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Controlling chaos based on a novel intelligent integral terminal
sliding mode control in a rod-type plasma torch
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An integral terminal sliding mode controller is proposed in order to control chaos in a rod-type plasma torch system.
In this method, a new sliding surface is defined based on a combination of the conventional sliding surface in terminal
sliding mode control and a nonlinear function of the integral of the system states. It is assumed that the dynamics of a
chaotic system are unknown and also the system is exposed to disturbance and unstructured uncertainty. To achieve a
chattering-free and high-speed response for such an unknown system, an adaptive neuro-fuzzy inference system is utilized
in the next step to approximate the unknown part of the nonlinear dynamics. Then, the proposed integral terminal sliding
mode controller stabilizes the approximated system based on Lyapunov’s stability theory. In addition, a Bee algorithm
is used to select the coefficients of integral terminal sliding mode controller to improve the performance of the proposed
method. Simulation results demonstrate the improvement in the response speed, chattering rejection, transient response,
and robustness against uncertainties.
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1. Introduction
Chaos phenomenon has been extensively studied by many

researchers due to its complicated and unstable behavior and
wide range of applications in many industrial systems and dif-
ferent sciences. In recent years, various types of chaotic sys-
tems have been introduced and investigated due to the great
importance of this phenomenon.[1,2] In chaotic systems, a very
small difference in the initial conditions leads to a major dif-
ference in system states. Thus, such extreme sensitivity to the
initial conditions complicates its control in many practical sys-
tems. Numerous advanced control methods, such as sliding
mode control (SMC), fuzzy control (FLC), etc., have been pro-
posed to address the problem of control and synchronization
of the chaos phenomenon in many applications.[3–7]

The sliding mode control method is a simple and robust
control method for a nonlinear system, which is an appropriate
method to solve stability problems confronting uncertainties in
a system model. This control method has considerable charac-
teristics such as simple design, easy implementation, low cost,
and robustness against uncertainties.[5]

In recent years, the idea of sliding mode control and the
definition of a sliding surface to which the system states can
be converged and the system stability can be guaranteed, has
led to the formation of other similar methods, such as termi-
nal sliding mode control (TSMC), integral sliding mode con-
trol (ITSMC), and other analogous combinations.[8,9] In these
methods, the particular definition of the sliding surface is con-
sidered to control the system.

The TSMC is a method for controlling systems based on
the definition of a terminal sliding surface, which is defined
as an exponential nonlinear function. This method provides
faster convergence of system states to the sliding surface in
comparison with the conventional SMC method owing to the
structure of its surface.[8] The TSMC method is divided into
different branches, each of which has been proposed because
of a specified control objective.[10,11]

For instance, in Ref. [12], first-order TSMC has been ap-
plied to second-order nonlinear systems. In Ref. [13], Yu and
Man have extended the TSMC method to high-order linear
single input-single output systems. Later, a general TSMC
method has been introduced for linear multi input-multi out-
put systems. Afterwards, Yu and Mann have proposed fast
TSMC (FTSMC), which profits the ability of fast convergence
of states to the sliding surface.[14,15]

In Refs. [16] and [17], nonsingular TSMC (NTSMC)
has been suggested, which prevents the occurrence of sin-
gularity. In the subsequent years, the TSMC has been com-
bined with other concepts and methods, leading to nonsingu-
lar fast TSMC (NFTSMC) for second-order systems.[10] This
new method provided both characteristics of high speed and
avoiding singularity.[10] In the following studies, such as in
Ref. [8], the NTSMC method with finite-time convergence
has been proposed for two classes of high-order nonlinear and
non-autonomous systems.

To summarize the advantages and disadvantages of the
TSMC methods, it can be stated that nonsingular methods do
not possess the feature of finite-time convergence, and pro-
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vide a lower convergence speed compared with the FTSMC
methods. However, the FTSMC method has a major defect,
i.e., the possibility of the occurrence of singularity in system
control. Moreover, the NFTSMC methods have been intro-
duced for second-order systems frequently, and the control of
high-order systems has not been accomplished by this kind
of control method. Furthermore, in the method proposed in
Ref. [8], despite suggesting a nonsingular and finite-time con-
trol method for high-order systems, external disturbances and
compatible additive uncertainties have not been considered.
Though this problem has been solved in Ref. [6], which pro-
vides the benefits such as finite-time convergence, considering
disturbance, uncertainty and generalization of the method for
high-order systems. In spite of all the benefits of the TSMC
method introduced in Ref. [6], one of its major weaknesses
is the occurrence of a chattering phenomenon.[6,18] Hence, by
applying methods based on the sliding surface and by profiting
positive features of these methods along with solving their se-
rious problem such as the chattering phenomenon, an effective
control system can be proposed.

In this paper, an ITSMC is designed in order to control
the chaos in a rod-type plasma torch system in the presence
of uncertainty and external disturbance. The proposed method
is designed in order to eliminate the chattering phenomenon
along with a high response speed, whose sliding surface is
proposed for the first time. Primarily, a controller is suggested
based on ITSMC to stabilize the system on the basis of Lya-
punov theory. The sliding surface proposed for this method is
a combination of the sliding surface of TSMC and a nonlin-
ear function of the integral of system states. The reasons for
defining such a sliding surface are the proper response speed,
chattering rejection, and robustness against external distur-
bances. Nonetheless, this method will not be efficient, if a
part of the system dynamics is unknown and only a part of
input–output information is accessible. In these cases, another
method must be utilized based on approximation of unknown
dynamics. Thus, when the nonlinear dynamic of the system
is unknown and only its input–output information is accessi-
ble, an intelligent ITSMC (IITSMC) is designed for the first
time in this paper, which is a combination of ITSMC and an
adaptive neuro fuzzy inference system (ANFIS), and is used
to stabilize the plasma torch system. ANFIS is applied to ap-
proximate a part of the nonlinear dynamic that is unknown.
Via this approximation, a suitable controller can be designed
in order to stabilize the plasma torch system, which indicates
a special class of chaotic systems. With the purpose of im-
proving the control performance, a bee algorithm is utilized to
choose the coefficients of the ITSMC.

