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Two-dimensional fracture analysis of piezoelectric material
based on the scaled boundary node method∗
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A scaled boundary node method (SBNM) is developed for two-dimensional fracture analysis of piezoelectric material,
which allows the stress and electric displacement intensity factors to be calculated directly and accurately. As a boundary-
type meshless method, the SBNM employs the moving Kriging (MK) interpolation technique to an approximate unknown
field in the circumferential direction and therefore only a set of scattered nodes are required to discretize the boundary. As
the shape functions satisfy Kronecker delta property, no special techniques are required to impose the essential boundary
conditions. In the radial direction, the SBNM seeks analytical solutions by making use of analytical techniques available to
solve ordinary differential equations. Numerical examples are investigated and satisfactory solutions are obtained, which
validates the accuracy and simplicity of the proposed approach.
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1. Introduction
The inherent coupling between mechanical and electri-

cal behaviors means piezoelectric material is extensively used
in smart structures and other applications, such as electrome-
chanical sensors, ultrasonic transducers, buzzers and structural
actuators.[1] A significant disadvantage of piezoelectric mate-
rial, such as piezoelectric ceramics, is its brittleness. There-
fore, a thorough understanding of the fracture behavior of
piezoelectric material will have significant influence on its
applications and may lead to device performance improve-
ments. To solve the fracture problems of piezoelectric ma-
terials, some analytical methods[2,3] have been successfully
used. However, to consider more realistic cases with com-
plex geometries and loadings, numerical methods need to be
used. Therefore, more and more efforts have been devoted
to the research on analyzing fracture problems of piezoelec-
tric material by utilizing the finite element method (FEM),[4,5]

the boundary element method (BEM),[6–9] the extended fi-
nite element method,[10,11] and the scaled boundary finite el-
ement method (SBFEM).[12,13] It should be stressed here that
the SBFEM, developed recently by Wolf and Song,[14] com-
bines with the advantages of the FEM and the BEM. Only the
boundary of the domain is discretized, no fundamental solu-
tion is required and singularity problems can be modeled rig-
orously. However, the SBFEM still requires boundary dis-
cretization, resulting in some inconvenience in the implemen-
tation. In order to avoid meshing, the meshless methods[15]

have received more and more attention in the computational
mechanics field in the past three decades. An attractive advan-

tage of the meshless methods is that the approximate solution
is constructed entirely based on a set of scattered nodes and
the limitations related to mesh do not exist.

So far a wide variety of meshless methods have been pro-
posed. In general, these methods can be classified as two cat-
egories, the boundary type and the domain type. Undoubt-
edly, the boundary-type meshless method is superior to the
domain-type one because of its advantage of dimension reduc-
tion. Consequently, different boundary-type meshless meth-
ods have been proposed, such as the boundary node method
(BNM),[16,17] the boundary face method,[18] the hybrid bound-
ary node method,[19] the boundary cloud method,[20] the
boundary element free method,[21,22] the Galerkin bound-
ary node method,[23] and the scaled boundary node method
(SBNM).[24] Of these, the SBNM does not require any singu-
lar integral nor fundamental solution, which constitutes a big
contrast to other boundary-type meshless methods. With the
scaled boundary coordinate system, meshless approximations
in the circumferential direction enable the SBNM to convert
the governing partial differential equations of various linear
problems into ordinary differential equations. Through a ma-
trix function solution technique,[12,13] these ordinary differen-
tial equations can be solved in a closed-form analytical man-
ner. The moving Kriging (MK) interpolation[25,26] is utilized
to generate the shape functions in the circumferential direc-
tion. Increased smoothness and continuity of the shape func-
tions yield the solutions with higher accuracy. Moreover, an-
other outstanding feature of the MK interpolation is that it is a
passing node interpolation and thus no special techniques are
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required to impose the essential boundary conditions.
Motivated by the need to use the newly developed method

