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Linear theory of beam–wave interaction in double-slot
coupled cavity travelling wave tube∗
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A three-dimensional model of the double-slot coupled cavity slow-wave structure (CCSWS) with a solid round elec-
tron beam for the beam–wave interaction is presented. Based on the “cold” dispersion, the “hot” dispersion equation is
derived with the Maxwell equations by using the variable separation method and the field-matching method. Through
numerical calculations, the effects of the electron beam parameters and the staggered angle between adjacent walls on the
linear gain are analyzed.
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1. Introduction

The traveling wave tube with the coupled cavity slow

wave structure (CCSWS) is well known for its ability to gen-

erate high peak and average powers as well as the moder-

ate bandwidth.[1,2] As one of the most essential members of

the CCSWS family, the double-slot CCSWS is more likely to

be used at a higher voltage than the Hughes structure, which

means a larger microwave output power.

The equivalent circuit model is the commonly used beam

wave interaction method of the CCSWS. However, the pa-

rameters of this circuit are obtained from the experiment or

the simulation software, as this model cannot directly provide

a precise dispersion relation in the whole band from the ge-

ometrical dimensions.[3–5] In Ref. [6], the authors analyzed

the high frequency characteristics of the double-slot CCSWS

by building up a theoretical model using the boundary field

matching method and the Green’s function, and the numerical

results showed that the dispersion and interaction impedance

calculated by this model are in good agreement with those

calculated by the Ansoft HFSS code and the experimental re-

sults. Based on the above works, the “hot” dispersion equa-

tion, which describes the beam–wave interaction, was derived

by using the self-consistent field theory and the boundary field

matching method.[7,8] Then the influence of the beam parame-

ters and the structure parameters on the small signal gain were

investigated and discussed based on the numerical calculation.

2. Model and theory
For the double-slot CCSWS, the two slots on one wall are

usually staggered by an angle of 180◦ from one to the other.
The “cold” dispersion equation of the structure is[6]∣∣∣∣∣∣∣∣

𝑌00 +𝑌20 𝑌10 +𝑌30− e iϕ𝑌60 𝑌40 0
𝑌10 +𝑌30− e−iϕ𝑌60 𝑌11 +𝑌31 −𝑌40 0

2𝑌04 −2𝑌04 𝑌44 −𝑌54
0 0 𝑌45 𝑌55

∣∣∣∣∣∣∣∣= 0, (1)

where 𝑌00–𝑌55 are m× n matrices, with m and n being the
orders of the series expansion in the Galerkin method. Theo-
retically speaking, m and n tend toward infinity, whereas they
are both truncated to be finite in practice. The 𝑌00–𝑌55 are
functions of both frequency and dimensions of the system and
can be derived by matching the boundary field and using the
equivalent principle in conjunction with the Green’s function
techniques. The matrices 𝑌10, 𝑌30, 𝑌11, and 𝑌31 are relevant to
ψ , which is defined as the staggered angle between two adja-
cent walls and ranges from 0 to 90◦ for a double-slot CCSWS.
The factor e−jϕ , i.e., e−jβ z, represents the wave propagating
along +z, where ϕ is the phase shift of one period and β is the
axial wave number. Changing the phase shift ϕ from 0 to π ,
the dispersion relation can be obtained by solving Eq. (1).

The configuration of the double-slot CCSWS, in which
the guided waves interact with a solid round electron beam, is
shown in Fig. 1. The electron beam is assumed to be immersed
in an infinite magnetic field in the axial direction. Thus, it
propagates uniformly along the z axis of the system with a
velocity v0. By linearizing the Lorentz-force equations and
the Maxwell equations, beam region 5 can be replaced by an
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equivalent anisotropic dielectric layer with an effective permit-
tivity constant as follows:[9]

𝜀=

 1 0 0
0 1 0
0 0 1+χb

 , (2)

where χb = −ω2
p/
{

γ3 (ω− v0βs)
2
}

reflects the electron po-
larization response to the perturbing field component Ez, ωp =

√
eρe/(meε0) is the plasma frequency, e and me denote the

electron charge and the electron rest mass, respectively, ρe =

J/v0 is the electron density, J = I/(πb2) is the current den-
sity, v0 =

√
2eV/me, I and V are the electron beam current

and voltage, respectively,γ = 1/
√

1− (v0/c)2 is the relativis-
tic factor, and βs = β0 + sπ/L is the axial wave number of the
s-th space harmonic. Hence, the problem can be replaced by
an equivalent multilayer dielectric field problem.
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Fig. 1. Doubleslot coupled cavity.

