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A dressed-state perturbation theory beyond the rotating wave approximation (RWA) is presented to investigate the
interaction between a two-level electronic transition of polar molecules and a quantized cavity field. Analytical expressions
can be explicitly derived for both the ground- and excited-state-energy spectrums and wave functions of the system, where
the contribution of permanent dipole moments (PDM) and the counter-rotating wave term (CRT) can be shown separately.
The validity of these explicit results is discussed by comparison with the direct numerical simulation. Compared to the
CRT coupling, PDM results in the coupling of more dressed states and the energy shift is proportional to the square of the
normalized permanent dipole difference, and a greater Bloch—Siegert shift can be produced in the giant dipole molecule
cavity QED. In addition, our method can also be extended to the solution of the two-level atom Rabi model Hamiltonian

beyond the RWA.

Keywords: dressed-state perturbation theory, permanent dipole moment, counter-rotating wave term, Bloch—

Siegert shift
PACS: 42.50.Pq, 02.30.Myv, 33.80.-b

1. Introduction

Polar molecules bearing a permanent electric dipole mo-
ment (PDM) can provide strong, long-range, tunable, spa-
tially anisotropic dipole—dipole interactions.!!! They have po-
tential applications from high precision metrology!?! to chem-
ical dynamics,®! quantum information processing,*! and the
simulation of quantum many-body systems®! etc. The PDM
reflects direct information about the electronic charge—density
distribution of polar molecules, and could be quite different
The difference of PDM
arises from the change of molecular orbital.[®~°! For instance,
in the alkaline earth-monohalides and -monohydrides, the de-
crease of PDM from the XX state to the AT state is the result
of the promotion of the sole unpaired valence electron from
an s—p hybrid orbital to a more highly polarizable p—d hy-
brid orbital,[®8! while in the alkaline monohydrides LiH, it
is the result of the promotion from an s orbital to an s—p hy-
brid orbital.[’! Another type of giant dipole molecules are or-
ganic molecules with the delocalized conjugated 7 electrons.
Such molecules often have excited electronic states of a charge
transfer character, so there can be large differences of PDM
between the electronic ground and excited states.!'’ The in-

between various electronic states.
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teraction of a two-level polar molecule with a classical optical
field has been studied by many researchers.!!!=1# Tt is shown
that the nonzero difference of PDM between the electronic
ground and excited states can significantly affect the coupling
between the polar molecule and the optical field, and is respon-
sible for some new optical properties which are quite differ-
ent from a regular atomic system, for instance, multi-photon
[15] nonlinear optical properties,!'®! high harmonic
generation, ] etc.

transition,

On the other hand, the study of strong coupling between
the matter and the cavity field through quantum electrodynam-
ics (QED), in which the interaction strength exceeds the op-
tical transition and cavity-mode damping rates, has been the
subject of great interest.['8! It has broad applications ranging
from metrology!'”! and quantum computation?! to a mech-
anism for cooling atoms and molecules,?!! etc. Nowadays,
the researchers have achieved the strong coupling in different
physical systems, such as the atomic system,??! semiconduc-
tor quantum dot microcavity, >3] superconducting qubit circuit
QED,”* and organic microcavity.!?! Also, the possibility of
cavity-assisted laser cooling of polar molecules has been theo-
retically proposed.[?®) However, among the above-mentioned
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cavity QED interactions, little attention has been paid to the
effect of the permanent dipole difference between the ground
state and excited state of the molecules which usually plays
a role in the nonlinear process. Our motivation is to study
the effect of permanent dipole difference in the field of strong
coupled polar molecule cavity QED.

For the early work on strong coupled cavity QED, the
coupling strength A was much smaller than the cavity—field
frequency @ (typical values for atom-cavity QED exper-
iments are A/w. ~ 1071271),  The interaction can there-
fore be well described by the Jaynes—Cummings (JC) model
within the rotating-wave approximation (RWA). But recent
experimental progress has reached the ultrastrong-coupling
regime, for example, the normalized coupling strength A /@,
for polyelec-trolyte/] aggregate dye coupled with an optical
microcavity has reached 0.1.1%! In this case, the counter-
rotating wave terms (CRT) of the interaction cannot be ne-
glected and result in a Bloch—Siegert (BS) shift of the res-
onant frequency, which has been observed recently in the

[24] Therefore, the interaction of matter and the

experiment.
cavity field is then governed by the Rabi model beyond the
RWA. Because of the difficulties in obtaining the exact solu-
tion of the Rabi model, some approximate analytical and nu-
merical approaches have been proposed!?®-3!! and the BS shift
in atomic and superconducting qubit cavity QED have been
studied. 32331