for coupled-field analysis, a novel semi-analytical solution
technique based on the SBNM is developed to calculate the
stress and electric displacement intensity factors of piezoelec-
tric materials in this paper. In this study, displacement and
electric potential, strain and electric field, stress and elec-
tric displacement are combined together so that the governing
equations of piezoelectric materials can be formulated in an
elastic-like manner. This enables the scaled boundary mesh-
less equation for piezoelectric materials to be derived conve-
niently by virtue of the virtual work principle. The imper-
meable boundary conditions are assumed here to model the
electric boundary conditions along the crack faces. In order to
avoid increasing the smoothness of the trial functions at cor-
ners, the MK interpolation is independently generated along
each edge rather than the entire boundary. The solution of the
SBNM is analytical in the radial direction, resulting in accu-
rate and direct calculations of the stress and electric displace-
ment intensity factors. Numerical examples are presented to
validate the accuracy and efficiency of the proposed numerical
approach.

2. Governing equations and boundary condi-
tions
The governing equations and boundary conditions which

form the foundation of piezoelectric materials are briefly
summarized.[1–13] When the medium is transversely isotropic
and the y axis is in the poling direction, the generalized plane
strain constitutive equations can be written as

𝜎̄ =𝐻ε̄εε, (1)

where 𝜎̄ is the extended stress, 𝜀̄ is the extended strain, and 𝐻

is the material constant matrix. They are the following forms

𝜎̄ = [ σx, σy, τxy, Dx, Dy ]
T, (2a)

ε̄εε = [ εx, εy, γxy, −Ex, −Ey ]
T, (2b)

𝐻 =


c11 c13 0 0 e31
c13 c33 0 0 e33
0 0 c44 e15 0
0 0 e15 −h11 0

e31 e33 0 0 −h33

 , (2c)

where σx, σy, and τxy are the stress components; Dx and Dy

represent the electric displacements; εx, εy, and γxy denote
the strain components; Ex and Ey are the electric fields; c11,
c13, c33, and c44 are the elastic constants; e31, e33, and e15 are
the piezoelectric constants; h11 and h33 are the dielectric con-
stants. The extended strain ε̄εε in Eq. (1) can be expressed in the
form

ε̄εε =𝐿𝑢̄=𝐿[ ux, uy, φ ]T, (3)

where 𝑢̄ is named the extended displacement, ux and uy denote
the displacement components, φ represents the electric poten-
tial, and 𝐿 is the linear differential operator matrix and is in
the following form:

𝐿=



∂

∂x
0

∂

∂y
0 0

0
∂

∂y
∂

∂x
0 0

0 0 0
∂

∂x
∂

∂y



T

. (4)

If there are no body forces and no body charges, the equilib-
rium equations can be written in the form of

𝐿T𝜎̄ = 0. (5)

Furthermore, the corresponding boundary conditions for the
piezoelectric boundary value problem are as follows:

ui = ûi or σi jn j = t̂i, (6)

φ = φ̂ or Dini =−q̂, (7)

where ni is the unit outward normal to the boundary, while ûi,
t̂i, φ̂ , and q̂ are the specified displacement, traction, electric
potential, and surface charge, respectively.

3. Implementation of the scaled boundary node
method

3.1. Brief description of the MK interpolation

As already mentioned in Section 1, the MK interpola-
tion[24–26] is utilized in this paper to approximate unknown
fields in the circumferential direction. The trial functions are
independently generated on piecewise smooth edges, which
constitute the entire boundary S naturally. It is assumed that
a set of scattered nodes si (i = 1,2, . . . ,N) defined by a ran-
dom function u(s) are distributed on a single edge, where s is
the circumferential coordinate. If there are n scattered nodes
in the interpolation domain, the function u(s) at point s is ap-
proximated in the form

uh(s) = [𝑝T(s)𝐴+𝑟T(s)𝐵]𝑢=
n

∑
I=1

φI(s)uI , (8)

where 𝑢=
[

u(s1), u(s2), . . . , u(sn)
]T, and φI(s) is the

MK shape function, which is in the form of

φI(s) =
m

∑
j

p j(s)A jI +
n

∑
k

rk(s)BkI . (9)

