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New analytical exact solutions of time fractional KdV KZK equation
by Kudryashov methods
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In this paper, new exact solutions of the time fractional KdV–Khokhlov–Zabolotskaya–Kuznetsov (KdV–KZK) equa-
tion are obtained by the classical Kudryashov method and modified Kudryashov method respectively. For this purpose, the
modified Riemann–Liouville derivative is used to convert the nonlinear time fractional KdV–KZK equation into the non-
linear ordinary differential equation. In the present analysis, the classical Kudryashov method and modified Kudryashov
method are both used successively to compute the analytical solutions of the time fractional KdV–KZK equation. As a
result, new exact solutions involving the symmetrical Fibonacci function, hyperbolic function and exponential function are
obtained for the first time. The methods under consideration are reliable and efficient, and can be used as an alternative
to establish new exact solutions of different types of fractional differential equations arising from mathematical physics.
The obtained results are exhibited graphically in order to demonstrate the efficiencies and applicabilities of these proposed
methods of solving the nonlinear time fractional KdV–KZK equation.
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1. Introduction

In recent years, fractional calculus has played a very im-
portant role in various application areas, such as modeling
anomalous diffusion, heat transfer, seismic wave analysis, sig-
nal processing, control theory, image processing, and many
other fractional dynamical systems.[1–6] Fractional differen-
tial equations (FDEs) are the generalized form of classical dif-
ferential equations of integer order. The FDEs are inherently
multi-disciplinary with their application across diverse disci-
plines of applied science and engineering. Recently, FDEs
have attracted great attention due to their applications in vari-
ous real physical problems. The properties of several physical
phenomena are found to be best described by FDEs. For this
purpose, a reliable and efficient technique is essential for solv-
ing the nonlinear FDEs. In this connection, it is worthwhile
to mention the recent notable studies of the solutions of FDEs,
integral equations and fractional partial differential equations
(FPDEs) of physical interest. Several analytical and numeri-
cal methods have been employed to develop approximate and
exact solutions of FDEs.[7–18]

The sound propagation in fluid is determined by non-
linearity, diffraction, absorption and dispersion. For mod-
elling the nonlinear sound propagation in fluid, the combined
effects of nonlinearity, absorption, dispersion and diffrac-
tion should be taken into account. The description of
sound propagation in fluid requires accurate representations
of nonlinearity, dispersion, absorption, and diffraction. The
KdV–Khokhlov–Zabolotskaya–Kuznetsov (KdV–KZK) equa-

tion describes all the basic physical mechanisms of sound
propagation in fluids.[19]

Now we consider the (3+1)-dimensional time fractional
KdV–KZK equation:

∂zDα
τ p =

c0

2
∆⊥p+A1D3α

τ p+A2D2α
τ p2− γD4α

τ p, (1)

where 0 < α ≤ 1, A1 = b/(2c3
0ρ0), and A2 = ε/(2ρ0c3

0) with ε

being the parameter of nonlinearity, b is the diffusivity param-
eter, ρ0 is the ambient fluid density, p is the acoustic pressure,
τ = t− z/c0 is the retarded time variable with z being the di-
rection of sound propagation, c0 being the small signal speed
of sound, and γ is the adiabatic index defined as γ = cp/cv,
with cp and cv being the specific heats at constant pressure and
constant volume.

The first term on the right-hand side of Eq. (1) represents
diffraction. The second term refers to thermoviscous atten-
uation as in Burgers’ equation, and the third term describes
the nonlinearity. In comparison to KdV-Burgers equation, the
KdV–KZK equation has only one extra term. The diffusivity
parameter b is defined as b = ζ + 4η/3, where ζ and η are
the bulk and shear viscosity. The transverse Laplacian can be
written in Cartesian coordinates as

∆⊥p =
∂ 2 p
∂x2 +

∂ 2 p
∂y2 . (2)

The KdV–KZK equation is an augmented form of KdV–
Burgers equation. In addition to absorption, dispersion and
nonlinearity, it also includes the diffraction. The nonlinear
parabolic KdV–KZK equation describes the combined effects
of diffraction, absorption, dispersion and nonlinearity.
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The KdV–KZK equation for fluids has profound applica-
tions in aerodynamics and acoustics, and also its extension to
solids has applications in biomedical engineering and in non-
linear acoustical nondestructive testing.