For the strong coupled polar molecule cavity QED sys-
tem, the contribution of PDM should be considered on the ba-
sis of CRT.** Because the JC-type Hamiltonian can be solved
analytically in a closed form in the basis of |e,n) and |g,n+ 1)
(where the qubit states |e) and |g) are the excited state and
ground state respectively, and the oscillator states |n) are Fock
states) in terms of dressed-states,®! we can treat the contri-
bution of PDM and CRT as a perturbation of interaction. In
our work, a dressed-state perturbation theory (DSP) beyond
the RWA is proposed to treat analytically a two-level polar
molecule coupled to a quantized cavity field. Based on our
DSP theory, the BS shift in the polar molecule cavity QED sys-
tem is also obtained, which includes the contribution of both
CRT and PDM separately. The BS shift caused by the CRT
is approximately proportional to the square of the coupling
strength, while the BS shift caused by the PDM is proportional
to the square of the normalized permanent dipole difference
and is dependent on the higher terms of A, which is coinci-
dent with Ref. [34]. In addition, for the transition between the
higher excited state and the ground state, the magnitude of the
BS shift becomes larger as the energy level increases. Also,
our method can be extended to the solution of the two-level
atom Rabi model Hamiltonian beyond the RWA by setting the
normalized permanent dipole difference equal zero.

The paper is organized as follows. In Section 2, we
present the DSP theory and derive analytical expressions
for the eigenenergies and eigenstates of a two-level polar

molecule cavity QED system. The validity of our approach
up to the second-order correction is also given. In Section 3,
we show the transition relation between different energy lev-
els through their populations, and the respective contribution
of PDM and CRT to the transition is given as well. In addition,
by comparing the energy spectrum obtained by our approach
with those by numerical simulation, we furthermore clarify the
validity of our method. The effects of PDM and CRT on the
energy level shift are analyzed separately. Finally, conclusions
are drawn in Section 4.

2. Analytical expressions for the eigenenergies
and eigenstates

In this paper, we focus on the coupling of electronic
transition (such as alkaline-earth monohalides,[®” alkaline-
earth monohydrides, ¥/ alkaline monohydrides,'! giant dipole
diphenyl molecules,!'”! etc.) with the visible laser field. As
for the coupling of the vibrational transition or rotational tran-
sition of a polar molecule with a cavity field, which are not
dealt with here, they will be discussed in our future work.
When the frequency of the relevant cavity mode @ is near res-
onant with a polar molecule’s transition frequency @y between
the electronic ground state and excited state, the dynamics of
the molecule are restricted to the two state {|g),|e)}, and the
molecule is well approximated by a two-level system.

The interaction between a two-level polar molecule and a
quantized cavity field with frequency @, is described by: 34!

1
H=wa'a+ Ewocfz—l(acz+cx)(aT+a), 1)

where a' and a are the creation and annihilation operators of a
photon, o, and o, are Pauli spin operators, and we have set 7 to
unity. The ground state and excited state of the polar molecule
have permanent dipole moments Ly and Uee, respectively. g
is the transition dipole moment. 20t = (Uee — Ugg )/ Hge is the
normalized permanent dipole difference. A = pge+/ 0c/2€V
is the coupling strength, where V is the cavity mode vol-
ume. The specific parameters of the permanent dipole moment
Ugg and Uee, transition dipole moment [lge, and transition fre-
quency my are given in the specific molecule references.

We consider the Hamiltonian can be divided into two
parts:

H=Hy+H, 2
consisting of
Hy = w.a'a+ %wooz —Alacy+d'o.) 3)
and
H =—-Alac,(a" +a)+0.d" +0_d, 4)

where the first part Hy is the JC model Hamiltonian within the
RWA, whose eigenvalues and eigenstates are exactly solvable
in terms of dressed-states, and the second part H' involves the
interaction Hamiltonian of both the PDM and the CRT. If H’

044202-2



Chin. Phys. B  Vol. 25, No. 4 (2016) 044202

is a very small quantity compared with Hp, then we can treat
H' as a perturbation part, and derive an approximated solution
of the eigenvalue and eigenfunction of H. The validity of the
DSP theory is discussed later in the paper.

First, we can obtain energy eigenstates of the unperturbed
system through the diagonalization of the non-perturbation
part Hamiltonian Ho|@y) = €X|oF). |@,) = sinf,|e,n) +
cosBy|g,n+ 1), |@, ) = cosby|e,n) —sinB,|g,n + 1), where
tan6, = 2Av/n+1/(8 — Q,5), detuning § = @y — @, Rabi
frequency Q,5 = 1/62+4A%(n+1). The corresponding
eigenenergies are: £ = @.(n+1/2) +0Q,5/2. |g,0) is also
a eigenstate of Hy with eigenenergy —y/2. These energy
eigenstates form a orthogonal and normalized completed set:

(@107 = (0, 0,) = S (0,5 10,) = (@55 ]2,0) =0,
io<<p,,+>< o) (@5 )+ [8.0)(.0] = 1.