The matrices 𝐴 and 𝐵 in Eq. (8) can be written as

𝐴= (𝑃 T𝑅−1𝑃 )−1𝑃 T𝑅−1, (10)

𝐵 =𝑅−1(𝐼−𝑃A), (11)
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where 𝐼 is a unit matrix of size n × n, and 𝑝(s) =[
1 s · · · sm−1

]T is a complete monomial basis of or-
der m. The matrix 𝑃 has a size of n×m and can be expressed
in the following form:

𝑃 =

 𝑝(s1)
...

𝑝(sn)

=


1 s1 · · · sm−1

1
1 s2 · · · sm−1

2
...

...
. . .

...
1 sn · · · sm−1

n

 . (12)

The matrix 𝑅 and the vector 𝑟(s) can be expressed in an ex-
plicit form as

𝑅[R(si,s j)] =


1 R(s1,s2) · · · R(s1,sn)

R(s2,s1) 1 · · · R(s2,sn)
...

...
. . .

...
R(sn,s1) R(sn,s2) · · · 1

 , (13)

𝑟(s) =
[

R(s,s1) R(s,s2) · · · R(s,sn)
]T

, (14)

where R(si,s j) denotes the correlation function between any
pair of nodes. In this paper, the commonly used Gaussian
function is chosen as R(si,s j), namely

R(si,s j) = exp(−θr2
i j) (15)

where ri j =
∥∥si− s j

∥∥, and θ > 0 is a given correlation param-
eter. In the present study, a linear basis 𝑝T(s) = ( 1 s ) is used
in all numerical computations. Obviously, the shape function
φI(s) obtained here possesses the Kronecker delta property.

In meshless methods, it is necessary to define the inter-
polation domain for a point. In this work, the radius of the
interpolation domain is calculated as follows:

dm = αdc, (16)

where dc is the minimum nodal spacing close to the interpola-
tion point, while the coefficient α , taken as 4.0 here, represents
a scaling factor.

3.2. Scaled boundary meshless equation in displacement
and electric potential

As shown in Fig. 1, a scaled boundary coordinate system
is introduced in the SBNM. The domain can be formed by the
mapping of its boundary S with respect to a scaling center O,
from which the entire boundary S is visible. The normalized
radial coordinate ξ is a scaling factor, defined as being a value
of zero at the scaling center and unity on the boundary, and
the circumferential coordinate s measures the distance anti-
clockwise along the boundary. If the scaling center coincides
with the origin of the Cartesian coordinate system, the con-
version between the scaled boundary and Cartesian coordinate
systems is as follows:[12–14]

x̂ = ξ x(s), ŷ = ξ y(s), (17)

where (x,y) denotes an arbitrary point on the boundary and
(x̂, ŷ) refers to an interior point of the domain. With this ge-
ometric mapping, the linear differential operator matrix 𝐿 in
Eq. (4) is mapped to the scaled boundary coordinate system in
the form of

𝐿= 𝑏1(s)
∂

∂ξ
+

1
ξ
𝑏2(s)

∂

∂ s
, (18)

where 𝑏1(s) and 𝑏2(s) respectively take the forms of

𝑏1(s) =
1
|J|


y(s),s 0 0

0 −x(s),s 0
−x(s),s y(s),s 0

0 0 y(s),s
0 0 −x(s),s

 ,

𝑏2(s) =
1
|J|


−y(s) 0 0

0 x(s) 0
x(s) −y(s) 0

0 0 −y(s)
0 0 x(s)

 , (19)

with

|J|= x(s)y(s),s− y(s)x(s),s. (20)

S↼ξ/↽

scaling center

s

ξ/.

s/s0

s/s1

O

ξ

Fig. 1. Scaled boundary coordinate system.