The advantages of the proposed method are high speed
convergence and chattering-free response, which are the re-
sults of selecting a new sliding surface. In addition, the in-

troduced approach is capable of stabilizing the system in the
presence of model uncertainties and disturbances when the
nonlinear dynamic of the system is unknown. The proposed
method due to the application of ANFIS for the approxima-
tion of nonlinear dynamics, gives a good response with very
low oscillations. In fact, designing this intelligent combined
controller improves all the desired control objectives, such as
the settling time of system states, transient response, chatter-
ing problem, and system response in the presence of model
uncertainties. With the aim of comparing the proposed control
method with previous classic control methods, such as TSMC,
both methods are implemented on a rod-type plasma torch sys-
tem. Simulation results illustrate the efficiency and appropri-
ate performance of the proposed control method.

The paper organization is as follows. In Section 1, the
studied plasma torch system is described. The ITSMC is in-
troduced in Section 2. In Section 3, the proposed IITSMC
method is explained. Section 4 includes the simulation results,
and finally, the conclusions are drawn in Section 5.

2. System description
A plasma torch system or plasma thermal gun, which is

widely used in industrial applications today, is a system with
a chaotic nature, and chaos control can improve its efficiency
in industrial procedures, such as metal cutting and spraying
molten metals on different surfaces.[19,20] Two of the major
challenges in these industrial operations are accuracy and high
quality. Obviously, the occurrence of chaos in such systems
will reduce the quality of the final product. Therefore, con-
trolling the undesired chaos phenomenon is one of the most
important objectives and problems in the control of plasma
torch systems.

In this paper, according to the studies in Refs. [19] and
[21]– [23], a class of third-order nonlinear equations are con-
sidered for probable determination of the gap phenomenon.
The mathematical model of the plasma torch system can be
written as

...
F +µ2F̈ +µ1Ḟ +µF =±F3, (1)

where F , Ḟ , F̈ ∈ R and µ , µ1, µ2 ∈ R are the quantities of
plasma field and the system parameters, respectively. The pa-
rameters of Eq. (1) depend on the characteristics of thermal
physics, such as the arc current, flow rate of plasma gas, and
plasma torch machine.[19] In this paper, without loss of gen-
erality, only −F3 is considered in the above equations. More-
over, the values selected for the parameters of equations are
assumed to be µ1 = 50 and µ2 = 1 based on the results in
Refs. [19] and [22]. In addition, µ that is named as gap pa-
rameter, is chosen so that the plasma arc torch systems have
chaotic behavior.
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Considering F = X1, Ḟ = X2, and F̈ = X3, the system (1)
can be rewritten in the following form:

Ẋ1 = X2,

Ẋ2 = X3,

Ẋ3 = −µX1−50X2−X3−X3
1 , (2)

where the vector of the system states 𝑋 = [X1 X2 X3]
T are

the quantities of the plasma field.
The equilibrium points of the system are [0 0 0]T for

µ < 0 and [±
√
−µ 0 0]T, which are stable for 0 < µ < 50

and −25 < µ < 0, respectively. Based on Ref. [18], by reduc-
ing the value of system parameter µ , the plasma torch system
behaves chaotically. Besides, on the basis of bifurcation and
maximum Lyapunov exponent analyses in the same research,
by considering the system parameter as µ = −130, the sys-
tem states will have chaotic behavior, and the zero equilibrium
point of the system will become unstable.[20] The phase por-
trait of the system is demonstrated in Fig. 1.
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Fig. 1. The phase portrait of rod-type plasma torch system.

By adding disturbance and compatible additive uncer-
tainty to the third term of the state equations of the system
and by applying a control signal in order to control the chaos
and stabilize the unstable equilibrium point, the plasma torch
system is expressed as

Ẋ1 = X2,

Ẋ2 = X3,

Ẋ3 = −µX1−50X2−X3−X3
1 +∆ f +d(t)+u(t). (3)

Disturbance and uncertainty reduce the quality of the pro-
cesses, such as cutting and covering metal surfaces, in the
plasma torch system. Disturbance is a sudden change in sys-
tem operation conditions, which can lead to instability. Un-
certainty indicates unmodeled dynamics that are inevitable in
most of the systems. From a practical point of view, the initial
process leads to extremely small disturbance in the system.[19]

Additionally, there exists a grey probe in the plasma torch
to bring out the gas sample, whose direction can cause dis-
turbance in the system.[24] The inequalities |d(t)| < γ and
|∆ f | < α are assumed for disturbance and compatible uncer-
tainty, respectively.