Since these unperturbed eigenstates are completed, the
explicit state ) of H can be expanded in terms of the eigen-
function set as:

oo

%) = Zo(anlwi>+bnl<p;>)+c\g,0>. )
n—

The detailed description of the dressed-state perturbation the-

ory is given in Appendix A.
Suppose that the system is in one of the eigenstates |(p,jt>
(or |g,0)) before being perturbed, which means that zero-order
approximated wave function is |'E{i(0)> = |@F) (or |g,0)) and
zero-order approximated energy is E;E © _ ski (or —ay/2).
Based on the framework of perturbation theory, analytical
approximations for the wave function and the energy of the
dressed-state after being perturbed can be performed system-
atically. The ground-state wave function and energy can be
obtained as (all of them are up to the second-order correction):

%0) = 20+ 1®L0) + 125, ©)
Ego=E\| )+E( o +E( ) 7
where [#10)) = [g,0), 1) = ()0 + 1% gl
80 »H 1 7g,0 2,0(CRT)/>
@y _
|l};’=0>_|lpg >+|lPOCRT>+|lP0aCRT)>

0 _ 1 _ 2 _ »2 ()
and Eg,o =—wy/2, Eg,o =0, Eg’0 = Eg’o((ﬂ) +Eg70(CRT). Also,

the excited-state wave functions and energy spectrums can be
given by:
) =1 ) ) ®)
Ef ="+ g7V 4 BT, ©)

+(0 +(1
where |, ( >>=|(P1§t>,|'f§< ( )>:|%( )+ CRT>

+(2
B = 1) + 1) + i e )

and Eki(o) = Eki, Ekim =0, Eki(z) = E,jfxzz)) JFE;(CZIQT)’

cos? 6 sin” 6

Epoiay = A7 2( g 0)’ (10)

8 wm/2+¢g  an/2+¢,
) 2
@) 5 sin” 0, cos“ 0,

E =2 11
£.0(CRT) <coo/2+£1+ w/2+e )’ (n
+(2)

Ek(az)

202 (Vk+1sin 6 sin ;| — vk +2cos 6, cos O, 1)?
B g —g
k k+1
N (Vk+ 1sin 6 cos Oy 1 + vk +2cos 6 sin 6, 1)?
8,?—8,;1
(v/ksin 6 sin 6 | — /k+ 1 cos 6 cos 6;_1)?
+ e —g"
c &1
(vV/ksin 6 cos 6 4 vk + 1 cos B sin 6;_;)?
+ e —¢g
e~ &1
1 2
— — (Vk¥icose Ok) : 12

+ e s (VR Teos 8000 } (12)
+(2)

Ey(crr)

. 2 2
sin” 6> cos” O,y n
(k+2)cos® 6 k2 ket
e —¢g g —¢
t " &2 & &

2 .2
. cos“ 6y,  sin“ 6o
+ ksin? 6 2 4 k?
g —¢g, g —¢
k k-2 Sk k—2

! <\//;sin9k<0|k—l>>2], (13)

=22

+7
g + /2

-(2)
Ek(ocz)

_ Azaz[(\/mcosﬂksinekﬂ + vk~ 25sin 6 cos 611 )?
Sk__gl;rl
N (Vk+1cos 6, cos O 1 — vk +2sin O sin O, 1 )?
& —&n
N (V/ksin 6;_ cos 6 4+ v/k + 1 cos 6;_ sin 6;)>
& — &

N (Vkcos 01 cos 6 — /k+ 1sin 6 sin 6;)?
& — &y

1 . 2
+m(\/k+lsln6k<o|k>) :|, (]4)

-(2)
Ey(crr)

-2 2
. sin Gk 2 COS Gk 2
(k+2) sin? 0 [ — 2o 2
e —¢g g —¢
k k+2 k k+2
2 )
5 cos” 6;_» sin” 6;_»
+ kcos” 6 P +e_—e_
k k—2 k k—2

! (\/lEcos 6,(0lk — 1>)2] . (15)

— )2

+77
g +mp/2

All of the above results can be obtained by straight but

complex calculation, and the detailed expression of the ground
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state wave function ¥, o) is given in Appendix B. Of course,
according to a similar procedure, we can also get the wave
function of the higher order dressed-state \'P,f), but not all of
them are shown here, and only the first-order wave function

corrections |'Pki(1)> are shown in Appendix C. In all of these

1) Sy g 2) +(2)
2o Ty 1 Fooi02)) [Fia):

correspond to the contribution of PDM of

v ! v

@ ()
Epoey Eer)

polar molecule, |‘P

@) £(2)
E, O(CRT) Ek(CRT)