The solution for the extended displacements 𝑢̄(ξ ,s) at
any point can be approximated by

𝑢̄(ξ ,s) =𝛷(s)𝑢̄(ξ ) = [ φ1(s)𝐼, φ2(s)𝐼, · · · ]𝑢̄(ξ ), (21)

where 𝑢̄(ξ ) represents the nodal extended displacement func-
tion, φI(s) is the meshless shape function defined in Eq. (9),
and 𝐼 is a unit matrix of size 3× 3. Consequently, the ex-
tended stresses σ̄(ξ ,s) can be further expressed in terms of
the scaled boundary coordinate system as

𝜎̄(ξ ,s) =𝐻𝐵1(s)𝑢̄(ξ ),ξ +
1
ξ
𝐻𝐵2(s)𝑢̄(ξ ), (22)

where 𝐵1(s) and 𝐵2(s) are in the following forms:

𝐵1(s) = 𝑏1(s)𝛷(s), 𝐵2(s) = 𝑏2(s)𝛷(s),s. (23)

By applying the virtual work principle to elastostatics,[28]

the scaled boundary meshless equation in extended displace-
ment can be derived as

𝐸0ξ
2𝑢̄(ξ ),ξ ξ +(𝐸0 +𝐸T

1 −𝐸1)ξ 𝑢̄(ξ ),ξ −𝐸2𝑢̄(ξ ) = 0, (24)
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𝑃 =𝐸0𝑢̄(ξ ),ξ +𝐸T
1 𝑢̄(ξ )

∣∣
ξ=1 , (25)

where 𝑃 is the vector of extended equivalent nodal forces, and
𝐸0, 𝐸1, and 𝐸2 are the coefficient matrices with the following
forms:

𝐸0 =
∫

S
𝐵1(s)T𝐻𝐵1(s) |J|ds, (26a)

𝐸1 =
∫

S
𝐵2(s)T𝐻𝐵1(s) |J|ds, (26b)

𝐸2 =
∫

S
𝐵2(s)T𝐻𝐵2(s) |J|ds. (26c)

3.3. Solution procedure

The homogeneous second-order differential equations in
Eq. (24) can be solved analytically by a matrix function solu-
tion technique.[12,13,27] This technique first converts Eq. (24)
into a system of first-order ordinary differential equations as

ξ𝑋(ξ ),ξ =−𝑍𝑋(ξ ), (27)

where the variable 𝑋(ξ ) and the Hamiltonian matrix 𝑍 are
given as follows:

𝑋(ξ ) =

{
𝑢̄(ξ )
𝑞(ξ )

}
, (28a)

𝑍 =

[
𝐸−1

0 𝐸T
1 −𝐸−1

0

𝐸1𝐸
−1
0 𝐸T

1 −𝐸2 −𝐸1𝐸
−1
0

]
, (28b)

with 𝑞(ξ ) defined by

𝑞(ξ ) =𝐸0ξ 𝑢̄(ξ ),ξ +𝐸T
1 𝑢̄(ξ ). (29)

Block diagonal Schur decomposition of the matrix 𝑍 is per-
formed, which yields

ψψψ
−1𝑍ψ

= 𝑆 = diag
(
𝑆1 · · · 𝑆N−1

[
0 𝐼
0 0

]
𝑆N+2 · · · 𝑆2N

)
(30)

with the transformation matrix ψψψ partitioned conformably into
2N block matrices as

ψψψ =

[
ψψψu

1 · · · ψψψu
N−1 ψψψu

N ψψψu
N+1 ψψψu

N+2 · · · ψψψu
2N

ψψψ
q
1 · · · ψψψ

q
N−1 ψψψ

q
N ψψψ

q
N+1 ψψψ

q
N+2 · · · ψψψ

q
2N

]
, (31)

where 𝐼 in Eq. (30) is a unit matrix of size 3×3. 𝑆 is a block-
diagonal matrix in real Schur form and is sorted in ascending
order of the real parts of its eigenvalues. Note that the ex-
tended nodal force modes ψψψ

q
N are zero due to the fact that ψψψu

N

are the three rigid body modes.
The stiffness matrix 𝐾b of a bounded domain (0≤ ξ ≤ 1)

can be accordingly calculated as

𝐾b = [ψψψ
q
1 · · · ψψψ

q
N−1 ψψψ

q
N ][ψψψu

1 · · · ψψψu
N−1 ψψψu

N ]−1, (32)

and the equilibrium requirement becomes

𝐾b𝑢̄(ξ = 1) = 𝑃 . (33)