The control signal u(t) is applied to the system in order
to achieve the following stabilization condition:

‖[X1 X2 X3]‖→ 0, t→ ∞, (4)

where ‖ .‖ is the Euclidean norm of a vector.
The system equations can be rewritten as

𝑋̇ = f (𝑋)+g(𝑋)[u(t)+∆ f +d(t)], (5)

where

𝑋 = [X1 X2 X3]
T,

f (𝑋) =

 X2

X3

−µX1−50X2−X3−X3
1

 ,
g(𝑋) = [0 0 1]T. (6)

3. Integral terminal sliding mode control
As it is known, the TSMC method is a powerful method

from several aspects, such as a desirable settling time, robust-
ness against bounded uncertainties, and external disturbances,
simplicity in design and implementation. However, its main
problem is chattering, which is undesirable in control systems,
and must be eliminated via the proper method. Consequently,
in this paper, the idea of combining the terminal sliding sur-
face with an integral function is proposed. The objective of
selecting this structure for sliding surface, is to provide a high
response speed, chattering elimination, and robustness against
external disturbances. The proposed method is designed by
assuming that the dynamics of the chaotic system are known
and the system is exposed to disturbance and compatible un-
certainty. In the proposed ITSMC method, a new equation is
suggested for a sliding surface for the first time, which is a
combination of the sliding surface of the TSMC method and
a nonlinear function of the integral of system states. Further-
more, in order to achieve accurate results, the parameters of
the controller are calculated by the bee algorithm.

The design of ITSMC consists of two main steps: selec-
tion of an appropriate sliding surface and definition of a con-
trol law, which is comprised of equivalent and discontinuous
control parts. The equivalent control guides the system states
onto the sliding surface, while the discontinuous control con-
veys the system trajectories to reach the sliding surface, and
keeps them on the surface.

The system (3) can be rewritten as

Ẋ1 = X2,
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Ẋ2 = X3,

Ẋ3 = f3(𝑋)+d(t)+∆ f +u(t),

|d(t)| ≤ γ, |∆ f | ≤ α, (7)

where f3(𝑋) =−µX1−50X2−X3−X3
1 and u(t) is the control

input obtained from ITSMC.
The subsequent equation is proposed as the sliding sur-

face

S(t) = X3(t)+aX p1/q1
1 +bX p2/q2

2

+
∫

(c1X1 + c2Xβ

1 )dt, (8)

where the bounds of disturbance and uncertainty are consid-
ered as |d(t)|< γ and |∆ f |< α , respectively. The coefficients
pi and qi (i= 1, 2) are positive odd constants satisfying pi > qi.
In addition, a, b, c1, c2, and β are design parameters.

The sliding surface proposed in Eq. (8) is considered as
a combination of the sliding surface of the discussed ITSMC
and an integral function of system states, where 1 < β < 2.
The reasons for this selection of sliding surface are to reach
a high convergence speed owing to the terminal sliding mode
part, and a reduction of convergence error of system states due
to the integral part. The range chosen for β is because of in-
creasing the convergence speed.

With the purpose of obtaining an appropriate control law,
firstly, the equivalent control law is attained in the way that
when the chaotic system reaches the sliding surface it stays on
it. The following two equations are satisfied:

S(t) = X3(t)+aX p1/q1
1 +bX p2/q2

2 +
∫

(c1X1 + c2Xβ

1 )dt

= 0, (9)

Ṡ(t) = Ẋ3(t)+
ap1

q1
X p1/q1−1

1 Ẋ1 +
bp2

q2
X p2/q2−1

2 Ẋ2

+ c1X1 + c2Xβ

1

= 0. (10)

Afterwards, the control law of integral TSMC must be deter-
mined so that it can convey the chaotic system states to sliding
surface S(t) = 0. When the controlled system is on the sliding
surface, the condition Ṡ(t) = 0 must be satisfied. Hence, in
absence of uncertainty and disturbance, according to Eq. (11),
the equivalent control law ueq can be obtained as

Ṡ(t) = f3(𝑋)+ueq +
ap1

q1
X p1/q1−1

1 Ẋ1 +
bp2

q2
X p2/q2−1

2 Ẋ2

+ c1X1 + c2Xβ

1

= 0, (11)

ueq = −ap1

q1
X p1/q1−1

1 X2−
bp2

q2
X p2/q2−1

2 X3− c1X1

− c2Xβ

1 − f3(𝑋). (12)

Furthermore, to tackle the effects of uncertainty and distur-
bance, the control law is expressed as

uITSMC =−KITSMCsgn(S), (13)

where KITSMC is a positive gain.
Therefore, the total control law that takes the system

states to the sliding surface and preserves them on it is ob-
tained as

u = ueq +uITSMC

= −ap1

q1
X p1/q1−1

1 X2−
bp2

q2
X p2/q2−1

2 X3− c1X1

− c2Xβ

1 − f3(𝑋)−KITSMCsgn(S). (14)

In order to select the controller coefficients with high accu-
racy compared to the trial and error method, a bee algorithm
is utilized, which is introduced in Appendix A.

To demonstrate that the control law (14) possesses the ca-
pability of conveying the states of the chaotic system (6) to
the sliding surface S(t) = 0 in the presence of disturbance and
uncertainty, Theorem 1 is proposed.

