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Fidelity between Gaussian mixed states with quantum state
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In this paper, from the original definition of fidelity in a pure state, we first give a well-defined expansion fidelity
between two Gaussian mixed states. It is related to the variances of output and input states in quantum information pro-
cessing. It is convenient to quantify the quantum teleportation (quantum clone) experiment since the variances of the input
(output) state are measurable. Furthermore, we also give a conclusion that the fidelity of a pure input state is smaller than
the fidelity of a mixed input state in the same quantum information processing.
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1. Introduction

Recently, much attention has been devoted to investigat-
ing the use of continuous variable quantum information pro-
cessing (CV-QIP). Continuous-spectrum quantum variables
may be easier to manipulate than discrete quantum bits in or-
der to perform various quantum information processes. For
the case of Gaussian state of light, e.g., squeezed coherent
beams, ! it can be created by means of linear optical circuits
and homodyne detection, which can be used to perform quan-
tum teleportation,m quantum error correction,m and even a
quantum nonlocality test. The similarity or distinguishabil-
ity of CV quantum states is an important resource in quan-
tum information processing and there are several measures
widely used to characterize it, such as trace distance!*! and
fidelity. >8]

The fidelity is an average value which is often used in
CV-QIP.B] The experiments with a coherent state input have
been performed by assuming that the input is a pure state. For
such a state, there have been a lot of studies of fidelity as a
success criterion, and its value and the classical limit are well

understood. 14

In theory, the fidelity between any two mixed states is[®7]

Fo(pr.p2) =Try/ p*pap ).

However it is not easy to compute the square root of a density
operator. Moreover the input state cannot be always pure but

is mixed due to some inevitable losses and imperfection in real
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experiments, so it is difficult to quantify the similarity between
mixed states in experiments. In experiments there is a need for
other quantities, which are easier to compute and measure, and
the fidelity for CV teleportation of a mixed state input has not
been investigated very much so far.

In this paper, based on the original definition of fidelity,
we first give a well-defined universal fidelity between two
Gaussian mixed states. It is related to the variances of output
and input states in quantum information processing. We can
use it to quantify the quantum teleportation (quantum clone)
experiment conveniently since the variances of input (output)
state are measurable. Furthermore, we also give a conclusion
that the fidelity of a pure input state is smaller than the fi-
delity of a mixed input state in the same quantum information
processing, which means it is harder to preserve the quantum

character of a pure state than a mixed state.

2. Fidelity between Gaussian mixed states

The fidelity for a pure input state, %!

1 .
|ain> = D) |xin + 1)’in>

with xj, (yin) the expectation value of the amplitude (phase)
quadrature, is defined by Schumacher F = (0n|Pout|in),
where poy is the density operator of the output state, and the
fidelity is equivalently expressed with the Wigner function!!”!
by

F:n/dzawm(a)wm(a), (1)
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where Wi, (a) and Wy () are the Wigner functions of the in-
put and output states, respectively.

In this paper the states we considered are Gaussian states,
which are at the heart of quantum information processing with
continuous variables. They can also be generated and manipu-
lated experimentally in a variety of physical systems, ranging
from light fields to atomic ensembles.

A state of a continuous variable system is called Gaus-
sian if its Wigner function, or equivalently its characteristic
function, is Gaussian. If the input is a Gaussian state, we can
denote the input state Wigner function as

2
VVin(x7y>: — —
7T/ (6% Xin) (6%Yin)
_ 2(x_xin)2 . 2<y_yin)2:|
p{ % (on | P

where x;, and yj, are the displacement (also named the expec-
tation value in theory) of the input state in the phase space and

F(0in Oow) =7 / ddy Wi (x,3) Wou (x,y) = / dxdy

X ex {— 2(X—xin)2 _
P78k (6%7)
2

(8%X:,) and (8%¥:,) are the quadrature component variances
of the input state.

In the CV-QIP, the Gaussian character of the input state
does not need be altered. Even when a Gaussian state suffers
from some losses in the CV-QIP and becomes a mixed state,
the state is just transformed into another Gaussian state. So we
can also denote the Wigner function Gy as

2
Wout(xay): — —
T <62Xout><62Y0ut>
2()(? _xout)z 2()7 _yout)2:|
_ - _ ) .3
<o ) (%) |

where xout (Your) and <52X0m> (<52Yout>) have the same mean-
ing with Eq. (2).