Once the essential boundary conditions are imposed, the ex-
tended nodal displacements on the boundary 𝑢̄(ξ = 1) can
be determined by the solution of Eq. (33). It is clear that no
special treatment is required to impose the essential boundary
conditions due to shape functions possessing the Kronecker
delta property. In the case of a bounded domain defined by
0 ≤ ξ ≤ 1, the extended displacements at the scaling center
must remain finite and therefore 𝑢̄(ξ ) can be written as

𝑢̄(ξ ) =
N−1

∑
i=1

ψψψ
u
i ξ
−𝑆i𝑐i +ψψψ

u
N𝑐N , (34)

where the integration constants 𝑐 =
{
𝑐1, 𝑐2, . . . , 𝑐N

}T are
determined by

𝑐= [ψψψu
1 · · · ψψψu

N−1 ψψψu
N ]−1𝑢̄(ξ = 1). (35)

Substitution of Eq. (34) into Eq. (22) results in the extended
stresses 𝜎̄(ξ ,s) at any point in the domain with the following
form:

𝜎̄(ξ ,s) =
N−1

∑
i=1

ψψψσ i(s)ξ
−𝑆i−𝐼𝑐i, (36)

where ψψψσ i(s) denotes the extended stress mode and is defined
as

ψψψσ i(s) =𝐻 (−𝐵1(s)ψψψu
i 𝑆i +𝐵2(s)ψψψu

i ) . (37)

As shown in Eqs. (36) and (37), the extended stress solu-
tions of the SBNM are analytical in the radial direction, which
enables us to calculate the stress and electric displacement in-
tensity factors directly based on their definitions by choosing
the scaling center at the crack tip. For a crack in the homoge-
neous piezoelectric material, the stress and electric displace-
ment intensity factors KI, KII, and KD are defined as follows:

KI = lim
r̂→0

√
2π r̂σy |θ=0 , (38a)

KII = lim
r̂→0

√
2π r̂τxy |θ=0 , (38b)

KD = lim
r̂→0

√
2π r̂Dy |θ=0 , (38c)

where r̂ and θ are the polar coordinate centered at the crack
tip as shown in Fig. 2.

y

x

r

θ

⊥⊥

⊥

Fig. 2. A cracked domain modeled by the scaled boundary node method.
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4. Numerical examples
In order to validate the proposed solution technique, three

numerical examples are presented in this section to perform
two-dimensional fracture analysis of piezoelectric material.
Under the plane strain assumption, the stress and electric
displacement intensity factors are computed and compared
with other previously reported solutions. In the computation,
the piezoelectric materials of PZT-5H and PZT-4 are consid-
ered and their elastic, piezoelectric and dielectric constants
are given in Table 1, where the elastic constants ci j are in
109 N/m2, the piezoelectric constants ei j are in units C/m2,
and the dielectric constants hi j are in 10−9 C/(V ·m).

Table 1. Material constants of piezoelectric materials.

c11 c13 c33 c44 e31 e33 e15 h11 h33

PZT-5H 126 84.1 117 23 −6.5 23.3 17.44 15.03 13.0
PZT-4 139 74.3 115 25.6 −5.2 15.1 12.7 6.45 5.62

4.1. A piezoelectric strip with an edge crack

A b× h piezoelectric strip containing an edge crack of
length a as shown in Fig. 3, is taken into consideration in the
first example. The strip is assumed to be under a combined
action of a uniform tension σ0 and a uniform electric displace-
ment D0 at the far ends, applied in the y direction. The crack is
perpendicular to the poling direction and the piezoelectric ma-
terial used in this example is PZT-5H. The same problem was
analyzed by Wang and Mai[29] by using the Fourier transforms
technique.