Theorem 1 By considering the system with uncer-
tainty (7), the control law (14), the integral terminal sliding
mode surface (8), and the condition KITSMC > α + γ , the tra-
jectories of the chaotic system converge to the following ter-
minal sliding surface:

S(t) = 0. (15)

Proof In order to prove the stability of system (7) with
control law (14), Lyapunov stability theory is used. For this
purpose, the following Lyapunov function, which is a positive
definite function, is considered

V =
1
2

S2 > 0. (16)

The time derivative of this function is

V̇ = SṠ

= S[ f3(𝑋)+u2 +
ap1

q1
X p1/q1−1

1 X2

+
bp2

q2
X p2/q2−1

2 X3 + c1X1 + c2Xβ

1 +∆ f +d(t)]

= S[−KITSMCsgn(S)+∆ f +d(t)]. (17)

According to the range of disturbance and uncertainty of
Eq. (7), it can be concluded that

|∆ f +d(t)| ≤ |∆ f |+ |d(t)|< α + γ. (18)

As we have S sgn(S) = |S|, the following equation will be ob-
tained according to Eqs. (17) and (18):

V̇ = S[−KITSMCsgn(S)+∆ f +d(t)]

= −KITSMC|S|+S(∆ f +d(t))
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≤ −KITSMC|S|+ |S||∆ f +d(t)|

< |S|[−KITSMC +α + γ]. (19)

By assuming the bottom condition, the condition V̇ < 0 will
be satisfied, and the trajectories of the chaotic system will con-
verge to the sliding surface S(t) = 0

KITSMC > α + γ. (20)

4. Intelligent integral terminal sliding mode con-
trol
As discussed in the previous section, the stability condi-

tion of the ITSMC method is described by inequality (20). De-
spite the capabilities of this method in stabilizing the system
with high speed and without chattering, if precise information
about the bounds of uncertainties and external disturbances is
not accessible, it will not be effective and applicable. More-
over, the implementation of this method requires an accurate
model of the system. Thus, when an exact model of the sys-
tem is not accessible, and merely a limited set of input–output
data of the unknown dynamic of the system is available, we
need a new approach that has the capability of controlling the
system with a good, fast and chattering-free response, and can
be highly flexible against external disturbances and model un-
certainties. In other words, a system must be applied to ap-
proximate the unknown part. Accordingly, in this section, the
IITSMC method is designed for a plasma torch system, when
a part of the system dynamics is unknown.

In the proposed IITSMC method, the sliding surface is
considered as similar to the surface of the method studied
in the preceding section, which is a combination of the slid-
ing surface of the TSMC method and a nonlinear function of
the integral of system states. In order to preserve the earlier
control objectives, such as a desirable settling time of states,
chattering elimination, improvement of transient response, and
proper response in the presence of model uncertainties, the
idea of combining ITSMC and ANFIS is proposed. The AN-
FIS is designed to approximate the unknown part of the sys-
tem, to omit the unknown nonlinear terms in the derivative of
the Lyapunov function, and to overcome the disturbance and
uncertainty. Besides, the remaining dynamic is converged to
the equilibrium point via the ITSMC. Figure 2 shows the block
diagram of the designed combined controller.

The design of IITSMC consists of two main steps as well:
selection of a suitable sliding surface and definition of the con-
trol law. The system (7) can be rewritten as

Ẋ1 = X2,

Ẋ2 = X3,

Ẋ3 = f ′3(𝑋)+uIITSMC(t), (21)

where f ′3(𝑋) includes both uncertainty and disturbance, i.e.,
f ′3(𝑋) = f3(𝑋)+∆ f +d(t).

integral 
terminal sliding 
mode  control 
 

chaotic 
rod-type

plasma torch 

bee 
algorithm 

ANFIS
 

S↼t↽

uITSMC

uANFIS

⇁

↩

Fig. 2. Block diagram IITSMC based on ANFIS.

The proposed novel sliding surface is expressed as

S(t) = X3(t)+aX p1/q1
1 +bX p2/q2

2

+
∫

(c1X1 + c2Xβ

1 )dt. (22)

In Eq. (21), f ′3(𝑋) is an indefinite function, and in Eq. (22),
the exponents p1, q1, p2, and q2 are odd positive numbers sat-
isfying the conditions p1 > q1 and p2 > q2. In addition, a b,
c1, c2, and β are design parameters.

The proposed sliding surface (22) is a combination of the
sliding surface of the TSMC[8] and an integral function of sys-
tem states. As mentioned in the previous section, the reasons
for selecting this sliding surface are achieving a high conver-
gence speed due to the terminal sliding mode part, and reduc-
tion of convergence error of the system states owing to the in-
tegral part. Moreover, β is a design parameter, where its range
is considered as 1 < β < 2.

The control law of this method is a combination of AN-
FIS control law and ITSMC, which is obtained from system
Lyapunov function.

By assuming the sliding surface (22), its time derivative
becomes

Ṡ(t) = f ′3(𝑋)+
ap1

q1
X p1/q1−1

1 X2 +
bp2

q2
X p2/q2−1

2 X3

+ c1X1 + c2Xβ

1 +uIITSMC(t), (23)

where the control signal uIITSMC(t) is the sum of the control
signals of ANFIS, uANFIS, and integral terminal sliding mode
control uITSMC, which is expressed as

uIITSMC = uANFIS +uITSMC. (24)

Due to the approximation property of ANFIS,[25] this system
is capable of approximating an arbitrary defined continuous
function f on a compact set with a satisfactory accuracy, which
is shown with f̂ . In fact, by selecting enough numbers of
membership functions for input space, there will be a limit
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on approximation error e via ANFIS. This limit is defined as
ε(ε → 0),[26] so that

|e|= | f − f̂ | ≤ ε, (25)

where ε is a positive constant.
According to the system characteristics, f ′3(𝑋) is un-

known. Function f must be approximated and considered as

f = f ′3(𝑋)+
ap1

q1
X p1/q1−1

1 X2

+
bp2

q2
X p2/q2−1

2 X3 + c1X1 + c2Xβ

1 . (26)

If ANFIS approximates the function (26), and uANFIS is con-
sidered as a control signal that applies the negative approxi-
mated function to the system, the remaining dynamic can be
stabilized by uITSMC. Indeed, there is a set of inputs and out-
puts for unknown functions that are utilized for the training
of ANFIS, firstly. The initial training is for preventing the in-
crease of approximation and convergence times of the closed-
loop control system states. Then, the trained network is placed
in the closed-loop control system, and its weights update si-
multaneously with ITSMC’s work. Hence, uANFIS is a signal
that is approximated online via the ANFIS.