Nonlinear FDEs can be transformed into integer-order
nonlinear ordinary differential equations via fractional com-
plex transform with the help of the modified Riemann–
Liouville fractional derivative and corresponding useful for-
mulae. The present methods[20–25] under study can be devised
to develop the exact analytical solutions for the time fractional
KdV–KZK equation. The main motivation of this paper is to
develop the exact solutions of the fractional order KdV–KZK
equation. To the best of the author’s knowledge, the exact an-
alytical solutions for the fractional KdV–KZK equation have
been reported for the first time in this paper.

The rest of this paper is organized as follows. In Sec-
tion 2, some definitions and corresponding properties of the
modified Riemann–Liouville derivative are described. In Sec-
tion 3, the description of the algorithm for solving FPDEs
by using both the classical Kudryashov method and modified

Kudryashov method via fractional complex transform is pre-
sented. Then in Section 4, these methods have been imple-
mented to establish new exact solutions for the time fractional
KdV–KZK equation. Next, in Section 5, the numerical sim-
ulations for the nonlinear time fractional KdV–KZK equation
are discussed. In Section 6, some conclusions are drawn from
the present studies.

2. Description of modified Riemann–Liouville
derivative and some properties

The modified Riemann–Liouville derivative[26–29] of or-
der α is given as follows:

f (α)(x) = lim
h↓0


∞

∑
k=0

(−1)k
(

α

k

)
f [x+(α− k)h]

hα

 ,

α ∈ℜ, 0 < α ≤ 1, (3)

which can be written as

Dα
x f (x) =



1
Γ(−α)

∫ x

0
(x−ξ )(−α−1) [ f (ξ )− f (0)] dξ , if α > 0,

1
Γ(1−α)

d
dx

∫ x

0
(x−ξ )−α [ f (ξ )− f (0)] dξ , if 0 < α < 1,[

f (α−n)(x)
](n)

, if n≤ α < n+1, n≥ 1.

(4)

Some properties for the modified Riemann–Liouville deriva-
tive given in Refs. [26]–[29] are as follows:

Dα
x xγ =

Γ(γ +1) xγ−α

Γ(γ +1−α)
, γ >−1,x > 0, (5)

Dα
x f [h(x)] = f ′h[h(x)]D

α
x h(x), (6)

Dα
x f [h(x)] = Dα

h f [h(x)]
(
h′(x)

)α
, (7)

which are the direct consequences of the following equality:

dα f (t) = Γ(α +1)d f (t), (8)

which holds for a non-differentiable function. It is noted that
from Eqs. (6) and (7), the function f (h) is differentiable in
Eq. (6) but non-differentiable in Eq. (7).

3. Algorithm of the method applied with frac-
tional complex transform
In this section, an algorithm is presented for the analyti-

cal solutions of Eq. (1) by using both the classical Kudryashov
method and modified Kudryashov method.[20,23,24] The main
steps of this method are described as follows.

Step 1 Suppose that a nonlinear FPDE, say, in four inde-
pendent variables x, y, z, and t is given by

P(u,ux,uxx,uy,uyy,uz,ut ,Dα
t u,D2α

t u,D3α
t u,∂zDα

t u, . . .) = 0,

0 < α ≤ 1, (9)

where Dα
t u, D2α

t u, and D3α
t u are modified Riemann–Liouville

derivatives of u, where u = u(x,y,z, t) is an unknown func-
tion, P is a polynomial in u and contains its various partial
derivatives including the highest order derivatives and nonlin-
ear terms.