\'P 0(.CRT) ) \‘P (e CRT)> correspond to the combined contri-
butlon of both the PDM and the CRT. Where the first-order
> |q/i(1)

to a, and the first-order energy corrections Eé(, 3,E

zero; while the second order wavefunctions and energy cor-

g® +(2)

21 ¥ o) Egoa) Exad
i(2)

k(a,CRT)> are proportional to . In par-

CRT> | 0CRT> | CRT>
correspond to the contribution of CRT, and

OCRT> |

wavefunction corrections |‘P(1) ) are proportional

(1) equal

. 2) .
rections |‘I;( ofa are proportional to

2 (2)
o, and |qu.,o(a,CRT)>’

ticular, when o = 0, all of these results reduce to those of the

two-level atom Rabi model case, hence the DSP theory is also
a new analytical method to treat the atom Rabi model.

In the following, we will discuss the validity of our ap-
proach. The definite meaning of a small H' is that the matrix
element of the perturbation operator between the perturbing
state |@;5) and the unperturbed state |¢;") should be much
smaller than the energy difference between the two states:
’Vrii (eF — eki)| & 1. Thus, the power series of E and |¥)
will convergence quickly, and we only need to calculate the

uncoupled system

| (wmde A
lgntl) — — —— —= 0

|en - ——M_.__‘_%‘_h_ néd
:ggi ______ m[
67 ______ —  — -
92) —————- — =
02 Fw [
N I

Ig 0; ______ VSN I:
9.0) —————- ———

unperturbed dressed-states
(under RWA)

first few terms to obtain quite accurate results. Through cal-
culation, our DSP theory up to the second-order correction is
valid in a certain range of both normalized coupling strength
f=A/o and o value: f < 04, |a| <2/(2++/3)f—2in
the resonant case, and the range of validity of ¢ narrows as
the f value increases. In addition, we focus on coherent cou-
pling here in this DSP theory, and the involvement of decay of
both the cavity field and the molecule will be discussed in our

future paper.

3. The effect of PDM on the population and en-
ergy level

In this section we will discuss the effect of PDM on the
energy level and population of the system. The energy levels
of the system are displayed in Fig. 1. The first column stands
for the uncoupled stystem, while the second column stands
for the dressed energy levels for the unperturbed system under
the RWA, and the third column stands for the dressed energy
levels for the perturbed system beyond the RWA. Suppose the
system is in one of the eigenstates before being perturbed, for
example in the ground state |g, 0). Under the framework of the
RWA, the ground state of the system is always uncoupled from
other states and thereby remains unchanged. Yet when the
CRTs and PDM are involved in the treatment, the ground state
will always overlap with the upper level and the photon in the

ground state is no longer in a vacuum state, but now contains

perturbed dressed-state
(beyond RWA)

- — - oh), e B
— - |en)s en . E,;
— - |pd), &3 Ef
= - |305>7€§ Ez_

- — - i), et F o

. — |QOT>7 €1 I E_r

ol
b ||
e |800>7 €0 A I I E(T
e |906>7 €0 T ! ! EO—
1
- —-19,0) iv V¥ Eyo

Fig. 1. (color online) The dressed energy level of the system. The black solid arrows correspond to the coupling produced by the
rotating wave terms, the blue dashed arrows correspond to the coupling mainly produced by the CRT and the red dotted arrows

correspond to the coupling mainly produced by the PDM.
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molecule—cavity coupling.!*®! Under the first-order perturba-
tion, the PDM leads the coupling between the states |g,0) and
|@;°), while the CRT leads the coupling between state |g,0)
and | ;") according to Appendix (B1-B2). Furthermore, un-
der the second-order perturbation, the PDM induces the tran-
sition between the states |@;") and |@;5), |@f°) and |@5°), while
the CRT induces the transition between the states |¢;") and
|93, |@f) and |(p3i> according to the appendix. With the in-
crease of the order of the perturbations, there will be coupling
between the higher order dressed states.

In order to make the transition relation between the en-
ergy levels more explicit, we can furthermore expand the
dressed energy level |@) in terms of {|e,n),|g,n+1)}. The
population probability of the ground state |g,0) and higher en-
ergy levels |e,n),|g,n+ 1) (n =0,1,2,3) against the normal-

ized coupling constant f = A /e, for different ¢ in the res-
onant case are exhibited in Fig. 2. In the whole paper, we
set @, = 1 for simplicity. As shown in Fig. 2(a), when the
coupling strength becomes greater, the population probabil-
ity of the ground state |g,0) will decrease, and the higher or-
der states’ population probability will increase, yet the popu-
lations of the higher order states are much smaller than that
of the lower order one according to Figs. 2(b)-2(i). Besides,
when o = 0, the CRT leads the couplings between the state
|g,0) and |@;), |@i), and |@5°) as shown in Figs. 2(a), 2(d),
2(e), 2(h), and 2(i), while the PDM furthermore leads the cou-
plings between the state |g,0) and | @), |@5), and |@;5), |@iF)
and |@;). As |a| increases, the coupling between the dressed
states will strengthen.