σ0

x̂

polarization

a

b

y

D0

h

^

Fig. 3. Piezoelectric strip with an edge crack.

In order to simulate the infinite height, the ratio between
the height h and the width b is chosen to be 5, which is rel-

atively large. As shown in Fig. 4, this strip is modeled with
three subdomains including 119 nodes totally. In the sub-
domain with the crack, the scaling center is chosen at the
crack tip and no discretization on the two crack faces is re-
quired. The computational results of the normalized inten-
sity factors KI and KD are depicted in Figs. 5 and 6 respec-
tively, where R = D0c33/(e33σ0) = 0,1,2,3. Attractively, the
present results almost coincide with those reported by Wang

n
o
d
e

sc
a
li
n
g
 c

e
n
te

r

A

Fig. 4. (color online) SBNM mesh for the piezoelectric strip with an
edge crack.
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0
↼π
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↽1

/
2

Normalized crack length a/b

Wang and Mai, 2002
present

R=0, 1, 2, 3

Fig. 5. (color online) Plots of normalized stress intensity factor KI ver-
sus normalized crack length for the piezoelectric strip with an edge
crack for different values of R.
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↽1
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3
3
↽

0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55
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3
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9

R/

R/

R/

Normalized crack length a/b

 Wang and Mai, 2002
present

R/

Fig. 6. (color online) Plots of normalized electric displacement inten-
sity factor KD versus normalized crack length for the piezoelectric strip
with an edge crack for different values of R.
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and Mai,[29] which illustrates the correctness and the accuracy
of the present method. It is also found that there is no sig-
nificant effect observed on the stress intensity factor when the
applied electric displacement load is varied. However, the in-
creasing electric displacement load can enhance the electric
displacement intensity factor.

4.2. A piezoelectric strip with a central crack

The second example deals with a piezoelectric PZT-5H
strip of width 2b and height 2h containing a central crack of
length 2a. The geometric configuration and the poling direc-
tion are shown in Fig. 7. The strip is loaded by a uniform
tension σ0 and a uniform electric displacement D0 at the far
ends along the y direction. The ratio between the mechanical
and the electrical load is given as R = D0c33/(e33σ0).

x
a

b

y

D0

σ0


h

polarization

^

^

Fig. 7. Piezoelectric strip with a central crack.

When modeling, this strip is truncated into a finite plate
with the height h = 5b. Figure 8 shows the nodes that are
used for solving this example. Four subdomains are employed
here and their scaling centers are also shown in Fig. 8. Note
that two overlapping nodes are addressed at the center of this
strip. For different values of R, the normalized intensity fac-
tors KI and KD versus the normalized crack length are plotted
in Figs. 9 and 10. Also shown in these two figures are the
results of Wang and Mai.[29] A comparison between both re-
sults shows a very good agreement, which further confirms
that the present method can be successfully used to analyze
two-dimensional fracture problems of piezoelectric materials.
Moreover, as in the previous example, the electric displace-
ment intensity factor also increases while negligible influence
is observed for the stress intensity factor provided that the elec-
tric displacement load increases.
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Fig. 8. (color online) SBNM mesh for the piezoelectric strip with a
central crack.

0.20 0.30 0.40 0.50
1.0

1.1

1.2

1.3

Normalized crack length a/b

Wang and Mai, 2002
present

R/↪ ↪ ↪ 

K
1
/
σ

0
↼π

a
↽1

/
2

Fig. 9. (color online) Plot of normalized stress intensity factor KI versus
normalized crack length for the piezoelectric strip with a central crack
for different values of R.
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Fig. 10. (color online) Plots of normalized electric displacement inten-
sity factor KD versus normalized crack length for the piezoelectric strip
with a central crack for different values of R.