Step 2 By using the fractional complex transform:[30,31]

u(x,y,z, t) =U(ξ ), ξ = lx+my+ kz+
λ tα

Γ(α +1)
, (10)

where l, m, k, and λ are constants.
By using the chain rule, we have

Dα
t u = σtuξ Dα

t ξ ,

Dα
x u = σxuξ Dα

x ξ ,

Dα
y u = σyuξ Dα

y ξ ,

Dα
z u = σzuξ Dα

z ξ ,

where σt , σx, σy, and σz are the fractal indexes,[32,33] without
loss of generality we can take σt = σx = σy = σz = κ , where
κ is a constant.

Thus, the FPDE (9) is reduced to the following nonlinear
ordinary differential equation (ODE) for u(x,y,z, t) =U(ξ ):

P(U,λU ′,λ 2U ′′,λ 3U ′′′, lU ′, l2U ′′,mU ′,m2U ′′, . . . ,kλU ′′, . . .)

= 0. (11)
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Step 3 We assume that the exact solution of Eq. (11) can
be expressed in the following form:

U(ξ ) =
N

∑
i=0

aiQi(ξ ), (12)

where ai (i = 0,1,2, . . . ,N) are constants to be determined
later, such that aN 6= 0, while Q(ξ ) has the following form:

(i) for the classical Kudryashov method

Q(ξ ) =
1

1+ exp(ξ )
, (13)

which satisfies the first order differential equation

Qξ (ξ ) = Q(ξ )(Q(ξ )−1). (14)

(ii) for the modified Kudryashov method

Q(ξ ) =
1

1±aξ
. (15)

This function satisfies the first order differential equation

Qξ (ξ ) = Q(ξ )(Q(ξ )−1) lna. (16)

Step 4 To determine the dominant term with the highest
order of singularity, we substitute

U = ξ
−p (17)

into all terms of Eq. (11). Then the degrees of all terms of
Eq. (11) are compared and consequently two or more terms
with the lowest degree are chosen. The maximum value of p
is the pole of Eq. (11) and it is equal to N. This method can
be employed when N is integer. If N is noninteger, the equa-
tion under study needs to be transformed and then the above
procedure is to be repeated.

Step 5 The necessary number of derivatives of function
U(ξ ) with respect to ξ can be calculated by using the com-
puter algebra systems of any mathematical software.

Step 6 Substituting the derivatives of function U(ξ )

along with Eqs. (12) into Eq. (11) in the case of the classical
Kudryashov method or substituting the derivatives of function
U(ξ ) along with Eq. (12) into Eq. (11) in the case of the modi-
fied Kudryashov method, equation (11) becomes the following
form:

Φ [Q(ξ )] = 0, (18)

where Φ [Q(ξ )] is a polynomial in Q(ξ ). Then collecting all
terms with the same powers of Q(ξ ) and equating each co-
efficient of this polynomial to zero yields a set of algebraic
equations for ai (i = 0,1,2, . . . ,N) and λ .

Step 7 Solving the algebraic equation system obtained in
Step 6 and subsequently substituting these values of the con-
stants ai (i = 0,1,2, . . . ,N) and λ into the resulting equation
system, we can obtain the explicit exact solutions of Eq. (1)
instantly. The obtained solutions may involve the symmetri-
cal hyperbolic Fibonacci functions.[34,35] The symmetrical Fi-
bonacci sine, cosine, tangent and cotangent functions are re-

spectively defined as follows:

sFs(x) =
ax−a−x
√

5
, cFs(x) =

ax +a−x
√

5
,

tanFs(x) =
ax−a−x

ax +a−x , cotFs(x) =
ax +a−x

ax−a−x .

4. Exact solution of time fractional KdV–KZK
equation
In the present section, the new exact analytical solutions

of the time fractional KdV–KZK equation are obtained for
the first time by using the Kudryashov method and modified
Kudryashov method respectively.