uANFIS =− f̂ . (27)

In Eq. (26), f ′3 is unknown, and thus f is not known either.
Furthermore, in Eq. (27), f̂ is an online approximated signal
by the ANFIS. Now, according to Eqs. (23)–(27), the follow-
ing equation is obtained:

Ṡ(t) = f ′3(𝑋)+
ap1

q1
X p1/q1−1

1 X2 +
bp2

q2
X p2/q2−1

2 X3

+ c1X1 + c2Xβ

1 +uIITSMC

= f +uIITSMC

= f +uANFIS +uITSMC

= f − f̂ +uITSMC

= e+uITSMC. (28)

Hence, according to Eqs. (25) and (28), the following equation
is concluded:

Ṡ(t)≤ ε +uITSMC. (29)

Now, the remaining dynamic in an intelligent combined con-
troller must be stabilized by the ITSMC signal. ANFIS can
overcome the effects of uncertainty and disturbance. If uITSMC

is considered, the system will converge to the sliding surface
S(t) = 0

uITSMC =−KITSMCsgn(S),

KITSMC > 0. (30)

The ANFIS can overcome the effects of uncertainty and dis-
turbance and thereby large gain is not needed to tackle such
effects. This leads to a considerable reduction in chattering.
Therefore, the general control signal that conveys the system
to the sliding surface and preserves it on it can be expressed as

uIITSMC = uANFIS +uITSMC =− f̂ −KITSMCsgn(S). (31)

In order to depict that the control signal (30) is capable of con-
veying the states of the chaotic system (31) to the sliding sur-
face S(t) = 0 described by Eq. (22), the following theorem is
proposed.

Theorem 2 By considering the chaotic system (21),
the control law (30), the integral terminal sliding mode sur-
face (22), the approximation error (25), and the condition
KITSMC > ε , the trajectories of chaotic system converges to
the following terminal sliding surface:

S(t) = 0. (32)

Proof With the aim of proving the stability of system (21)
by control law (30), the Lyapunov stability theory is utilized.
For this reason, the following positive definite Lyapunov func-
tion is considered:

V =
1
2

S2 > 0. (33)

By computing the time derivative of Lyapunov function (33),
we have

V̇ = SṠ

= S
[

f ′3(𝑋)+
ap1

q1
X p1/q1−1

1 X2 +
bp2

q2
X p2/q2−1

2 X3

+ c1X1 + c2Xβ

1 +uIITSMC

]
, (34)

where the control signal is the sum of the control signals of
ANFIS and ITSMC, which is illustrated as

uIITSMC = uANFIS +uITSMC, (35)

where uANFIS is a signal approximated online via the ANFIS

f = f ′3(𝑋)+
ap1

q1
X p1/q1−1

1 X2

+
bp2

q2
X p2/q2−1

2 X3 + c1X1 + c2Xβ

1 , (36)

uANFIS = − f̂ , (37)

where f̂ in Eq. (37) is the approximated signal in the ANFIS.

Ṡ(t) = f ′3(𝑋)+
ap1

q1
X p1/q1−1

1 X2 +
bp2

q2
X p2/q2−1

2 X3

+ c1X1 + c2Xβ

1 +uIITSMC

= f +uIITSMC

= f +uANFIS +uITSMC

= f − f̂ +uITSMC. (38)
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Consequently, according to Eq. (25), we will have

Ṡ(t) = f − f̂ +uITSMC ≤ | f − f̂ |+uITSM ≤ ε +uITSMC.(39)

Then, the derivative of the Lyapunov function is obtained as

V̇ = SṠ≤ S[ε−KITSMCsgn(S)]. (40)

As S · sgn(S) = |S|, then the following equation is obtained:

V̇ ≤ S[−KITSMCsgn(S)+ ε]

= −KITSMC |S|+ εS

≤ −KITSMC |S|+ ε |S|
≤ |S| [−KITSMC + ε]

< 0. (41)

Thus, the condition V̇ < 0 is satisfied, and it means that the tra-
jectories of the chaotic system converge to the sliding surface
S(t) = 0. It can be shown that the convergence will be reached
in a finite time.

At the convergence time, we have S(T ) = 0. By integrat-
ing two sides of Eq. (34) from zero to the convergence time T ,
we have

V̇ =
1
2

d
dt

S2 ≤ [−KITSMC + ε] |S|

−|S(0)| ≤ 2[−KITSMC + ε](T ). (42)

Therefore, according to Eq. (42), we have

T ≤ |S(0)|
2(KITSMC− ε)

. (43)

Therefore, it is concluded from the above equation that S con-
verges to zero (S→ 0) in a finite time.

The structure of the ANFIS and training rules are ex-
plained in Appendix B.

5. Simulation results
In this section, simulation results are given to verify the

applicability and effectiveness of the proposed control meth-
ods discussed in previous sections.

At first, previous methods applied to the plasma torch sys-
tem, the SMC and TSMC are simulated separately according
to Refs. [6] and [20]. Then the results for the proposed method
in this paper (ITSMC and IITSMC) are shown in order to com-
pare with the results of previous methods.

The parameters of the SMC and TSMC are selected ac-
cording to assumptions in Refs. [6] and [20].