It can be seen from Eq. (1) that only 𝑌55 is relevant to
the drift tunnel.[6] For the hot dispersion equation, it can also
be obtained by the method of moment in conjunction with the
Green’s function, while the form of the equation is the same
as Eq. (1). The differences between the hot dispersion and
the cold one only lie in the following factors: (i) the specific
form of 𝑌55, which is affected by the electron beam; (ii) the
phase shift ϕ = β−1 · 2L. Thus, by employing the boundary
field matching method to deduce the specific form of 𝑌55, the
complete form of the hot dispersion equation can be obtained.

Based on the above analysis, the axial electric field com-
ponent Ez of the TM mode in the drift tunnel can be obtained
from the Helmholtz equation by employing the method of vari-
able separation, while the transverse magnetic field component
Hϕ can then be expressed in terms of the corresponding Ez.

In region 5 (0 < r < b),
Ez5 =

∞

∑
s=−∞

AsI0 (γs5r) e−iβsz,

Hϕ5 =−
∞

∑
s=−∞

iωε0

k2−β 2
s

Asγs5I1 (γs5r) e−iβsz.

(3)

In region 4 (b < r < a),
Ez4 =

∞

∑
s=−∞

[BsI0 (γs4r)+CsK0 (γs4r)] e−iβsz,

Hϕ4 =−
∞

∑
s=−∞

iωε0

k2−β 2
s

γs4 [BsI1 (γs4r)−CsK1 (γs4r)] e−iβsz.

(4)

Here γ2
s5 =

(
β 2

s − k2
)
(1+χb), γ2

s4 = β 2
s −k2, k is the propaga-

tion constant in free space, and As, Bs, Cs are coefficients to be
determined.

The boundary conditions of the tangent field components
at r = b are {

Ez5 |r=b = Ez4 |r=b,

Hϕ5
∣∣r=b = Hϕ4 |r=b.

(5)

Then, the boundary condition at r = a is∫ L

−L
Ez4 |r=a · e jβsz dz =

∫ L

−L
e5 · e jβsz dz, (6)

where e5 is the surface electric field at r = a[6]

e5 =


∞

∑
n=0

NnΦn =
∞

∑
n=0

Nn

√
1+δn

2
1
g

cos
(

nπz
g

)
,

|z|< g,

0, g≤ |z| ≤ L,

(7)

δn =

{
1, n = 0,
0, n > 0.

It is assumed that the electromagnetic field in each region
is excited by the surface electric fields, so the magnetic field
in region 4 can also be written as follows:[6]

Hϕ4 = L4 {e5}=
∞

∑
n=0

NnL4 {Φn}. (8)

Substituting Eqs. (3), (4), and (7) into Eqs. (5) and (6), then
combining with Eq. (8), we can obtain the specific form of the
electromagnetic vector operator L4{Φn}, which is only rele-
vant to the dimensions of the structure, the frequency, and the
axial wave number. Thus, the second term of the admittance
matrix element 𝑌55 can be deduced, which is the only dif-
ference between the structures with and without the electron
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beam. The complete formula of 𝑌55 with the electron beam
can be written as follows:

Y55,mn

= 〈Φm,L3{0,Φn}〉s5
−〈Φm,L4{Φn}〉s5

= −iωε0πa
{
(1+δm)

2
δm−n

F1n (a,d)
gF0n (a,d)

−
∞

∑
s=−∞

2γs4 (−1)m+n√(1+δm)(1+δn)sinc2 (βsg)

L(k2−β 2
s )
(

1− (mπ/βsg)
2
)(

1− (nπ/βsg)
2
)

× PsI1 (γs4a)−QsK1 (γs4a)
PsI0 (γs4a)+QsK0 (γs4a)

}
, (9)

where

Ps = γs4I0 (γs5b)K1 (γs4b)+ γs5I1 (γs5b)K0 (γs4b) ,

Qs = γs4I0 (γs5b) I1 (γs4b)− γs5I1 (γs5b) I0 (γs4b) . (10)

In the absence of the electron beam (I→ 0), equation (9) de-
generates to the following form:

Y55,mn

= −iωε0πa
{
(1+δm)

2
δm−n

F1n (a,d)
gF0n (a,d)

−
∞

∑
s=−∞

2(−1)m+n√(1+δm)(1+δn)sinc2 (βsg)

γsL(1− (mπ/βsg)
2)(1− (nπ/βsg)

2)

I1(γsa)
I0 (γsa)

}
,

(11)

which is consistent with that in the cold dispersion.[6]

Thus, by substituting Eq. (9) in Eq. (1), the hot disper-
sion equation can be obtained. When the parameters of the
electron beam and the geometrical dimensions of the structure
are given, the relationship between the frequency f and the
propagation constant β−1 can be evaluated by solving the com-
plex transcendental equations. Hence, the small signal gain
(dB/period) can be obtained as

G = 8.686Im(2β−1L) , (12)

where Im denotes the imaginary part of a complex number.