4.1. Kudryashov method for time fractional KdV–KZK
equation

In the present analysis, we introduce the following frac-
tional complex transform into Eq. (1):

p(x,y,z,τ) =U(ξ ), ξ = lx+my+ kz+
λτα

Γ(α +1)
, (19)

where k and λ are constants.
By applying the fractional complex transform (19), equa-

tion (1) can be transformed into the following nonlinear ODE:

kλUξ ξ =
c0

2
(l2 +m2)Uξ ξ +A1λ

3Uξ ξ ξ

+2A2λ
2[UUξ ξ +(Uξ )

2]− γλ
4Uξ ξ ξ ξ . (20)

Integrating Eq. (20) with respect to ξ once, we have

C1 + kλU ′(ξ ) =
c0

2
(l2 +m2)U ′(ξ )+A1λ

3U ′′(ξ )

+2A2λ
2U(ξ )U ′(ξ ) − γλ

4U ′′′(ξ ), (21)

where C1 is the integration constant.
The dominant terms with the highest order of singularity

are γλ 4U ′′′(ξ ) and 2A2λ 2U(ξ )U ′(ξ ). Thus the pole order of
Eq. (21) is N = 2.

Therefore, the solution that we seek is in the following
form:

U(ξ ) = a0 +a1Q(ξ )+a2Q(ξ )2, (22)

where a0, a1, and a2 are constants to be determined later.
Substituting the derivatives of function U(ξ ) with respect

to ξ and taking into account the ansatz (22) in Eq. (21), we
obtain a system of algebraic equations in the following form:

Q1 : −1
2

a1c0(l2 +m2)+a1kλ −2a0a1A2λ
2 +a1A1λ

3

+a1γλ
4 = 0,

Q2 :
1
2

a1c0(l2 +m2)−a2c0(l2 +m2)−a1kλ +2a2nλ

+2a0a1A2λ
2−2a2

1A2λ
2−4a0a2A2λ

2−3a1A1λ
3

+4a2A1λ
3−7a1γλ

4 +8a2γλ
4 = 0,

Q3 : a2c0(l2 +m2)−2a2kλ +2a2
1A2λ

2 +4a0a2A2λ
2

−6a1a2A2λ
2 +2a1A1λ

3−10A1a2λ
3
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+12a1γλ
4−38a2γλ

4 = 0,

Q4 : 6a1a2A2λ
2−4a2

2A2λ
2 +6a2A1λ

3−6a1γλ
4

+54a2γλ
4 = 0,

Q5 : 4a2
2A2λ

2−24a2γλ
4 = 0.

Solving this system, we obtain the following family of solu-
tions.

Case I

a0 =−
12A4

1 +250A1kγ2 +625c0(l2 +m2)γ3

100A2
1A2γ

,

a1 = 0,

a2 =
6A2

1
25A2γ

,

λ =−A1

5γ
.

Substituting the above parameter values into the ansatz given
by Eq. (22), we obtain the following solution of Eq. (1):

p(x,y,z,τ) =U(ξ )

=−
125γ2(2kA1+5c0(l2+m2)γ)+6A4

1 sech2
(

ξ

2

)
(1+sinh(ξ ))

100A2
1A2γ

,

(23)

where ξ = lx+my+kz+λ tα/[Γ(α +1)] and λ =−A1/(5γ).
Case II

a0 =
12A4

1 +250A1kγ2−625c0(l2 +m2)γ3

100A2
1A2γ

,

a1 =−
12A2

1
25A2γ

,

a2 =
6A2

1
25A2γ

,

λ =
A1

5γ
.

Substituting the above parameter values into the ansatz given
by Eq. (22), we obtain the following solution of Eq. (1):

p(x,y,z,τ) =U(ξ )

=
125γ2(2kA1−5c0(l2+m2)γ)−6A4

1 sech2
(

ξ

2

)
(1−sinh(ξ ))

100A2
1A2γ

,

(24)

where ξ = lx+my+ kz+λ tα/[Γ(α +1)] and λ = A1/(5γ).

