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Unifying the crystallization behavior of hexagonal and square
crystals with the phase-field-crystal model*
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By employing the phase-field-crystal models, the atomic crystallization process of hexagonal and square crystals is
investigated with the emphasis on the growth mechanism and morphological change. A unified regime describing the
crystallization behavior of both crystals is obtained with the thermodynamic driving force varying. By increasing the
driving force, both crystals (in the steady-state) transform from a faceted polygon to an apex-bulged polygon, and then
into a symmetric dendrite. For the faceted polygon, the interface advances by a layer-by-layer (LL) mode while for the
apex-bulged polygonal and the dendritic crystals, it first adopts the LL mode and then transits into the multi-layer (ML)
mode in the later stage. In particular, a shift of the nucleation sites from the face center to the area around the crystal tips is
detected in the early growth stage of both crystals and is rationalized in terms of the relation between the crystal size and
the driving force distribution. Finally, a parameter characterizing the complex shape change of square crystal is introduced.
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1. Introduction
Remarkable diversity of growth patterns during crys-

tallization has drawn long-standing attention of material
scientists.[1,2] Crystal morphology varies greatly with the or-
dering condition changing, encompassing the faceted struc-
tures to symmetric dendrites, which in turn produces an
equally diverse range of physical properties. Understanding
of this diversity requires the considerations from both interfa-
cial dynamics and external fields.[3–6] Interfacial dynamics de-
termined by the interplay between interface energy anisotropy
and interface kinetic anisotropy governs the complex growth
behavior of crystal, while the external fields exert a large influ-
ence on the variation of interface anisotropies. Relying on the
difference of interface absorption ability, Siegfried et al. have
succeeded in controlling the morphology evolution of cuprous
oxide by altering specified interfacial energies.[7] Through the
tuning of supersaturation, Xu et al. discovered the dependence
of growth pattern and induction time of KADP on ammonium
concentration.[8]

Due to the complexities in experiments to dynamically
capture the crystallizing process in atomic length scale, com-
puter simulation has been proven to be a powerful tool in this
regard.[9–17] As an extension of dynamical density functional
theory,[15–17] the phase-field-crystal (PFC) model is capable
of addressing the crystallization kinetics at atomic level while
operating on diffusive timescale. Moreover, the crystalline
anisotropy and growth driving force are naturally integrated
in the PFC model by adopting an orientation-invariant free en-

ergy functional. Called for by the increasing importance of
two-dimensional (2D) materials, a systematical study of re-
vealing the crystallization mechanism in 2D materials, particu-
larly for the hexagonal lattice and square lattice, is performed.
In this work, by checking the atomic growth process using the
PFC model, we focus on the interplays among the growth mor-
phology, thermodynamic driving force, and the crystal struc-
ture, and resort to finding a unified description of crystalliza-
tion behavior.

2. The phase field crystal model

Based on the time-averaged atomic density, the dimen-
sionless form of PFC free energy functional is constructed
as[15,16]
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where n(r) ∝ (ρ −ρL)/ρL is the reduced atomic density field
relative to a reference liquid density ρL. Parameters η and ν

are the coefficients in the Taylor expansions of mixing energy
denoted by the first bracket. Correlation functions C2 are for-
mulated in reciprocal space as[15,16]
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where the correlation function in Eq. (2b) is composed by the
envelop of two relevant peaks representing {10}sq and {11}sq

planes in square crystal. Parameter ε relates to system temper-
ature, α i and ki correspond to the peak width and peak posi-
tion, while ρ i and β i denote the atomic density in a plane and
the number of planes in each family (i = 1,2), respectively.
As a conserved order parameter, the temporal evolution of the
atomic density n(r) obeys the following diffusive equation:

∂n(r)
∂ t

=∇2 δF
δn(r)

. (3)

In order to stabilize respective structures, simulation pa-
rameters for the hexagonal square are set to be (η ,v) = (0,3)
and ε = −0.6, while for square crystal (η ,v) = (1,1), ε = 0,
α2 = 1/

√
2, α1 = 3/

√
2, ρ1 = 1, ρ2 = 1/

√
2, β1 = 4, β2 = 4,

and k2 =
√
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√

2. To initiate the crystallization pro-
cess, a predefined supercritical nucleus is placed in the center
of the simulation cell first, where the density fields for hexag-
onal and square phases are given by the following approxima-
tion:
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for hexagonal crystal, (4a)
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for square crystal, (4b)

where n̄ represents the initial average density of the liquid
phase. The amplitudes Ai

hex (i = 1,2), A1
sq and the wave num-

ber qhex are determined by the free energy minimization. The
equation of motion is numerically solved on a 2048×2048 grid
using semi-implicit spectrum method. Periodic boundary con-
ditions are assumed at the perimeter of simulation domains.