1.000 3 20
(b) | (©)
0.999 15
L2 1
=} o
S 0.998 < 2 10
) 1 (_?
—a=0 5
0.997r ... la] =0.5
lof=10 | et e
0_( .......... O"’“"“‘ ------
0.996, 0.02 0.01 0 0.02 0.04 0 0.02 0.04
A/ we A we A we
8 8 20
(d) (e) (f)
6 6 / 15
© | // E
\ o / ‘
= 2y / = 10
~ 3 =
) Q )
@) , Q
2 2 s 5
0 <<<<<< 0 _ g 0 ““““““““““““
0 0.02 0.04 0 0.02 0.04 0 0.02 0.04
)\/wu A/wg )\/C“')C
4 2.5 4
(8) (h) (i)
3 2.0 f 3 /
L 15 /11
o o / =) /
<} S / O] /
! 0.5 1
05= S =57 0 002 004 0 002 004
M we A we A we

Fig. 2. (color online) The population probability of different energy levels (a) |g,0), (b) |g,1), (¢) |e,0), (d) |g,2), (e) |e, 1), () |g,3), () |e,2), (h) |g,4),
(i) |e,3) against the normalized coupling constant f = A /@, for different o in the resonant case. Red solid lines represent o = 0, blue dotted lines

represent |@| = 0.5, and green dot—dashed lines represent |o¢| = 1. In panels (e), (h), and (i), the differences among the curves are very small.

Below we will present a detailed discussion on the en-
ergy spectrum of the polar molecule cavity QED system for
various values of f and « to further demonstrate the validity
of our analytical approach. Figure 3 shows the seven lower-
lying energy levels Eg, Eki, k=(0,1,2) as a function of f,

«, and detuning &, respectively. We compare eigenvalues ob-
tained by our DSP theory with those by numerical diagonal-
ization in a truncated finite-dimensional Hilbert space.3”) Tt is
shown that for the parameter regimes with f < 0.1, |a| < 1,
and a wide range of detuning values —1 < 6 /@, < 1, our an-
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alytical energy spectrums are in good agreement with the di-
rect numerical simulation. Therefore, the DSP theory provides
an accurate analytical expression to the energy spectrum of
the two-level polar molecule cavity QED system in a certain
range of both f and o values. Note that in the present exper-
imentally accessible systems the maximum value for the cou-
pling strength is generally realized in the superconducting cir-
cuit resonator!>*! and organic microcavity, >3 which is around
f ~0.1. So it should be practically interesting to find a good
solution in this coupling regime. As for the case of an ultra-
strong coupling regime, we will discuss it in our future work.

3
@
2
(o)
>
)
>
o0
—~
Q
=]
5]
-1
0 0.05 0.10  0.15  0.20
A we
3
(b)
2
)
>
2
> 1
o0
)
=1
Moo
—1g 1 2 3
|l
4
(c)
—_—

Energy level

210 —05 0 0.5 1.0

8/we

Fig. 3. (color online) The seven lower-lying energy levels Eg o, Eki,
k= (0,1,2) as a function of f, @, and detuning 8, respectively. (a)
6=0,]a|=1;() 6§ =0,f=0.01,0.1; (¢) |a| =1, f = 0.05. In pan-
els (a) and (c), blue dot—dashed lines represent the results of our dressed
perturbation theory, while red solid lines represent the results of nu-
merical simulation. In panel (b), dot—dashed lines represent the results
of dressed perturbation theory, solid lines represent the results of nu-
merical simulation, red and blue lines represent the energy spectrum
of f = 0.01, and black and green lines represent the energy spectrum
of f=0.1. For the parameter regimes with f < 0.1, |@| < 1, and a
wide range of detuning values —1 < /@, < 1, our analytical energy
spectrums are in good agreement with the direct numerical simulation.
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Fig. 4. (color online) (a) The respective contributions of the PDM and
the CRT in the energy shift of the five lower-lying energy levels as a
function of a2 for f = 0.05 in the resonant case, where those curves

parallel to the abscissa axis represent an energy level shift caused by
the CRT. The black lines: L5, and £y e the red lines: £, %)
and EO_((CZ];T), the blue lines: E(;:SZ)) and E('):(CZ%T), the green lines: El_(azz))
and EI?(CZQT), the magenta lines: E:r(gz)) and Eﬁg&T). (b) The BS shift

of the transition E; — Eg ¢ for the different o as a function of A2 with
detuning 8 = 0. (c) The total BS shift caused by PDM and CRT with
the transition Eki — Eg0 (k=0,1,2) for |a| =1 as a function of A2
with detuning § = 0.