4.2. Modified Kudryashov method for time fractional
KdV–KZK equation

Following the same preceding argument, equation (21) is
to be acquired. Then substituting the derivatives of function
U(ξ ) with respect to ξ into Eq. (21) and the ansatz given by
Eq. (22) into the resulting Eq. (21), we obtain a system of al-
gebraic equations in the following form:

Q1 : −1
2

a1c0(l2 +m2) lna+a1kλ lna−2a0a1A2λ
2 lna

+a1A1λ
3(lna)2 +a1γλ

4(lna)3 = 0,

Q2 :
1
2

a1c0(l2 +m2) lna−a2c0(l2 +m2) lna−a1kλ lna

+2a2kλ lna+2a0a1A2λ
2 lna−2a2

1A2λ
2 lna

−4a0a2A2λ
2 lna−3a1A1λ

3(lna)2 +4a2A1λ
3(lna)2

−7a1γλ
4(lna)3 +8a2γλ

4(lna)3 = 0,

Q3 : a2c0(l2 +m2) lna−2a2kλ lna+2a2
1A2λ

2 lna

+4a0a2A2λ
2 lna−6a1a2A2λ

2 lna+2a1A1λ
3(lna)2

−10A1a2λ
3(lna)2 +12a1γλ

4(lna)3

−38a2γλ
4(lna)3 = 0,

Q4 : 6a1a2A2λ
2 lna−4a2

2A2λ
2 lna+6a2A1λ

3(lna)2

−6a1γλ
4(lna)3 +54a2γλ

4(lna)3 = 0,

Q5 : 4a2
2A2λ

2 lna−24a2γλ
4(lna)3 = 0.

Solving this system we obtain the family of solutions as fol-
lows:

Case I

a0 =−
12A4

1 +250A1kγ2 lna+625c0(l2 +m2)γ3(lna)2

100A2
1A2γ

,

a1 = 0,

a2 =
6A2

1
25A2γ

,

λ =− A1

5γ lna
.

Substituting the above parameter values into the ansatz given
by Eq. (22), we obtain the following solutions of Eq. (1):

p1(x,y,z,τ) = − 1
100A2

1A2γ

[
12
(

1− (1− tanFs(ξ/2))2

2

)
A4

1

+250A1kγ
2 lna+625c0(l2 +m2)γ3(lna)2

]
,

(25)

p2(x,y,z,τ) = − 1
100A2

1A2γ

[
12
(

1− (1− cotFs(ξ/2))2

2

)
A4

1

+250A1kγ
2 lna+625c0(l2 +m2)γ3(lna)2

]
,

(26)

where ξ = lx + my + kz + λ tα/(Γ(α +1)) and λ =

−A1/(5γ lna).
Case II

a0 =
12A4

1 +250A1kγ2 lna−625c0(l2 +m2)γ3(lna)2

100A2
1A2γ

,

a1 =−
12A2

1
25A2γ

,

a2 =
6A2

1
25A2γ

,

λ =
A1

5γ lna
.

Substituting the above parameter values into the ansatz given
by Eq. (22), we obtain the following solutions of Eq. (1):
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p1(x,y,z,τ) =
12(−1−2aξ +a2ξ )A4

1 +250(1+aξ )2A1kγ2 lna−625(1+aξ )2c0(l2 +m2)γ3(lna)2

100(1+aξ )2A2
1A2γ

, (27)

p2(x,y,z,τ) =
12(−1+2aξ +a2ξ )A4

1 +250(−1+aξ )2A1kγ2 lna−625(−1+aξ )2c0(l2 +m2)γ3(lna)2

100(−1+aξ )2A2
1A2γ

, (28)

where ξ = lx + my + kz + λ tα/(Γ(α +1)) and λ =

A1/(5γ lna).

5. Numerical results and discussion
In this section, the numerical simulations of the time-

fractional KdV–KZK equation are presented graphically. Here
the exact solutions (23) and (24) obtained by the classical
Kudryashov method and also the exact solutions (25)–(28) ob-
tained by the modified Kudryashov method are used to draw
the three-dimensional (3D) solution graphs.

5.1. Numerical simulations for the solutions obtained by
the classical Kudryashov method

In the present analysis, equations (23) and (24) are used
for drawing the solution graphs for the time-fractional KdV–
KZK equation in the cases of fractional and classical orders.
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Fig. 1. (color online) Solitary wave solutions for Eq. (23) at A1 = 10,
A2 = 20, γ = 0.5, k = l = m = 0.5, and c0 = 1, when (a) α = 0.5 and
(b) α = 1.
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Fig. 2. (color online) Solitary wave solutions for Eq. (24) at A1 = 10,
A2 = 20, γ = 0.5, k = l = m = 0.5, and c0 = 1, when (a) α = 0.5 and
(b) α = 1.