If the input is prepared in a pure state, the fidelity is
calculated!®”! by Eq. (1),

4

70/ (528in) (82010} /(52 Rout) (62 Fou)
Z(Y_yin)z] exp |:_ 2(x_xout)2

_ 2()7 B yout)2:|
<52)20Ut> <52?0ut>

(xout - xin)2 (yout - yin)2

The displacement xi, (yi,) of an input state can be easily
reconstructed at the output station by setting the gains of clas-
sical channels to unity, i.e., Xout = Xin, Yout = Yin, Where the
fidelity is peaked,

P 2 G

(80 + (52 (32F) + (32

It only depends on the variances of the input state and output
state, which are just what we measured in the CV-QIP experi-
ment.
When the input state &, is a pure coherent state, it means
(82X;n) = (8%Yy) = 1, equation (5) changes as
F= = , ©)
V(U (82Rou) ) (1 + (82Fou)

Furusawa et al.l'"*! used this expression to investigate the fi-
delity of continuous-variable quantum teleportation for a pure
coherent state.

However, the input state cannot always be a pure state but
is a mixed state due to some inevitable losses and imperfection
in real experiments. For example, squeezed states used in suc-

cessful experiments of quantum teleportation or the generation

i e T e ©

of entanglement are commonly generated by using an optical
parametric oscillator '*18-221 or a Kerr medium.[?¥! In these
experiments, each squeezed state suffers from some inevitable
losses, mainly in its generation process, having excess noise
in the antisqueezing component. Such squeezed states are not
pure, but mixed states. So we cannot directly qualify the sim-
ilarity between the input and output state.

Here we can assume the ideal input &, is a Gaussian pure
state. The subscript ‘p’ means pure. Without loss of general-
ity, the ideal input state ¢, can be expressed as

& =X, + %), )

which is expressed in terms of the amplitude )?p and the
phase ?p quadrature with the canonical commutation relation
[Xp,X,] = 2i, and (8?A,) are the quadrature component vari-
ances with A =X =Y. x; and y, are the expectation val-
ues of the X, and ¥,. Since @, is a pure state, we have
2% 20\

(82R,) - (8°0,) = 1.

Due to some inevitable noise coupled in the ideal input
state Gpure in the state preparation process, the ideal input state
Opure is transformed into the real prepared input state Gy. It is

usually a mixed state. The prepared input state &, can also be
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expressed as

Oin = Xin + 1 ¥in- (®)
Note that (§%A;,) are the quadrature variances with A = X or
Y. xiy and yj, are the expectation values of X, and ¥;,. Since

the prepared input &, is a mixed state, we have
(8%Rin) - (8%Fy) > 1.

Due to the no-cloning theorem, the state transport process
inevitably induces noise in comparison with the input state &,.
The outputs of the state Oy transport process are also a Gaus-
sian mixed state. In fact, the additional noise of the output
state Gy is a penalty during the state transport process. The
output state oy can also be expressed as

é‘out = Xoul + i?out- (9)

Note that xoy and yoy are the expectation values of Xout and
Pour. Since the output state oy is a mixed state, we have
29 29
(6" Xout) + (0 Your) > 1.

Since the prepared input state &;, and the output state Qo
are both mixed states, how can we qualify the similarity be-
tween &, and Goy.

First, because the ideal input is a pure state, we can cal-
culate the fidelity between &, and &, by Eq. (4),

F () = [ dxdyWylery)Win(x.9)

2
(88 + (82K (82F,) + (8F)
X exp [— (xin — %)
2((32Ky) + (5Ku))
ey’ } (10)
2328+ (527 |

Similarly, we can also calculate the fidelity between &,

and oy

F (G, Gow) = 7 / ddy W (x,3) Wour (x,Y)
2

(8280) + (8280u)) ((82F,) + (82Fau))

(xout_xp)2
((82Xp) + (82Xow))
B (Yout — ¥p)? ]
2((82Yy) + (8%our)) |

><exp[—2

Y

A well-defined fidelity must qualify the similarity be-
tween quantum states. In mathematics, the value of the fidelity
must belong to [0, 1]. So the fidelity between mixed states ¢y,

and Ot is defined as

) VU +(328))(820,) + (62Fin)