In Fig. 3(a), when f = 0, the ground state is nondegener-
ate and each higher energy level is doubly degenerate. The
separation between the levels is @, which is also equal to
@y in the resonant case. As f increases, the energies of the
ground state Ey o and £, gradually decrease, while the ener-
gies of E,j gradually increase within the valid regime f < 0.1.
The effect of different atom—photon coupling on the energy
spectrum within 0 < || < 3 are shown in Fig. 3(b); the larger
coupling leads to the smaller valid regime of &, which is co-
incident with the valid condition of dressed state perturbation
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theory, and there are small variations of the energies within the
valid regime of . In Fig. 3(c), the energy spectrum exhibits
avoided crossings adjacent to & = 0. The shift of the resonance
frequency is a so-called BS shift,!*?! which could also be de-
scribed by the energy shift of the level transition with the con-
sideration of the CRT in the strong coupling regime.>*33! For
instance, in Ref. [32], they noted that CRTs yield the second-
order corrections in coupling strength to the resonance fre-
quency. Also, in Ref. [34], it is shown that the terms higher
than the second order of laser Rabi frequency in the BS shift
cannot be neglected for giant-dipole (large permanent dipole
difference) molecules under an intense oscillating field. We
will discuss the magnitude of it in detail in the following pas-
sage.

From the analytical expressions of the energy level
Egs. (10)—(15), we can also find that both the CRT and the
PDM result in the energy level shift from the unperturbed
energy, and the magnitude of the energy level shift is de-
pendent on the coupling strength A, the normalized perma-
nent dipole difference ¢, the cavity field frequency @, the
molecule transition frequency @y, and the photon number k,
where the energy shift Egg(CRT),E,jg%T) induced by the CRT
is approximately proportional to the A2, and the energy shift
E;?O)(az),E;fz)) induced by the PDM is proportional to a?.

In Fig. 4(a), we plot the respective contributions of the
PDM and the CRT in the energy shift of the five lower-lying
energy levels E,, E;, k = (0,1) as a function of o for
f =0.05 in the case of exact resonance 6 = 0. For a po-
lar molecule with relatively small ||, the contribution of the
PDM in the energy shift is less than that of the CRT, while for
some aromatic molecules frequently used in lasers and non-

linear optics!*¥! and organic compounds presenting significant
nonlinear optical properties,*’! the PDM difference between
the electronic excited state and ground state can be very large,
which is the so-called giant dipole molecule,

o] value which
can well exceed 1. Then from Fig. 4(a), the contribution of
the PDM in the energy shift can surpass that of the CRT. This
conclusion can be also drawn from Fig. 4(b). The BS shift can
be also obtained by means of Egs. (10)—(15). In Fig. 4(b), the
smallest BS shift of the transition E;” — Ej o for the different
a as a function of A2 with detuning § = 0 is plotted. It is
shown that the BS shift caused by the CRT is approximately
proportional to A2, and those caused by the PDM are depen-
dent on the higher terms of A. For a giant dipole molecule,
the contribution of the PDM can produce a greater BS shift
than that of the CRT, especially with the increasing coupling
strength A. The total BS shift caused by the PDM and the
CRT with the transition Eki — Eg0 (k=0,1,2) for |a| =1 as
a function of A2 with detuning & = 0 is shown in Fig. 4(c). For
the transition between the higher excited state and the ground
state £ ,f — Eg 0, the magnitude of the BS shift becomes larger
as k increases, and its sign changes alternatively with .

The parameters used for calculation here are within the
range of practical molecules. For instance, in the coupling
of electronic transitions of SrF!®7) and diphenyl molecules
[N(CH3); — C¢Hy — (C = C), — CgHy — NO, 1% with visible
field, we calculate the BS shift of the transition E; — Ego
caused by the PDM and CRT, respectively for f = 0.05 in the
resonant case, and the results are given in Table 1. With a
greater ¢, the contribution of the PDM can produce a greater
BS shift than that caused by the CRT.

Table 1. The BS shift (in unit cm ') caused by the PDM and CRT in the coupling of electronic transitions of polar molecules with visible

field. f = A /@, = 0.05 in the resonant case @, = .

Molecule Transition (Ugg, Uee, Hge (D)) o wo/cm™! PDM shift CRT shift
SrF? X2X — APTI (3.482, 2.059, 6.227) -0.114 1.52 0.091 0.454
Diphenyl® (1-2) (10.67, 16.66, 9.13) 0.328 3.05 1.53 0.91
(1-4) (10.67, 12.99, 3.9) 0.297 3.85 1.57 1.151
(1-7) (10.67, 14.07, 3.37) 0.504 4.89 5.65 1.461

aRefs. [6], [7]. PRef. [10].