The initial conditions are considered as [5 − 2 3]T, the
parameter of the system is considered as µ = −130, the sys-
tem is exposed to external disturbance, and has uncertainty.
The pulse signal with an amplitude of 5 and a width of 0.3 s,

from 5.6 to 5.9 s, is applied to all methods as an external dis-
turbance d(t). Besides, compatible additive unstructured un-
certainty ∆ f in closed-loop systems with these controllers is
considered as a sine signal

∆ f = 0.2sin(πx1)sin(πx2)sin(πx3),

|d(t)| ≤ 5, |∆ f | ≤ 0.2. (44)

The values of the exponents of the sliding surface in ITSMC
and IITSMC is selected as below in the controllers

p1 = 5, q1 = 7, p2 = 3, q2 = 7. (45)

In order to select the coefficients of ITSMC, the bee algorithm,
which is described in the appendix A, is utilized. The parame-
ters of its cost function are considered to be

a1 = 0.07, a2 = 2, a3 = 2, a4 = 2. (46)

The parameters of the ITSMC, which are calculated by the bee
algorithm, are obtained as

a = 9.6200, b = 6.7014, KITSMC = 178.2600,

c1 = 0.5846, c2 =−0.5569, β = 1.30. (47)

Also, the parameters of IITSMC, which are calculated by the
bee algorithm, are obtained as

a = 5.0574, b = 4.4068, KITSMC = 101.4755,

c1 = 0.3199, c2 =−1.1395, β = 1.30. (48)

In addition, it is assumed that an adequate set of data is acces-
sible from the unknown function (26) that is used for ANFIS
initial training.

Figure 3 shows the simulation results for SMC imple-
mented on the plasma torch system in the presence of distur-
bance and uncertainty, according to Ref. [18]. As it is ob-
served, the response has high chattering, which is undesirable
for this system. Also, the settling time of the system states is
not satisfactory.
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Fig. 3. Time response of states (a) x1, (b) x2, (c) x3, and (d) control signal
with SMC in the presence of uncertainty and disturbance with µ = −130
and initial condition [5 −2 3].
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In order to improve the chattering problem and response
speed, in Ref. [6] the TSMC has been designed for the plasma
torch system. As shown in Fig. 4, the settling time of states
is desirable. However, the response still has chattering. This
problem is solved in the controller designed in this paper.
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Fig. 4. Time response of states (a) x1, (b) x2, (c) x3, and (d) control signal
with TSMC in the presence of uncertainty and disturbance with µ =−130
and initial condition [5 −2 3].

To solve the chattering problem in the plasma torch sys-
tem, we apply the proposed ITMC described in the previous
section. As shown in Fig. 5, the ITSMC has stabilized the sys-
tem in the presence of external disturbance and uncertainty.
The response speed is acceptable, and the chattering is elimi-
nated completely. Hence, the problems of the previous meth-
ods have been resolved by the method presented in this pa-
per. Chattering has been removed and the response speed has
been desirable. In addition, the classical ITSMC method im-
plemented in this paper is much easier than the fuzzy methods
proposed in Refs. [6] and [20].
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Fig. 5. Time response of states (a) x1, (b) x2, (c) x3, and (d) control sig-
nal with the ITSMC in the presence of uncertainty and disturbance with
µ =−130 and initial condition [5 −2 3].

When the dynamics of the system is partly unknown, the
proposed IITSMC in this paper can be applied to the system.
As shown in Fig. 6, the IITSMC has stabilized the system in
the presence of external disturbance and uncertainty. The re-
sponse speed is acceptable, and the chattering is eliminated
completely. The transient response is good as well. In fact,
this controller is capable of controlling the system in the pres-
ence of model uncertainties and unknown dynamics.
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Fig. 6. Time response of states (a) x1, (b) x2, (c) x3, and (d) control
signal with IITSMC in the presence of uncertainty and disturbance with
µ =−130 and initial condition [5 −2 3].

6. Conclusions
In this paper, ITSMC and ANFIS-based IITSMC have

been designed to control the chaotic plasma torch system. The
main objectives of designing ITSMC are to achieve chattering
elimination, a satisfactory response speed, robustness against
disturbances, compatible additive unstructured uncertainties
and the desirable transient response. The considered sliding
surface has been considered as a combination of the sliding
surface of TSMC and an integral function of system states,
which has been proposed in this paper for the first time. How-
ever, in the situations that a part of the system dynamics is
unknown and merely the input–output information is accessi-
ble, this method is not efficient anymore. Hence, in the next
step, IITSMC with the same sliding surface considered in the
previous step has been designed for the system, in which the
IITSMC has been combined with ANFIS. The goal of this
combination is that the unknown nonlinear dynamic of the
system be approximated by the ANFIS, and the IITSMC sta-
bilizes the system with approximated dynamic. Furthermore,
in order to increase the accuracy of the response, the parame-
ters of the sliding surface and the controller have been calcu-
lated by the bee algorithm. The comparison of the ITSMC
method proposed in this paper with SMC and TSMC,[6,20]

which have been implemented on the plasma torch system
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previously, illustrates that the designed ITSMC provides bet-
ter performance with respect to prior methods. The response
speed has been improved, and the chattering phenomenon has
been eliminated without requirement of the design of a fuzzy
controller. Also, when a part of the system dynamic is un-
known, and only a set of input–output information is acces-
sible, the IITSMC designed in this paper will be efficient.
By having input–output information and without access to the
whole dynamics of the system, satisfactory control of the sys-
tem and achieving desirable control aims are possible via the
proposed intelligent method. The simulation results show that
the response is suitable and fast, the chattering is omitted, and
the transient response is appropriate. In addition, the methods
discussed in this research are applicable to any other continu-
ous chaotic system.