3. Results and discussion
In the PFC model, the driving force of crystallization can

be altered by changing the supersaturation of the system (here
defined as σ = (n̄− n̄liq)/(n̄sq − n̄liq),[17] where n̄liq and n̄sq

represent the average densities of the equilibrium liquid and
solid phases, respectively), i.e., by changing the initial average
density of the liquid n̄. In this section, we will first present the
crystallization process of hexagonal crystal with the average
density n̄ ranging from −0.49 to −0.462, and then, followed
by the description of the growth process of square crystal with
the average density varying from n̄ = −0.1 to −0.05. In the
end, we will relate our simulation results to the experiments.

As shown in Fig. 1, the liquid–solid interface advances in
a layer-by-layer (LL) growth mode with n̄ = −0.49. In order

to preserve the permutation symmetry, Miller–Bravais index
notation is used to define the crystallography in the hexag-
onal crystal. Shown in Figs. 1(b) and 1(c), new {011̄}hex

atomic layers nucleate on the center of the existing {011̄}
faces first, then extend along the ⟨21̄1̄⟩hex directions by ab-
sorbing new solid atoms to the kinks. The interface moves
forward one-layer thick when the newly formed {011̄}hex lay-
ers are completely fulfilled. The preferred nucleation posi-
tion and the subsequent lateral growth can be rationalized by
the change in the free energy density profiles along {011̄}hex

faces. A smoothing procedure is performed on the original
atomic density field n(r) to acquire the free energy density
distribution.[18] In Fig. 2(a), it is shown that the free energy
density at point C is much lower than those at other positions
along {011̄}hex faces, demonstrating a higher driving force to
nucleate at point C compared to other positions. Meanwhile,
the free energy goes up with the distance from point C in-
creasing. Therefore, new solid atoms tend to attach onto the
kinks around the newly formed nucleus, resulting in the lat-
eral growth along ⟨21̄1̄⟩hex direction. In addition, this non-
uniform distribution of free energy density hinders the planar
migration mode of smooth {011̄}hex faces. When the crystal
grows into a larger size, the nucleation position of {011̄}hex

layers shift from the central area to positions near the crystal
tip of {011̄} faces, as shown in Fig. 1(d). This is reflected by
Fig. 2(b), where the areas with the lowest free energy value
have changed to positions ‘T’. The transition of the nucleation
sites may be attributed to the overlapped effect of the driv-
ing force, as shown in Fig. 2(c). Due to Berg’s effect, the
driving force near the corner is the highest, as indicated from
the free energy density curves in Fig. 2(b). However, at the
early growth stage the crystal size is relatively small, which
might lead to an overlap region of the driving force built in
the center of {011̄}hex faces, giving rise to a new highest point
at the center, as shown in Fig. 2(c). On the other hand, if as-
suming there are initially two nuclei generated near the tips
of {011̄}hex faces, the distance between them would be practi-
cally zero given the limited size of {011̄}hex faces.

Figure 3 shows the incubation time tN = t1 − t0 (tN = t ′1–
t ′0) expended by the nucleation process and the growth time
tG = t2− t1 (tN = t ′2− t ′1) for filling the new {011̄}hex layers af-
ter the nucleation. As shown by Fig. 3(a), the incubation time
tN is much longer than the growth time tG, indicating that no
new {011̄}hex nucleus will be generated before the former one
is fully filled, corresponding to the LL growth mode in Fig. 1.
Although the growth time tG increases from t2 − t1 = 400 to
t ′2 − t ′1 = 800 with the time reaching t = 16900, the incubation
time tN (t ′1 − t ′0 = 2200) is still greater than tG, demonstrating
the preservation of the LL growth mode.
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Fig. 1. (color online) Crystallization process of hexagonal crystal structure simulated with n̄ = −0.49 at different times: (a) t = 3500, (b) t = 4000, (c)
t = 18500, and (d) t = 19000. For a better visualization, magnification factors of panels (a) and (b) are larger than those of panels (c) and (d).
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Fig. 2. (color online) (a) and (b) The variation of free energy density along ⟨21̄1̄⟩hex directions during the nucleation, and (c) the schematic illustration
of driving force distribution along ⟨21̄1̄⟩hex direction at the early growth stage before (red dotted lines) and after overlapping (blue solid lines).
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Fig. 3. (color online) The variation of smoothed atomic density at positions C and T (shown in Fig. 1) versus time with the average density n̄ =−0.49
(a), −0.47 (b), and −0.462 (c), respectively. Black lines depict the incubation time for nucleation, and the red lines imply the growth time.