4. Conclusion

In the present paper, we apply the dressed-state pertur-
bation theory beyond the RWA to investigate the interaction
between a two-level polar molecule and a quantized cavity
field. Analytical expressions have been derived for both the
ground state and the excited state energy spectrums and wave
functions of the system, where the contribution of permanent
dipole moments and the counter-rotating wave term can be
shown separately. The validity of our approach is discussed
by comparison with the numerical diagonolization method.
For the parameter regimes with f < 0.1, |a| < 1, and a wide

range of detuning values —1 < § < 1, our analytical results
agree well with the direct numerical simulation. It implies that
our presented DSP theory is valid for the current experimental
conditions with strong coupling. From the expression of the
wave function, we can clearly obtain the population of the dif-
ferent dressed-state energy levels and the transition relations
between the energy levels. The respective effects of the PDM
and CRT on both the population and energy level of the system
are analyzed. Compared with the CRT coupling, the PDM in-
duces the coupling of more dressed states, and as |¢t| increases,

the coupling between the dressed states will strengthen. Fur-
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thermore, both the CRT and the PDM result in the energy shift
of the dressed states from those of the JC model Hamiltonian,
and the energy shift caused by the CRT is approximately pro-
portional to the square of the coupling strength, while the en-
ergy shift caused by the PDM is proportional to the square
of the normalized permanent dipole difference and is depen-
dent on the higher terms of the coupling strength. For a giant
dipole molecule cavity QED, it is expected that the contribu-
tion of the permanent dipole moment could produce a greater
BS shift than that of the counter-rotating wave term. More-
over, our method can also be extended to the solution of the
two-level atom Rabi model Hamiltonian beyond the RWA by
setting o = 0.

In addition, much theoretical and experimental attention
has been devoted to the effect of the counter-rotating wave
terms, which plays an important role in the strong-coupling
regime and results in some novel quantum mechanical phe-
nomena, for instance, the modification of the dynamics of pop-

(401 preparing a non-classical state,*!! quan-

tum irreversibility and chaos, 4! [43]

ulation inversion,
quantum phase transition,
the simulation of the dynamical Casimir effect in a semicon-
ductor microcavity or superconducting circuit QED,** and

the production of photons from a vacuum, 4!

etc. Comparing
the contribution of the permanent dipole moment with that of
the counter-rotating wave terms will lead to beneficial discus-

sion, and we will work on it in a future paper.

Appendix A: Dressed-state perturbation theory
beyond the RWA

In order to calculate the various order approximation, we
introduce a real parameter j which varies continuously from
zero to 1, and rewrite H' as jV:

H =jV=—jAlac.(a"+a)+a'c, +ac ]. (Al

Now to solve the whole quantum behavior of the system is to

deal with new stationary problem:

(A2)
(A3)

H|¥) = E[¥),
(P¥) =1.
The equation is hard to exactly solve, but we can obtain the

correction on the basis of the solution of the unperturbed sys-
tem. Inserting Eq. (1) into Eq. (A2), we have

(E - 8;;)61”1 = .] [Z( + bn mn ) +CVrrEO bl (A4)
n=0

(E—&,)bm=j [z (@ Vs 4 bV )+ Vil |, (AS)
n=0

=

(E+ay/2)c=j Zb(anv;; +buVen )+ cVer | 5
o

(A6)

where VX = (o

Both the probability amplitude a,, by, c, and energy E

[V|@Z) is the perturbed matrix element.

are all related to the perturbation, dependent on the parameter
Jj representing the strength of the perturbation. Expanding a,,,

by, ¢, and energy E by the power series of j:

(0) (1)

an=ay + jan’ +j* an Z J an ; (A7)
by =0 + jbi) + 2P + Z b, (A8)
c=cO 4 jeV 4 22 Z]c (A9)
E=E9 4 ;EW 4 2E?) Z JED.  (A10)

Inserting Eqgs. (A7)—(A10) into Egs. (A4)—(A6), we can
have a series of equations that various-order approximated

(r) ()

wave function a,,’, b;,’, c<’), and energy E (") should satisfy.