Appendix A: Bee algorithm
The bee algorithm is an optimization algorithm based on

swarm intelligence and intelligent behavior of the honey bee
population. In fact, in this method, the population of the honey
bee searches for the best possible response in the space of the
problem solution on the basis of defined cost function. In the
following, the steps of the bee algorithm are described.[26]

(i) Problem solution space

If U be considered as a feasible solu-
tion of the optimization problem, so that U =

{x ∈ Rn; maxi < xi < mini; i = 1,2, ...,n}, and the fitness
function is f (x) : U → R, then the possible solutions are
described as an n-dimensional vector of problem variables
x = {x1, ...,xn}.

(ii) Initialization

The overall number of scout bees is equal to ns that prop-
agates with uniform probability in the problem solution space.
Each scout bee evaluates a visited location (i.e., a solution) via
the fitness function.

(iii) Waggle dance

ns locations visited by scout bees are ranked according to
the fitness function, and nb locations with the lowest cost or
highest fitness are selected for the local search. Each scout
bee that returns from the superior locations, performs a wag-
gle dance to inform the worker bees about the local search
of the best locations. The scout bee that has identified the
first elite locations (with the highest rank) among superior lo-
cations, send worker bees for the neighborhood search. Ac-
cording to the mentioned steps, by sending more worker bees
around locations with the highest fitness, more local searching
is done around these locations, as they are the most probable
points in the problem solution space.

(iv) Local search

For each selected location, worker bees locate randomly
around the neighborhood of locations with the highest fitness.
For each neighborhood (flower patch), the fitness of visited lo-
cations are calculated by worker bees. If any of the worker
bees locate higher than a scout bee from the fitness point of
view, that worker bee will be chosen as a new scout bee. Fi-
nally, only one bee with the highest fitness remains for each
flower patch, who returns to the hive to do the waggle dance.

(v) Global search

In this step, (ns − nb) bees propagate randomly and as
scout bees to find new flower patches in the whole problem
solution space. This global search indicates the effectiveness
of the bee algorithm in solving the problem, since new spaces
other than actual flower patches are searched for finding the
best possible solution.

(vi) Population update

At the end of each iteration of the program, the new pop-
ulation of bee colony consists of two groups; the first group in-
cludes scout bees that are the centers and the representatives of
each flower patch, which demonstrates the results of the algo-
rithm’s local search. The second group consists of scout bees
that are produced randomly in the problem’s solution space.

(vii) Termination condition

The termination condition of the algorithm can achieve a
specified and/or predefined value by the fitness function, or a
known number of iterations of the algorithm.

(viii) Fitness function

Fitness function is considered as a weighted sum of the
exponential mean of system states and the exponential mean
of the control signal with determined weights in order to stabi-
lize the system states to the equilibrium point. The weight of
fitness function terms are selected so that an acceptable control
effort can be obtained. The fitness function is expressed in the
following equation considering the aforementioned points:

J = a1

√∫ tf

0

1
tf

u2 +a2

√∫ tf

0

1
tf

x2
1

+ a3

√∫ tf

0

1
tf

x2
2 +a4

√∫ tf

0

1
tf

x2
3. (A1)

Appendix B: Structure and training of adaptive
neuro fuzzy inference system

The equations of ANFIS have been investigated in many
different references.[25,28] This network consists of five layers,
and is considered to have three inputs for the system studied
in this paper. The output of this network can be calculated as
below.
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If the rules are considered as follows:

Rule(i) : if X1 is Ai and X2 is Bi and X3 is Ci then

fi = piX1 +qiX2 + riX3 + si. (B1)

If centers’ mean defuzzifier be used, the output of the layers
will be as follows.

Layer 1 In this layer, the inputs pass through the mem-
bership functions. If five membership functions (such as
Eq. (B1)) are considered for each three inputs, the equations
of outputs related to input X1 will be Eq. (B3), which will be
similar for the other inputs with membership functions Bi(X2)

and Ci(X3)

o1,i = µAi(X1) = exp(−((X1− ci)/σi)
2), i = 1, ...,5, (B2)

where {ci, σi} are the parameters of the membership func-
tions. The parameters of this layer are known as premise pa-
rameters.

Layer 2 The output of this layer is the multiplication of
input signals that are equal to the “if” part of the rules. For
a system with three inputs and five membership functions for
each input, we will have 125 rules

o2,i = wi = µAi(X1)µBi(X2)µCi(X3), i = 1, ...,125. (B3)

Layer 3
The output of this layer is the normalized output of the

previous layer

o3,i = wi =
wi

125
∑

i=1
wi

; i = 1, ...,125. (B4)

Layer 4

o4,i = wi fi = wi(piX1 +qiX2 + riX3 + si),

i = 1, ...,125.
(B5)

The parameters of this layer are called consequent param-
eters.

