasing g, the system changes as fol-

lows: the periodic recurrent motion → the stochastic motion
or irregular motion→ the regular HMO→ the HMO of recur-
rent motion of three-cycle.
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Fig. 2. (color online) Numerical solutions of the cubic–quintic NSE by symplectic method with θ = 45.18◦, q = 0.01, and different parameter g.
Panels (a), (d), and (g) are the phase trajectories; panels (b), (e), and (h) are the time evolutions of A(L/2, t); and panels (c), (f), and (i) are the
Fourier spectra of A(L/2, t) corresponding to panels (b), (e), and (h), respectively.
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Fig. 3. Phase trajectories of the cubic–quintic NSE by symplectic method with θ = 45.18◦, q = 0.75, and different parameter g: (a) g = 0.0001,
(b) g = 0.03, (c) g = 0.11, (d) g = 0.15, (e) g = 0.18, (f) g = 0.22.
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Fig. 4. (color online) Numerical solutions of the cubic–quintic NSE by symplectic method with θ = 45.18◦, q = 0.925, and different parameter g.
Panels (a), (d), (g), and (j) are the phase trajectories, panels (b), (e), (h), and (k) are the time evolutions of A(L/2, t), and panels (c), (f), (i), and (l)
are the corresponding Fourier spectra.

Figure 5 gives the phase trajectories for q = 0.9820 and
different parameter g. Figure 5(a) shows the result of g= 0, the
phase trajectory presents recurrent motion and is a HMO. Fig-
ure 5(b) shows the result of g = 0.0005 where the homoclinic
crossings are observed. It implies that the periodic trajectories
may shift from the HMO to the near trajectories. Larger non-
linear parameter g may lead to irregular HMO crossings and
the system will exhibit a stochastic behavior, which can be
seen in Figs. 5(c)–5(e). The periodic orbit is broken in phase
space, indicating the appearance of the irregular motion near
the HMO. From Fig. 5, we conclude that the changing pro-
cess is as follows for q = 0.9820 and increasing g: the regular
HMO→ the homoclinic crossings→ the irregular homoclinic
crossings indicating the stochastic motion or irregular motion.

For q = 1.0115 and different quintic parameter g, the
phase trajectories are shown in Fig. 6. A motion of two-

loop can be observed in Fig. 6(a) for g = 0.0005 and we be-
lieve that the pseudorecurrence appears. As g increases fur-
ther, the trajectory becomes a single loop that starts from and
goes back to the same saddle (A,At) = (0,0), which forms the
Kolmogorov–Arnold–Moser (KAM) torus. The KAM torus
becomes very thick for g = 0.001 as presented in Fig. 6(b).
When g = 0.003, the two-loop structure corresponds to pseu-
dorecurrence is observed again in Fig. 6(c). With the increase
of g, the pseudorecurrence breaks down again as shown in
Figs. 6(d)–6(f) for g ≥ 0.005, which indicates the appearance
of the temporal chaos. From Fig. 6, we conclude that the
changing process is as follows for q = 1.0115 and increasing
g: the pseudorecurrence with two-loop→ the quasirecurrence
which forms the KAM torus→ the pseudorecurrence with two-
loop again→ the stochastic motion or irregular motion.
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Fig. 5. Phase trajectories of the cubic–quintic NSE by symplectic method with θ = 45.18◦, q = 0.9820, and different parameter g: (a) g = 0,
(b) g = 0.0005, (c) g = 0.005, (d) g = 0.008, (e) g = 0.21.
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Fig. 6. Phase trajectories of the cubic–quintic NSE by symplectic method with θ = 45.18◦, q = 1.0115, and different parameter g: (a) g = 0.0005,
(b) g = 0.001, (c) g = 0.003, (d) g = 0.005, (e) g = 0.008, (f) g = 0.03.

5. Conclusion

The dynamic behaviors of the cubic–quintic NSE with
different cubic and quintic nonlinear parameters are studied by
the symplectic scheme. Numerical results show that the con-
served quantities are well preserved and our method is reliable.
For different cubic parameters, the system will exhibit various
properties with the increase of the quintic nonlinear parameter,
and these properties are illustrated by the phase trajectories,
the time evolution of the amplitude of the wave, and the cor-
responding Fourier spectrum. When q = 0.01, the trajectory
in phase space is an elliptic orbit and the origin is an elliptic
point. When q is increased to q = 0.75, the trajectory in phase

space is a homoclinic orbit (HMO), and will become an elliptic
orbit with the increase of g. When we further increase the cu-
bic parameter to q≥ 0.925, the system exhibits more complex
properties with the increase of g which may lead to regular or
irregular HMO crossings, and the motion of the system will
change from the periodic recurrence to the pseudorecurrence
and to chaos. In conclusion, the changing processes are vari-
ous for different cubic nonlinear parameters with the increase
of the quintic nonlinear parameter. The basic dynamic behav-
iors of the cubic–quintic NSE are very important in several
branches of physics and mathematics, and it is very significant
to study the behaviors of the cubic–quintic NSE with different
nonlinearity.
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