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Dirac operator on the sphere with attached wires∗
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An explicitly solvable model for tunnelling of relativistic spinless particles through a sphere is suggested. The model
operator is constructed by an operator extensions theory method from the orthogonal sum of the Dirac operators on a semi-
axis and on the sphere. The transmission coefficient is obtained. The dependence of the transmission coefficient on the
particle energy has a resonant character. One observes pairs of the Breit–Wigner and the Fano resonances. It correlates
with the corresponding results for a non-relativistic particle.
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1. Introduction

Tunnelling through a nanostructure is an interesting phys-

ical phenomenon closely related with the properties of the

nanostructure in question. From the first side, it allows one

to investigate the characteristics of the nanostructure using

the tunnelling as an instrument.[1] From the other side, it

creates an opportunity to construct new nanoelectronic de-

vices based on the tunnelling peculiarities. Electron tunnelling

through quantum dots with connected leads is studied, e.g., in

Refs. [2], [3], and [4]. Interesting results were obtained for

tunneling through periodic arrays of quantum dots.[5,6] An ex-

plicitly solvable mathematical model for a description of tun-

nelling through a nanodevice was suggested in Refs. [7] and

[8]. It is based on the theory of self-adjoint extensions of sym-

metric operators. The model is rather universal and allows one

to describe tunnelling through different structures. Due to nan-

otechnology progress, it is possible now to create curved two-

dimensional nanostructures (e.g., fullerene-like structures and

metallic nanospheres). The above mentioned model is appro-

priate to describe tunnelling through this structure. Namely,

tunnelling of a non-relativistic electron through a sphere with

attached semi-infinite leads was studied in Ref. [9]. An explic-

itly solvable model for the analogous problem dealing with the

sphere in a magnetic field was constructed and investigated in

Ref. [10]. In the present paper we study tunnelling of a rela-

tivistic electron through a sphere with attached leads. We con-

sider the Dirac operator on the semi-axis and the sphere and

construct a model based on the operator extensions theory.

2. Model description
Through the present paper we consider the sphere S with

two attached wires R+ and R−. The behavior of a relativistic
spinless particle is described by the Dirac operator. It has the
following form (see, e.g., Refs. [11] and [12]):

H− = H+ = ic
d
dx
⊗σ1 +

c2

2
⊗σ3,

on the straight line and

HS =−ih̄cσ1

(
∂

∂θ
+

cotθ

2

)
− ih̄cσ2

sinθ

∂

∂ϕ
+Mc2

σ3,

on the sphere. Here σ1, σ2, and σ3 are the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

ϕ and θ are the spherical coordinates, M is the particle mass,
c is the speed of light, h̄ is the Planck constant. The domains
of these operators are as follows:

D(H0) =W 1
2 (R)⊗C2,D(HS) =W 1

2 (S)⊗C2.

The starting operator for our model is the direct sum of
the operators described above

H = H−⊕HS⊕H+ (1)

with the domain

D(H) = (W 1
2 (R−)⊗C2)⊕ (W 1

2 (S)⊗C2)⊕ (W 1
2 (R+)⊗C2).

To switch on an interaction between parts of our system,
we construct the model operator in the framework of the the-
ory of self-adjoint extensions of symmetric operators. Namely,
we use the so-called “restriction-extension” method (see, e.g.,
Refs. [13], [14], and [15]). We denote the restriction of the
operator H± by D± and the restriction of HS by DS.
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The Hamiltonian of the system is constructed as a self-
adjoint extension of the operator

D = D−⊕DS⊕D+.

To describe these extensions, we use the Krein formula
for resolvents (see, e.g., Refs. [13], [15], and [16]

R(z) = R0(z)−Γ(z)[Q(z)+A]−1
Γ
∗(z̄). (2)

Here R0(z) and R(z) are the resolvents of operators D and H,

respectively, A is a Hermitian matrix, which parameterizes the

self-adjoint extension of D, Γ(z) is the Euler γ-function, and

Q(z) is the Krein Q-function. To find q(Z), we should compute

the Green function.

The Green function for the Dirac operator on the half-line

is known[17]

G±(x,y;z) =
i

2h̄c

[(
ζ (z) ε(x− y)

ε(x− y) ζ−1(z)

)
e ik|x−y|+

(
ζ (z) ε(x+ y)

ε(x+ y) ζ−1(z)

)
e±ik|x+y|

]
,

where

ζ (z) =
z+Mc2√

z2− (Mc2)2
, ε(x) =

{
1, x≥ 0,
−1, x < 0.