Appendix B: Wave function of the ground state

The first-order wave function correction is given by:

0 = [y

2,0 >+|lP 0CRT)>

and the second-order wave function correction is:

@ _ @
|'ffg.o>*‘q’g,o >+|lPOCRT>+|'{IOaCRT)>

where
(1)
LA
cos 6y sin 6y
=—-Aia| ———— _ B1
(oo = oy pectoi) ). @D
(1)
|‘Pg,0(CRT)>
sin 6y cos 6y
A —— _ B2
< /24—»3+| o)+ /2+£*| 1>> ®2)
w2 )= -2k
" 1 (cos 6o (sin By sin B — v/2.cos By cos 6;)
w/2+¢€ w/2+€;
3 sin By (cos B sin B + v/2sin By cos 61)> o)
wo/2+€, !
1 (cos 60 (sin By cos B) + /2 cos By sin 6;)
+ - T
wy/2+¢€ /2 + &,
B sin By (cos B cos B — v/2sin By sinel))| -
Wo/2+ € “
1 cos 6 2 ( sin @y )2
A kU B (Rl 05 B3
2 (a)0/2+£5r> w/2+€; l80) B3)
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(2) 1 in 0 .
|q{g,0(CRT)> - e [a)os/lg—&—lel* (sin 6 cos 6y + V/2cos 6 sin 6o)
_ _132) _ ; 0
=-1 { V/35in 0 cos 6 7%0/02:1 (cos cos By — V/2sin 6 sinGo)h‘Po )
€
sin 65 ( 1 1 > n 20 in2 6
X - — | loy) cos” 6 sin” 6
[uﬂ2+8§ @o/2+¢&  @y/2+€ 4_ax>/2+ 2{Vﬁs ( w0 /2+ & mﬂ2+&§)
cos 6 ( 1 1 ) _ ] ) .
- — — |l sin 6 (\ﬁsm 0, sin 6, — v/3 cos 6; cos 0,)
w/2+& \wy/2+€"  a/2+g #5) —< o2
1 sin 0, )2 < cos 0 )2 V2 . V3si
o (=) (== 2,0) 5. (B4 cos 01 (v/2cos 0; sin 6, + v/3sin 6 cos 6,) n
2 [(0)0/24—81* /2 +¢ 8:0) + P ;)
p? 1 26 in2
¥y 0l crm) b [ﬁ 6, (@C;;g 4R )
) 1 2 0 0
=-A a{ — 7(00/2+80+ B <sin91(\ﬁsin61 cos 6, + /3 cos 6 sin 6,)
sin@ n/2+ef
1 . )
X [wo/Z-i-ef’ (sin 6; sin 6 — V/2cos 6 cos 60) | cos 61 (v/2cos 0; cos B, — v/3sin O sin 92))} o7)
cos 6 (cos 61 sin 6 -+ v/2sin 6 cos 60) | |7 /2+€; 5 ) (-
————(cos 6 sin sin 6 cos
@0/21 € 1 o 1 0) | 1Po (B5)

Appendix C: The wave function of the higher-order dressed state

The first-order wave function correction of the higher order dressed state is given by: |‘I’ki(1)>

74 = ~naf

m

—cosG”,cosek(vk+2(m+1\k+2) +Vk+1(m+1]k))] @)

+

+sin0mcosek(\/m<m+1|k+2>+vk+1<m+1|k>)]|‘%>_

| k(CRT > = 7“{

L

m;ék

1

_’_7
g +wy/2

-y _
i) ) = _7“)‘{

m “k

)y —

[cos O sin O (Vk + 1(m|k+1) + Vik(m|k — 1))

m

1
g +wy/2

| 'I’

y ﬁ%[sine,nsinek(\/k+l<m|k+ 1)+ Ve{mlk— 1))

m#k “k

Vk+1cos 6k<0|k>ga0>}’

1
Y *7(9* [Vk+25sin 6, cos O (m|k +2) +Vkcos 6, sin 6 (m+ 1]k — D]l
8 J—

[\/k+2c059 cos O (m|k +2) — V/ksin 6, sin 6 (m + 1]k — D]le,)

whmmmm—m&m}
[sin @, cos O (Vk + L{m|k+1) + Vk(m|k — 1))

+

m

+um@ﬁm9AVk+20n+1%+2%+Vk+1@n+1%»ﬁ¢$)

+

—sin O, sin O (Vhk+2(m+ 1|k +2) + Vi + Lim+1[k))] |@,,) +

+

I, CRT>

+

)y

m#k ek -

)y

m k

)}

mk &~
1

g +my/2

[cos 6, cos O (Vk+ 1<m|k+1>+\/l;(m\k71>)

m

&

+
m

m

¢hmmwkm&m}
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.+ /2

Vk+ 1sin 9k<0|k>|g,0>}a

[ — Vk +25in 0, sin O (mlk +2) + Vkcos 8, cos O (m + 1|k — 1)] | @)

— [Vk+2c0s 6, sin 6 (m|k +2) + Vksin 6,,cos 6 (m+ 1|k — D] lon)

>+ |‘P CRT ), where

(ChH

(C2)

(C3)

(C4)
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