F(&im dout) = F( AA 76,6\011 =
FlO:Gin)  [((828,) + (82Rou) ((82Fp) + (62Fou))
exp |: (xout - xp)2 _ (yout - yp)2 :|
) 2((32%y) (5 Rou)  2((8Fy) + (8Fou)) | 1)
ox [_ Fn—%)° =) ]
P17 20(02%y) + (62Km))  2((82F,) + (62Fim))

Considering two ideal cases, firstly, when
<52)20ut> = <5ZXin) = (62)2}))

and

the fidelity
secondly, when
and

the fidelity

\
So it is a well-defined fidelity which can qualify the similarity

between mixed states. It can be seen that the fidelity depends
not only on the variances of two states but also on the dis-
placement subtraction. In the quantum clone (quantum tele-

t,[18-20.24] the displacement x;, (yin) of an

portation) experimen
input state can be easily reconstructed at the output station by
setting the gains of classical channels to unity, i.e., Xout = Xin,
Yout = Yin- Since &, is a hypothetical input, we can assume
Xp = Xin = Xout> Yp = Yin = Yout» and the fidelity is strongly

peaked and changed into

V (82%,) + (82%0))((62F,) + (62Fin)

(8 5,) T (6K (328,) + (6%Fou))
(13)

There is a similar idea of Schrodinger’s-cat states in quantum

F(&im&out) =
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teleportation by Furusawa.[>*l Considering two ideal cases,
first, when

A A A

<62X0ut> = <52Xin> = <82XP>
and

<52?0ut> = <52?in> = <52f/p>7
the fidelity F = 1; second, when (§?Xou) > (82X,) and
(82Vou) > (8°Yy,), the fidelity F = 0. It only depends on
the variances of the input state and output state, which are just
what we measured in the experiment. It is very useful to qual-
ify the Gaussian state quantum teleportation (quantum clone)
experiment.

When the prepared input state ¢, is a pure state, its means

Oin = @, equation (13) agrees with Eq. (5). When the ideal
state @, is a coherent state, i.e., (62)A(p> = (52?1)) =1, equa-
tion (13) is changed into

2%. 2V.
o V)14 (%)) "

V(1 (82R0u)) (14 (82Fuur))

However, all experiments!!418-2023 with a coherent state in-
put have been performed by assuming that the prepared input
state @y, is a pure coherent state. It means (8%X;,) = (§2¥},) =

1. So equation (14) has become simpler

2

F= .
V(14 (8280w (1+ (82Fou))

15)

It agrees with the fidelity given by Furusawa. 4! Equation (15)
is very useful in experiments because the fidelity can be cal-
culated directly by the variances of the output state. However,
it is only reasonable when the input state is a coherent state. If
the input state is a nonclassical state, such as a squeeze state,
the fidelity does not work well. [26-27]

The real squeezed input state &, suffers from some in-

evitable losses, mainly in its generation process, having excess

2

noise in the antisqueezing component. Such squeezed states
are not pure, but mixed states. This mixed squeezed state is
regarded as a squeezed thermal state. Its variances are written

as follows:

(82Xin) = (8°X,) coth (2) /4
(82%:) = (8%F,) coth (2B) /4,

(16)

where (§2X,) = (82F,) = 1 and coth (23) /4 is the variance of
an initial thermal state. f3 is the inverse temperature 1/2kpT,
where kg is the Boltzmann constant and 7 is temperature. Ac-
cordingly a squeezed thermal state is no longer the minimum-
uncertainty state (62X, ) - (62¥;,) > 1. If such a squeezed ther-
mal state is generated as an input of a quantum clone (or quan-
tum teleportation), we can obtain the fidelity by Eq. (13).

3. Fidelity with different inputs

Considering the ideal pure state &; and the mixed state
0 as the input in the same quantum transport process respec-
tively, with such an input state can we obtain higher fidelity
than the other? When the input state is a pure state &, the
variances of output state &y is

(82 Riout) = (82X1)+(82Rn), (8 V10u) = (8211)+(8%F1),(17)

where <52X1> (<52X10m>) and (52f/1> (<52f/10m>) are the
quadrature component variances of the pure input state ¢&; and
output state &ou. (62Xt) ((§2¥r)) is inevitable noise induced
by the quantum transport process. This inevitable noise is the
same for all input states during the same quantum transport
process. This is up to the character of the quantum transport
process. In unity gains, we do not care about the mean value
between the input and output state. We can obtain the fidelity
of the pure input state & and output state &;oy by Eq. (5),

2

F (O, Ciou) =

However, in experiments the prepared input state is not
always an ideal pure state &;. It may be a mixed state which
named Oy more or less. To compare the fidelity fairly, we as-
sumed the variances of this mixed state &, are akin to the vari-
ances of this pure state ¢&; in phase space. So we can express

the variances of &, as
(8%%,) = (82R)) + (8%RN), (8%F) = (8291) + (820n), (19)

where (§2XN) ((8%Fx)) is additional noise on the mixed state

0 during the prepared process.