The expression for the Green function of the Dirac oper-
ator on the sphere is obtained in Appendix A.

To construct the extensions by formula (2), we choose the
matrix A (of size 8×8) in the following form

A =


M− A− O O
A− O O O
O O O A+

O O A+ M+

 ,

where

A± =

(
0 α±

α± 0

)
, M± =

(
0 µ±

µ± 0

)
,

O =

(
0 0
0 0

)
.

The Krein Q-matrix for the model operator has the form

Q(z) =


Q−(z) O O O

O Q11(z) Q12(z) O
O Q21(z) Q22(z) O
O O O Q+(z)

 ,

where

Q±(z) =
i

h̄c
diag

(
z+Mc2√

z2− (Mc2)2
,

√
z2− (Mc2)2

z+Mc2

)

is the Krein Q-matrix for the half-line, {Qi j}2
i, j=1 is the Q-

matrix for the sphere

Q11 = Q22 = (GS(ϕ1,θ1; ϕ̃2, θ̃2;z)

− GS(ϕ1,θ1; ϕ̃2, θ̃2;z0))
∣∣
(ϕ1,θ1)=(ϕ̃2,θ̃2)

,

Q12 = Q21 = GS(ϕ1,θ1; ϕ̃1, θ̃1;z).

As has been mentioned, the expression for the Green’s func-
tion of the Dirac operator on the sphere is presented in Ap-
pendix A.

3. Results and discussion
Further, we consider the scattering problem. Let us take

the incoming wave in R− in the form

ψin =


1√

z2− (Mc2)2

Mc2

2
− z

 e ikx.

The corresponding outgoing wave in R+ has the form

ψout = t(z)


1

−
√

z2− (Mc2)2

Mc2

2
− z

 e ikx.

After straightforward algebraic manipulations, one ob-
tains the following formula for the transmission coefficient
T (z) = |t(z)|,

t(z) =
1

det[Q(z)+A]
i

h̄c

[
z+Mc2√

z2− (Mc2)2

(
B71−

√
z2− (Mc2)2

Mc2

2 − z
B72

)
+

Mc2/2− z
z+Mc2

(√
z2− (Mc2)2

Mc2

2 − z
−B81

)
B82

]
, (3)

where B71, B72, B81, and B82 are the minors of the matrix
Q(z)+A.

The dependence of the transmission coefficient on en-
ergy is shown in Fig. 1. We use atomic units, i.e., we as-
sume c = h̄ = 1, M = 1/2, and R = 1. The dependence has

a strongly resonant character. The resonances are close to the

eigenvalues of the Dirac operator on the sphere. As for de-

tails, one observes the resonances of two types (Breit–Wigner

resonances and Fano resonances). More precisely, there are

pairs including the resonances of these two types. These res-
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onances appear near the eigenvalues (λmn, see Appendix A)
of the unperturbed Hamiltonian (for the sphere without con-
nected leads). Taking into account the asymptotics of Qi j near
λmn, one can describe two types of resonances in more de-
tail. Namely, the Breit–Wigner resonances are related with the
poles of the transmission coefficient on the nonphysical sheet
of the energy Riemann surface. In the neighborhoods of these
poles λ̃mn, the transmission coefficient t(z) can be represented
in the following form:

t(z) = η
iΓ

z− λ̃mn− iΓ
,

where λ̃mn specifies the position of the resonance at the real
energy axis, Γ is a half-width of the resonance curve, and η is
a normalizing constant. If one considers the transmission co-
efficient near an eigenvalue λmn of the Dirac operator for the
sphere, one obtains the second type of the resonance (Fano)
having the form:

t(z) = η
z−λmn

z− λ̃mn− iΓ
. (4)

0

0.2

0.4

0.6

0.8

1.0

2 λ       λ     λ     λ     λ−5/2,0 −3/2,1 2.5 −1/2,2 3/2,1 1/2,2 λ−5/2,1E

T

Fig. 1. Dependence of the transmission coefficient on energy; T is dimen-
sionless, E is in atomic units, i.e., we assume c = h̄ = 1,M = 1/2. Eigen-
values corresponding to Fano resonances are marked.