4.3. An inclined central crack in a rectangular piezoelec-
tric plate

A piezoelectric PZT-4 plate of width 2b and height 2h
with a θ=45◦ inclined central crack of length 2a is considered
here as depicted in Fig. 11. This plate is subjected to a uni-
form tension σ0 or electric displacement D0 along the y direc-
tion. For comparison, the dimensions of the plate are adopted
as b = 5a and h = 2b, which are the same as those in Refs. [1]
and [6]. There are two subdomains in this example and in each
subdomain the entire boundary contains five edges, of which
two edges are of the first kind, two edges are of the second
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kind, and one edge is of the third kind. A series of evenly
spaced nodes are introduced to subdivide the edges of the first,
second and third kind into n, 2n, and 4n sections, respectively.
For the case of n = 10, the mesh of this problem is shown in
Fig. 12.

D0
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a θ

b
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Fig. 11. An inclined central crack in a rectangular piezoelectric plate.
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Fig. 12. (color online) SBNM mesh for the piezoelectric plate with an
inclined central crack.

To verify the effectiveness of the present method, the con-
vergence properties are examined by increasing the number of
sections in each edge. For different values of n, the normal-
ized intensity factors ahead of the left crack tip are computed
under the uniform tension load σ0 and listed in Table 2. It is
observed that the results obtained from n = 30 and n = 40 are
almost indistinguishable and thus n = 30 is employed here.
When the uniform σ0 and D0 are used respectively, the nor-
malized intensity factors ahead of the left crack tip are com-
puted and the numerically detailed comparisons with available
earlier results are summarized in Tables 3 and 4. It is found
that our results, in general, agree well with those available in

the literature. This further demonstrates the effectiveness of
the present method.

Table 2. Comparison among normalized intensity factors obtained from
different values of n.

n 10 20 30 40

KI/(σ0
√

πa) 0.5169 0.5222 0.5219 0.5220
KII/(σ0

√
πa) 0.5275 0.5074 0.5072 0.5071

KD/(e33σ0
√

πa/c33) –0.0533 –0.0232 –0.0225 –0.0225

Table 3. Comparison among normalized intensity factors for the rectangular
plate under σ0.

KI/(σ0
√

πa) KII/(σ0
√

πa) KD/(e33σ0
√

πa/c33)

Present 0.5219 0.5072 –0.0225
Sheng et al.[1] 0.5219 0.5072 –0.0225

Pan[6] 0.5303 0.5151 –0.0226

Table 4. Comparison among normalized intensity factors for the rectangular
plate under D0.

KI/(c33D0
√

πa/e33) KII/(c33D0
√

πa/e33) KD/(D0
√

πa)

Present −0.1824×10−3 0.0214×10−3 –0.7165

Sheng et al.[1] −0.1825×10−3 0.0217×10−3 –0.7165
Pan[6] −0.1861×10−3 0.0222×10−3 –0.7279

5. Conclusions
In this paper, a reliable and efficient solution technique

based on the SBNM is extended for fracture analysis in plane
piezoelectricity. In the sense of satisfying the equilibrium re-
quirement in the strong form in the radial direction, the SBNM
can be viewed as a semi-analytical numerical method. This
enables the calculation of the stress and electric displacement
intensity factors of piezoelectric materials directly from their
definitions without any post-processing. Through the use of
the MK interpolation, no mesh generation is necessary and
only a nodal data structure on the boundary is required in the
SBNM. In comparison with the conventional scaled boundary
FEM, the MK interpolation results in superior accuracy, rapid
convergence and smooth stress and electric displacement solu-
tions. Besides, it seems that the implementation of the SBNM
is convenient because the Kronecker delta property of the MK
shape functions can simplify the enforcement of the essential
boundary conditions greatly. The results of all the numerical
examples demonstrate the effectiveness and robustness of the
developed approach to analyzing the two-dimensional fracture
problems of piezoelectric materials.
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