Figure 4 shows the morphological evolution process
with the average density n̄ increased to −0.47, along with
the atomic description of interface migration. The crystal
morphology is depicted using the smoothed atomic density
fields as mentioned above. With the progress of crystalliza-
tion, the crystal in Fig. 4(a) has gradually transited from a
faceted hexagon into an apex-bulged hexagonal shape shown
in Figs. 4(b)–4(d). As seen from Figs. 4(e)–4(h), the interface
migration mechanism associated with this morphological tran-
sition has changed from the LL mode to ML mode, where in
the latter case a new nucleation event occurs before the former
{011̄}hex layer is filled up. Moreover, the shift of preferred
nucleation position from the center of {011̄}hex faces to ar-
eas close to crystal tips is also captured in Figs. 4(a) and 4(b),
consistent with the LL growth mode as discussed in the case
of n̄ =−0.49. By checking the variations of smoothed atomic

density in Fig. 3(b), the incubation time tN (t1 − t0 = 700) is
larger than the growth time tG (t2 − t1 = 300), demonstrating
the selection of the LL growth mechanism. When the time
reaches around t = 16000, the period of filling a new {011̄}hex

layer (t ′2 − t ′1 = 2640) is much longer than the period of nucle-
ating one (t ′1 − t ′0 = 1160). Therefore, more than one {011̄}hex

layer is created before the current one is fully filled, namely
the ML growth mode. Meanwhile, because the nucleation sites
still remain at positions near the crystal tips of {011̄}hex in ML
mode as shown in Figs. 4(g) and 4(h), the edges of the hexagon
cave in and the apices bulge out along ⟨21̄1̄⟩hex directions.

Based on the above discussion, it is shown that the in-
terface migration mechanism and crystal shape are closely re-
lated to the thermodynamic driving force. With the driving
force increasing, the period of nucleation drops faster than that
of growth, undermining the stability of LL growth mode and
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favoring the ML growth mode. Thus, the ML growth mode
is more favored as the average density n̄ is raised up. By set-
ting the parameter n̄ = −0.465, the crystal initially shows as
a faceted hexagon, then the edges concave in, and finally the
crystal develops into a dendrite, as shown in Figs. 5(a)–5(d).
This is because at the early growth stage, the nucleation period
tN (t1−t0 = 460) exceeds the growth time tG (t2−t1 = 300), as
Fig. 3(c) shows. Thus, the interface advances through an LL
mode shown in Fig. 5(e), and the crystal takes a faceted mor-
phology correspondingly. Soon the growth time tG surpasses
the incubation time tN, leading to the shift to ML growth mode
and the consequent apex-bulged shape, as shown in Figs. 5(f)
and 5(b). Nevertheless, instead of maintaining the shape as in
Fig. 4, the crystal evolves into a dendrite with six tips pointing
to {011̄}hex directions shown in Fig. 5(g). This can be un-
derstood by comparing the variations of diffusion fields along

⟨21̄1̄⟩hex and ⟨101̄⟩hex directions. The gap between the dif-
fusion distance indicated by the same colored lines in Fig. 6
reflects that the local driving force of the interface along line
OA is higher than that along line OB, causing a faster growth
rate in ⟨21̄1̄⟩hex direction and a star-shaped crystal. With the
continuing enlargement of this difference shown in Fig. 6, the
time for atoms to aggregate at positions along ⟨101̄⟩hex direc-
tion grows tremendously. In other words, atoms take much
longer time to occupy the center of newly nucleated {011̄}hex