Fano resonances are characterized by a closely spaced
zero and a peak of the transmission coefficient. They are as-

sociated with the interference between the localized states of
a discrete spectrum and propagating electron waves. As for
the position of the resonance, formula (4) shows that the Fano
resonance curve has a zero at the eigenvalues λmn of the un-
perturbed operator. The analogous resonant behavior takes
place for tunnelling of non-relativistic electron (i.e., for the
Schrödinger operator instead of the Dirac one), see Ref. [9].
Namely, for a non-relativistic electron, one observes pairs of
the Breit–Wigner and the Fano resonances too. There is a dif-
ference: for the relativistic electron, the Breit–Wigner peaks
are sharper than for the non-relativistic one.

Appendix A: Green’s function for the Dirac op-
erator on the sphere

Our first goal is to find eigenvalues and eigenfunctions of
the Dirac operator DS on the sphere

DS

(
αλ (θ ,ϕ)
βλ (θ ,ϕ)

)
= λ

(
αλ (θ ,ϕ)
βλ (θ ,ϕ)

)
. (A1)

We find the solutions of this equation in the form of the
Fourier series(

αλ (θ ,ϕ)
βλ (θ ,ϕ)

)
= ∑

m

e imϕ

√
2π

(
αλm(θ)
βλm(θ)

)
,

where m is half-integer index m =±1/2, ±3/2, . . ..
Let us substitute this expression into Eq. (A1). It gives us

for fixed m

−ih̄c
(

∂θ +
cotθ

2
+

m
sinθ

)
βλm(θ) = (λ −Mc2)αλm(θ),

−ih̄c
(

∂θ +
cotθ

2
− m

sinθ

)
αλm(θ) = (λ +Mc2)βλm(θ).

By substituting the expression from one equation into an-
other, one comes to the equation

h̄2c2
(
− 1

sinθ
∂θ sinθ∂θ +

m2

sin2
θ
− mcosθ

sin2
θ

+
1

4sin2
θ

)
αλm(θ) =

(
λ

2−M2c4− h̄2c2

4

)
αλm(θ).

Further, we introduce new variable x, x = cosθ , and new functions(
αλm(x)
βλm(x)

)
=

(
(1− x)(1/2)|m−1/2|(1+ x)(1/2)|m+1/2|ξλm(x)

(1− x)(1/2)|m+1/2|(1+ x)(1/2)|m−1/2|ηλm(x)

)
.

The substitution leads to the following equation[
(1− x2)

d2

dx2 +

(
m
|m|

σ3− (2|m|+2)x
)

d
dx
−m(m+1)+

(
λ

2−M2c4− h̄2c2

4

)](
ξλm(x)
ηλm(x)

)
= 0.

It is known[9] that the following equation of hypergeo-
metric type

(1− x2)y′′+(β −α− (α +β +2)x)y′+Λy = 0

has square integrable solutions for x ∈ [−1,1], if Λ fulfills the
following condition:

Λ = n(n+α +β +1), n ∈ Z.
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In our case α = |m| − 1/2, β = |m|+ 1/2. Correspondingly,
this condition gives us the following relation

−m(m+1)+
(

λ
2−M2c4− h̄2c2

4

)
= n(n+ |m|+1).

Hence,

λ = λmn =
√

n(n+ |m|+1)+m(m+1)+1/2.

The eigenfunctions corresponding to the eigenvalues λmn have
the form

(
ξλm(x)
ηλm(x)

)
=

Cmn
α P(|m−1/2|,|m+1/2|)

n (x)

Cmn
β

P(|m+1/2|,|m−1/2|)
n (x)

 ,

where P(α,β )
n (z) are the Jacobi polynomials

P(α,β )
n (z) =

Γ(α +n+1)
n!Γ(α +β +n+1)

n

∑
k=0

(
n
k

)
Γ(α +β +n+ k+1)

Γ(α + k+1)
,

and

Cmn
α =

√
n!(n+2|m|)!

2|m|+1/2Γ(n+ |m|+1/2)
, Cmn

β
= i sign(mλ )Cmn

α

are the normalization constants.
Now, one can write the formula for the Green function on the sphere using the conventional eigenfunctions expansion of the

resolvent:

GS(ϕ,θ ; ϕ̃, θ̃ ;z) =
+∞

∑
n=0

∑
m

1
z−λmn

(
αλ (ϕ,θ)αλ (ϕ̃, θ̃) αλ (ϕ,θ)βλ (ϕ̃, θ̃)

βλ (ϕ,θ)αλ (ϕ̃, θ̃) βλ (ϕ,θ)βλ (ϕ̃, θ̃)

)
.
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