3. Results and discussion
In order to illustrate the above theory, a special case of

the Ka-band CCSWS with double staggered slots (ψ = 90◦)
is employed. Table 1 lists the geometrical dimensions of the
structure used in the computations.

Figure 2 shows the plots of the small signal gain versus
frequency for a variety of beam voltages, while the beam cur-
rent is fixed. It can be seen from the figure that the operating
band narrows and moves to a lower frequency range, while the
maximum gain augments as the beam voltage increases. This
effect is attributed to the increase of the beam velocity.[10]

Table 1. Dimensions of the Ka-band double-slot CCSWS used for sim-
ulation and analysis.

Parameter Value
Cavity radius D 2.34 mm

Ferrule outer radius d 1.05 mm
Ferrule inner radius a 0.75 mm
Mean slot radius F 1.62 mm

Slot width 2R 0.9 mm
Ferrule gap 2g 0.9 mm
Cavity gap 2h 2.22 mm

Wall thickness 2l 0.6 mm
Slot angle 2θ 0 95◦
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Fig. 2. (color online) Effect of V on the small signal gain.

Figure 3 shows the plots of the small signal gain versus
frequency for a variety of beam currents, while the beam volt-
age is fixed. It can be seen from the figure that the increase
of the beam current leads to a broader operating band and the
augment of the gain, which accords with the Pierce theory.[10]

However, the poor impact of the large current on the flow rate
should also be considered from the engineering point of view.
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Fig. 3. (color online) Effect of I on the small signal gain.

Then, the gain characteristics of two common double-slot
CCSWS, the ones with in-line slots (ψ = 0◦) and staggered
slots (ψ = 90◦), are investigated. To illustrate this issue more
clearly, the high frequency characteristics of these two struc-
tures are shown in Fig. 4 firstly. The dimensions of both
structures are shown in Table 1, and the results are obtained
by the theoretical model in Ref. [6]. Compared to the in-line
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structure, the staggered one has a larger bandwidth for that the
lower band edge extends. As for the interaction impedance,
the staggered one has a lower value at the lower band and a
slightly higher value at the upper band where the impedance
curve flattens. The small signal gain characteristics of these
two structures with different synchronous voltages (37 kV,
36.5 kV) and fixed beam current (I = 1.4 A, b = 0.45 mm) are
shown in Fig. 5. According to the Pierce theory, the gain is
proportional to a third root of the characteristic impedance.[10]
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Fig. 4. (color online) Comparison of the high frequency characteristics
of the Ka-band CCSWS with in-line (ψ = 0◦) and overlap staggered
(ψ = 90◦) double slots.
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Fig. 5. (color online) Comparison of the small signal gain of the Ka-
band CCSWS with in-line (ψ = 0◦) and overlap staggered (ψ = 90◦)
double slots.

Thus, the staggered structure has a larger operating bandwidth
and a smaller maximum gain than the in-line structure, which
is consistent with the high frequency characteristics discussed
before. That is to say, the in-line structure is suitable to the re-
quirement of high power, while the staggered structure keeps
a better balance between the bandwidth and the gain.

4. Summary and conclusion
The hot dispersion equation for the double-slot coupled

cavity slow-wave structure (CCSWS) with arbitrary staggered
angle between two adjacent walls was developed by means
of the self-consistent field theory. The influence of the beam
parameters and the staggered angle between adjacent walls on
the small signal gain was illustrated by numerical calculations.
The results of the calculations show that, as the beam voltage
and current increase, the maximum gain will augment. Mean-
while, the former factor will lead to a lower frequency range
and a narrower bandwidth, whereas the latter factor has a great
influence on the bandwidth. The analysis also indicates that,
for the CCSWS with double in-line slots (ψ = 0◦) and stag-
gered slots (ψ = 90◦) with the same dimensions, the former
one is suitable to the requirement of high power, while the lat-
ter one keeps a better balance between the bandwidth and the
gain, and has potential for application in medium-bandwidth
high-power TWTs. This paper introduces a fast method to ob-
tain the gain from the geometrical and electrical dimensions
directly, which is helpful for the engineering design.
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