5.2. Numerical simulations for the solutions obtained by
the modified Kudryashov method

In the present analysis, equations (25)–(28) are used for
drawing the solution graphs for the time-fractional KdV–KZK
equation in the cases of fractional and classical orders.

In the present numerical simulations, the solitary wave
solutions for Eqs. (23)–(28) are demonstrated in 3D graphs.
From the above figures, it may be observed that the solu-
tion surfaces obtained by the classical Kudryashov method for
Eq. (23) are anti-kink solitary waves. On the other hand, the
solution surfaces obtained by the classical Kudryashov method
for Eq. (24) show the kink solitary waves. Similarly, the solu-
tion surfaces obtained by the modified Kudryashov method for
Eqs. (25) and (27) show the anti-kink and kink solitary waves
respectively. However, in the case of the solution surfaces ob-
tained by the modified Kudryashov method for Eqs. (26) and
(28), single soliton solitary waves of different shapes are ob-
served.
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Fig. 3. (color online) Solitary wave solutions for Eq. (25) at A1 = 10, A2 = 20, γ = 0.5, k = l = m = 0.5, c0 = 1, and a = 10 when (a) α = 0.25
and (b) α = 1.
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Fig. 4. (color online) Solitary wave solutions for Eq. (26) at A1 = 10, A2 = 20, γ = 0.5, k = l = m = 0.5, c0 = 1, and a = 10 when (a) α = 1 and (b) α = 0.5.
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Fig. 5. (color online) Solitary wave solutions for Eq. (27) at A1 = 10, A2 = 20, γ = 0.5, k = l = m = 0.5, c0 = 1, and a = 10 when (a) α = 0.25 and (b) α = 1.
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Fig. 6. (color online) Solitary wave solutions for Eq. (28) at A1 = A2 = γ = k = l = m = c0 = 1, and a = 10 when (a) α = 1 and (b) α = 0.75.
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5.3. Physical significance for the solution of the KdV–KZK
equation

The KdV–KZK equation covers all the four basic physical
mechanisms of nonlinear acoustics, viz. diffraction, nonlinear-
ity, dissipation and dispersion. The solution of the KdV–KZK
equation describes a shock wave as a transition between two
constant velocity values. This transition can undergo oscilla-
tions due to the dispersion.

The obtained results are related to physical phenomenon
in Cantorian time-space. These results enrich the properties of
the genuinely nonlinear phenomenon. To the best of the au-
thor’s knowledge, the obtained solutions in this paper have not
been reported in the literature. The reported results have a po-
tential application in observing the structure of the KdV–KZK
equation from micro-physical to macro-physical behavior of
substances in the real world.

6. Conclusions
In this paper, the new exact solutions of the time frac-

tional KdV–KZK equation are obtained by the classical
Kudryashov and modified Kudryashov method respectively
with the help of the fractional complex transform. The frac-
tional complex transform is employed in order to convert an
FDE into its equivalent ODE form. So, the fractional com-
plex transform facilitates solving FDEs. Two methods are
successfully used to solve the nonlinear time fractional KdV–
KZK equation. The new obtained exact solutions may be use-
ful for explaining some physical phenomena accurately. The
present analysis indicates that the methods discussed in this
paper are effective and efficient for analytically solving the
time fractional KdV–KZK equation. It also demonstrates that
the performances of these methods are substantially influen-
tial and absolutely reliable for finding new exact solutions in
terms of symmetrical hyperbolic Fibonacci function solutions.
In the present analysis, the discussed methods clearly avoid
linearization, discretization, and unrealistic assumptions and
therefore these methods provide exact solutions efficiently and
accurately. To the best of the author’s knowledge, new exact
analytical solutions of the time fractional KdV–KZK equation
are obtained for the first time in this respect.
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