Layer 5 The output of this layer is the output of the whole
system

o5,i = ∑
i

wi fi, i = 1, ...,125. (B6)

Training of ANFIS is accomplished via hybrid learning
method in order to approximate of the unknown nonlinear
terms of the system. In this method, the combination of gra-
dient descent and recursive least squares error methods are
used to regulate the premise and consequent parameters, re-
spectively, and the updating equation of the parameters is
extracted.[29]

(i) Gradient descent

In the hybrid learning method, gradient descent is applied
to regulate the initial parameters. In this method, by consider-
ing Gaussian membership function (B7), the efficiency crite-
rion is obtained

µAi(x) = exp(−((x− ci)/σi)
2), (B7)

Ek =
1
2
(yk−ok)

2. (B8)

The equation of parameter tuning is Eq. (B9) for initial param-
eter ci. For the initial parameter σi, the similar equation can
be obtained as

∂Ek

∂ci
=

∂Ek

∂o5,i

∂o5,i

∂o4,i

∂o4,i

∂o3,i

∂o3,i

∂o2,i

∂o2,i

∂o1,i

∂o1,i

∂ci
, (B9)

where

∂o5,i

∂o4,i
= 1,

∂o4,i

∂o3,i
= fi. (B10)

For the derivative of the third layer with respect to the second
layer, if the node of the corresponding rule is considered, the
following equation will be achieved:

∂o3,i

∂o2,i
=

∂

∂wi

 wi
125
∑
j=1

w j

=

125
∑
j=1

w j−wi(
125
∑
j=1

w j

)2 . (B11)

For non-corresponding nodes, we will have

∂o3,i

∂o2,i
=

∂

∂wi

 w j
125
∑
j=1

w j

=
−w j(

125
∑
j=1

w j

)2 . (B12)

The derivative of the second layer with respect to the first layer
is as follows:

∂o2,i

∂o1,i
=

∂

∂Am
∏

A j∈R(Am)

A j = ∏
A j∈R(Am),A j 6=Am

A j, (B13)

where A j ∈ R(Am) denotes the fuzzy sets that form an “if” part
of the rules which consists of fuzzy set Am. Consequently, the
derivative of the sum of squares error with respect to the ini-
tial parameters for corresponding nodes of the third layer with
respect to the second layer is as follows:

∂E
∂ci

= −(yi−oi) fi

125
∑
j=1

w j−wi(
125
∑
j=1

w j

)2 ∏
A j∈R(Am),A j 6=Am

× A j
∂o1,i

∂ci
. (B14)
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For non-corresponding nodes, the third layer with respect to
the second layer is as follows:

∂E
∂ci

= −(yi−oi) fi
−w j(

125
∑
j=1

w j

)2 ∏
A j∈R(Am),A j 6=Am

× A j
∂o1,i

∂ci
. (B15)

Now, the derivative of the first layer with respect to the initial
parameters must be calculated

∂o1,i

∂σi
=

∂

∂σi

[
exp

[
−
[

x− ci

σi

]2
]]

= 2
[x− ci]

2

σ3
i

exp
[
−
[

x− ci

σi

]2

, (B16)

∂o1,i

∂σi
=

∂

∂σi

[
exp
[
−
[

x− ci

σi

]2]]
= 2

[x− ci]
2

σ3
i

exp
[
−
[

x− ci

σi

]2

. (B17)

Hence, according to Eqs. (B14)–(B17), the updating equations
of initial parameters are extracted.

(ii) Least squares error

In the mixed training method, recursive least squares er-
ror method is used for updating the consequent parameters of
equation (B1). In general, the output is a linear model as fol-
lows:

y = θ1 f1(u)+θ2 f2(u)+ · · ·+θn fn(u), (B18)

where u is an input vector, f ’s are known functions, and θ ’s
are unknown parameters that must be approximated. In or-
der to identify the parameters, the training data are required,
which are expressed as follows:

{(ui;yi)}, i = 1, ...,m}. (B19)

Replacing the input–output pairs in the main equation will lead
to m linear equations as follows:

y1 = θ1 f1(u1)+θ2 f2(u1)+ · · ·+θn fn(u1),

y2 = θ1 f1(u2)+θ2 f2(u2)+ · · ·+θn fn(u2),

...

ym = θ1 f1(um)+θ2 f2(um)+ · · ·+θn fn(um). (B20)

The above equations can be described as 𝐴𝜃 = 𝑌 , where 𝐴

can be written as

𝐴=

 f1(u1) · · · fn(u1)
...

. . .
...

f1(um) · · · fn(um)

 , (B21)

𝜃 is an n×1 state vector, and 𝑌 is an m×1 output vector.
The state vector 𝜃 can be computed as follows:

𝜃 =𝐴−1𝑌 . (B22)

In general, the data can be exposed to noise or the model may
not be able to determine the output exactly. In these cases, the
following equation is considered:

𝐴𝜃+𝑒= 𝑌 , (B23)

in which it is desired to have 𝜃 = 𝜃̂ to minimize the least
squares of error:

E(𝜃) =
m

∑
i=1

(yi−ai𝜃)
2 = 𝑒T𝑒= (y−𝐴𝜃)T(y−𝐴𝜃). (B24)

If 𝐴T𝐴 is invertible, then we will have

𝜃̂ = (𝐴T𝐴)−1𝐴Ty. (B25)

Another method to calculate the parameters is a recur-
sive method called the recursive least square equation (RLSE).
This method was created for two reasons: i) 𝐴T𝐴 may not be
invertible in some cases; and ii) assume that θ has been calcu-
lated. If a new pair of input–output data is added to the system,
in the previous method, all the parameters had to be calculated,
but in this method, only the new parameter will be computed.

Furthermore, the recursion formulations are as below in
the recursive least squares of error method:

𝑆k+1 = 𝑆k−
𝑆k𝑎

T
k+1𝑎k+1𝑆k

1+𝑎k+1𝑆k𝑎
T
k+1

,

𝜃k+1 = 𝜃k +𝑆K+1𝑎
T
k+1(𝑦k+1−𝑎k+1𝜃k),

k = 0,1, ...,m−1. (B26)

For initial conditions θ0 = 0 and 𝑆0 = γ𝐼 , it is considered that
𝐼 is an n×n identitymatrix, and γ is a large integer number. In
addition, 𝑎k+1 are the rows of matrix 𝐴 in the moment k+1.
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