faces, leaving more {011̄}hex faces being partially filled in the
center, which leads to the formation of dendrite branches. The
resulting growth time tN associated with {011̄}hex faces is ex-
tended, indicated by the curve Clate in Fig. 3(c). As a con-
sequence, the crystal finally evolves into a six-fold dendrite
shown in Fig. 5(d).
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Fig. 4. (color online) Growth morphology of hexagonal crystal and the corresponding atomic density fields for the parts enclosed by dashed boxes, simulated
with parameter n̄ =−0.47 at different times: (a) and (e) t = 2100, (b) and (f) t = 5000, (c) and (g) t = 19200, and (d) and (h) t = 72000. The white lines in
panels (e) and (f) outline the newly generated layers. The color bar in the top row represents the variation of the smoothed atomic density field nsmooth.
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Fig. 5. (color online) Growth morphology of hexagonal crystal and the corresponding atomic density maps for the parts enclosed by dashed boxes simulated
with parameter n̄ =−0.462 at different times: (a) and (e) t = 1600, (b) and (f) t = 4000, (c) and (g) t = 20000, and (d) and (h) t = 63000. The white lines in
panels (e) and (f) outline the newly generated layers. The color bar in the top row represents the variation of the smoothed atomic density field nsmooth.
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Fig. 6. (color online) The smoothed density profiles of hexagonal crys-
tal along lines OA and OB (shown in Fig. 5) at different times.

Similar growth patterns and migration mechanism are
also found in the crystallization process of square crystal when
increasing the driving force, as shown in Fig. 7. In order to
characterize the morphological change resulting from the col-

lective interplay between {10}sq plane and {11}sq plane, we
define a parameter using the ratio of distances from the growth
front to crystal center along [10]sq and [11]sq, respectively.
When the system is at a low driving force, the crystal stays
in the ‘truncated square zone’ (yellow region in Fig. 7(a)) with
the small {10}sq faces along ⟨10⟩sq directions. As the driv-
ing force is raised, the crystal gradually goes across the ‘trun-
cated square zone’ into the ‘apex-bulged square shape zone’,
as shown by the red curve in Fig. 7(a). For a high driving force,
the crystal eventually evolves into the ‘four-symmetric den-
drite zone’. Accompanied by the dynamic variation of crystal
morphology during growth, the migration mechanism in each
zone accordingly transits from LL to ML mode, as shown in
Figs. 7(c1)–7(c3). Summarizing the atomistic evolution pro-
cess of hexagonal and square crystals, a unified regime de-
scribing the dynamic variations of growth morphology and its
associated migration mode is established.
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Fig. 7. (color online) (a) Distance ratios of growth fronts along [10]sq and [11]sq directions, (b1)–(b3) three characteristic morphologies and
(c1)–(c3) the corresponding atomic configurations of the area enclosed by the white box in panels (b1)–(b3). Black, red, and blue triangle
symbols in panel (a) are simulated with parameter n̄ = −0.1, −0.07, and −0.05, and the curves represent the corresponding smoothed data.
The color bars in panels (b1)–(b3) mark the variation of the smoothed atomic density field nsmooth.

Our simulations reveal the orientation selection process
associated with various growth patterns of hexagonal crystal
and square crystal, which is helpful to illuminate the physical
origins of morphological diversity. In our simulations, a non-
uniform distribution of driving force around the crystal caus-
ing a preferred nucleation at positions near the corners is ob-
served, in conformity with the Berg effect. On the other hand,
in experiments during the growth of colloidal films and isotac-
tic polystyrene,[19,20] the crystal displays as a faceted hexagon
at low driving force, and transforms to the edge-concave mor-
phology at intermediate driving force and then to the six-fold
dendrite when further increasing the driving force, which is in
good accordance with the morphological change depicted in
Figs. 1, 4, and 5. Growth pattern transiting from the square-
shaped crystal to the four-fold dendrite is also verified in mag-
netic alloy and polymers[21,22] with a great resemblance with

Fig. 7. In addition, because direct observations of the atomic
process of interface advancement in crystal growth are still
hard to achieve in experiments, our simulations can serve as
guidance in this regard.

4. Conclusions

In conclusion, the morphological transition and growth
mechanism of hexagonal and square crystals under the vari-
ation of thermodynamic driving forces are investigated at the
atomistic scale using the PFC model. The interface of hexag-
onal crystal advances through the nucleation of {011̄}hex lay-
ers and the subsequent lateral growth on the existing {011̄}hex

faces along ⟨21̄1̄⟩hex directions. With the driving force in-
creasing, the faceted hexagon gradually loses its stability, and
transforms to a six-fold dendrite with the tips pointing to
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⟨101̄⟩hex directions, where the growth mechanism correspond-
ingly changes from LL mode to ML mode. For the square
crystal, similar growth regimes are obtained when tuning up
the driving force, with the morphology transiting from a trun-
cated square to the four-fold dendrite.
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