= : (18)

VU + (8210u)) ((8271) + (82P10u) 1/ (2(8281) + (8281)) (2(821) + (82Fr))

Similarly, when the input state ¢, is a mixed state in the
same quantum transport process, the variances of the output
state Qpoye are

(6°Xnou) = (86°X2) + (8°Xr)
= (82X)) + (8%8N) + (82 K1),
(8°Thou) = (8°T2) + (8°Fr)
= (8211) + (8% + (8%Pr). (20)

We can also obtain the fidelity of a mixed state input &, and
output state (o by Eq. (13).
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F(&Za dZout) -

\/(<52??1 ) +(82X2))((82F1) + (6712))

V(8281) + (82R20u) ((8271) + (8P

V(8281 + (8283))(2(820) + (8*1w)

2n

V@(R1) + (52R7) + (82%)) (2(8211) + (82Fr) + (870))

So we can obtain an inequality by simple calculation

F(&h dlout) <F(6‘27 aZout)~ (22)
It means the more quantum character the input state has, the
lower fidelity we can obtain. That is to say, as the input state
varies during the same quantum transport process, it is harder
to preserve the quantum character of a pure input state than a
mixed input state. This conclusion is suitable for the quantum
teleportation (quantum clone).

Appendix A: Proof of inequality (22)

If F(0q,Giout) > F (6, 0pout), it means

V(@(828%1) + (828%5))(2(82) + (821w

‘4. Conclusion

Based on the original definition of fidelity, we give a uni-
versal fidelity between two Gaussian mixed states with quan-
tum state quadrature variances. It is convenient to quantify the
quantum teleportation (quantum clone) experiment since the
variances of the quadrature components of the input and output
states are measurable. Furthermore, we also give a conclusion
that the fidelity of a pure input state is smaller than the fidelity
of a mixed input state in the CV-QIP due to the fragility of the
pure state.

2
> . (AD
V(2(82R) + (8281)) (2(8201) +(8201))  \/(2(8281) + (82Kr) + (828x))(2(8201) + (62F) + (520w))
Then, we have
\/(2<52)?1> +(82%7))(2(8211) + (82F1)) _ \/(2<52Y1> +(82%7) + (82Xn)) (2(8211) + (82¥r) + (821)) (A2)
2 ) V@280) + (8280) (2(8201) + (820)) |
Then,
L (82K (82 (52%7) (8297)
o o S e )
Then,
14+ (8°11)(8%%r) N (8°%1)(8%r) N (0%%r)(8°Fr) _ (8°%r) (8°1r)
2 2 4 T 2(82K)) + (82XN)  2(82F) + (821
(62Xr) (8°¥r)
2(82X1) + (82Xn) 2(82F1) + (82n)
Then, one can obtain
<52?1><52XT>+<52?21><52?T>+<52XT><52?T> < (8°%r) (6°Fr)
2 2 4 T2(82X) + (82XN)  2(821) + (821N)
(82Xr) (827)
- 2(82X1) + (82XN) 2(8211) + (62 M) (A9
| A N .
Therefore, (8%X,)(8%¥r) (8%¥r)
2 = 2(821) + (82N) (46)
2901522 522 (8%) (%) _ (8%Rn)  (8°F)
= z<5z;§l>+T<issz>’ (A5 4 T 28+ (82%)
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x 2(8%11) 4 (8°I). (A7)

Thus, we have
(8°01)(2(8°K1) + (8°%w)) <2, (A8)
(8°X1)(2(8°1) + (8°Tw)) <2, (A9)

(2(8°X1) + (8°Xn))(2(871) + (8°T)) < 4. (A10)

It is a conflict, so we obtain the relationship

F(&lvdlout)<F(d27a20ut)~ (All)
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