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Second harmonic generation of metal nanoparticles
under tightly focused illumination*
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The near-field and far-field second harmonic (SH) responses of a metal spherical nanoparticle placed in the focal
region of a highly focused beam are investigated by using the calculation model based on three-dimensional finite-difference
time-domain (FDTD) method. The results show that off-axis backward-propagating SH response can be reinforced by
tightly focusing, due to the increase of the relative magnitude of the longitudinal field component and the phase shift along

the propagation direction.
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1. Introduction

Owing to the outstanding localized surface plasmon
(LSP) resonance!!! leading to field localization and enhance-
ment, metal nanoparticles can exhibit unique optical properties
and have received great interest in the last decade.!”) Due to
various applications, such as subwavelength emitters in high-
resolution microscopy, ! particle sizing, ! and optical indica-
tors for diagnostic purposes in medicine and biology, ! metal
nanoparticles are very necessary to thoroughly understand the
interaction of focused beam with metal nanoparticles, espe-
cially after the incident beam is tightly focused by a high nu-
merical aperture (NA) objective. Recently metal nanoparticles
with various materials and shapes excited by highly focused
beams have been investigated.[*] For example, the plasmon
spectra of gold and silver nanospheres under tightly focused
illumination have been studied®! and it was found that higher-
order multipoles (where the multipoles are those of the Mie
theory) can be suppressed, compared to the case of plane
wave (PW) illumination. The analyses on the influence of
highly focused illumination on the near-field coupling of sil-
ver dimers®! showed that larger maximum field enhancement
and stronger localization of the near field can be induced by
tightly focusing.

Nonlinear optical effects of metal nanoparticles also have
attracted a lot of interest,!!'>!!l due to the potential applica-
tions, such as frequency mixing, wavelength converters, and
optical switches. Second harmonic generation (SHG) is a fre-
quency doubling process that is the simplest nonlinear opti-
cal response and forbidden in the bulk of centrosymmetric
media, %! e.g., metals, within the electric dipolar approxima-
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tion. Hence, the SHG usually arises from the surface of metal
nanoparticles, where centrosymmetry is broken.!'3] Compared
to the linear response, it has been experimentally demon-
strated that SHG is more sensitive to the metal nanostruc-
ture shape.!'*! We have already investigated the SHG of cen-
trosymmetric dielectric nanoshperes excited by tightly focused
linearly polarized beams!!'>! or cylindrical vector beams!'¢]
in the frame of the nonlinear Rayleigh—Gans—Debye (RGD)

171 when the incident field is not significantly perturbed

theory
by particles of low refractive index contrast. However, for
the case of metal nanoparticles, due to near-field effect, the
excitation filed is not equivalent to the incident field and the
RGD approximation is no longer valid. The near-field distri-
butions around metal nanoparticles can be calculated by nu-
merical methods, such as three-dimensional finite-difference
time-domain (FDTD) numerical method.'8! Although FDTD
has been used to investigate SHG microscopy, this method was
applied only to the fundamental field (FF) but not the SHG
field, '] especially for the case of focused field illumination.
In this paper, we extend our previous research to the
case of metal nanoparticles excited by focused field. The
method based on three-dimensional FDTD algorithm will be
employed to examine the near-field distribution and far-field
radiation pattern of SHG from a gold spherical nanoparticle
located in the focal region of a highly focused beam. The
comparison between the results under PW and focused field
illuminations indicates that for the case of focused field ex-
citation, because of the increase of the relative magnitude of
the longitudinal field component and the phase shift along the
propagation direction, the magnitude of off-axis backward-
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propagating SH response becomes stronger.

2. Calculation model

A schematic diagram describing SHG from a gold spheri-
cal nanoparticle under tightly focused illumination is shown in
Fig. 1. An incoming monochromatic PW Ej at the fundamen-
tal frequency of @ propagates along the z axis and is focused
by an infinity-corrected objective. The PW is assumed to be
linearly polarized along the x axis. A spherical particle made
of gold in the focal region is excited by the focused field and
the SH response is induced. The origin O of the Cartesian co-
ordinate system and the center of the particle are taken at the
beam focus. k and K are the wave vectors of the fundamental
incident beam and the scattered SH radiation, respectively. In
the following analysis, it is assumed that the detection point is
in the far field. r¢ and 7¢ are the position vectors in the parti-
cle and the detection point, respectively. The parameter « is
the maximal angle determined by the NA of the illumination
objective.

gold particle

n

Fig. 1. (color online) Schematic diagram of SH response from a spher-
ical particle excited by a focused beam.

Following the vector diffraction theory of Richards and
Wolf, 1?01 if a monochromatic PW linearly polarized in the x di-
rection is normally incident upon the system shown by Fig. 1,
the electrical field at a given point 7, in the focal region can
be expressed as

Ei,x = —iA[I() +b COS(Z(])p)},

Ei7y = —iA12 sin(2¢p),

Ei, = —2Al cos(¢p), (D
where ¢, is the azimuthal angle of the point r,. A = kfl/2 is

a constant proportional to the incident field amplitude /y. The
integrals I, are defined by

I = /oc Vcos 0sin O(1 + cos 0)Jo(krpsin 0 sin 6))
xoexp(ikrp cos@cos6,)do,

I = /Oa V/cos 0 sin® 8.J; (kr, sin 8 sin 6,)
‘>< exp(ikrycos B cos6,)do,

L = /oc Vcos@sin (1 —cos 0)J>(krpsin0sin 6))
><O exp(ikr,cos B cos6,)do, )

where k is the magnitude of the wave vector of the fundamen-
tal beam, J,, is the Bessel function of the first kind with order
n, B, is the polar angle of the point 7. Then, the incident field
is determined by its steady value (as calculated from Eq. (1))
multiplied by the time-harmonic factor exp(—iwr).

For the case of a gold nanoparticle in the focal region,
the RGD approximation is no longer valid and the excitation
filed is not equivalent to the incident field. Three-dimensional
FDTD algorithm will be employed to calculate the excitation
field. Since the incident field can be determined analytically,
the scattered field formalism for FDTD!!8! will be adopted to
reduce the computation burden.

Under the electric dipolar approximation, SHG can only
be observed at the surface of metal nanoparticles, which is usu-
ally described by a sheet of nonlinear polarization induced by
the excitation field at the fundamental frequency. The surface

nonlinear polarization can be expressed as[?!!

P(ry,20)=xs: E(rs,0)E(ry,0)0(rs — h(rs)), (3)

where xgz)

is the surface second-order susceptibility tensor,
h(ry) denotes the surface of the spherical particle, which im-
plies that there is a surface dipole sheet because the symmetry
of the bulk is broken at the surface of the particle. The surface
is assumed to be locally flat. In the case of centrosymmetric
medium possessing isotropic with a mirror plane perpendicu-

lar to the local surface, ng)

is a three-rank nonlinear suscep-
tibility tensor and presents four non-zero elements: X || |,
Xs,L|[|» Xs,|L|| = Xs,||.L» Where L and || correspond to the di-
rections perpendicular (along 7 ) and parallel (along 6 and (]3)
to the local surface, respectively. We consider only the x; | | |
component, which is known to dominate the surface response
for metallic nanoparticles.?>?3 Therefore, equation (3) re-

duces to

P (rs,20) = X, 1 1 1EL (rs, @)E | (75, ®)8(rs — h(rs)). (4)

The coordinate transformation of the surface susceptibility
tensor between the local surface coordinate and the Cartesian
coordinate is implemented. After that, the double multiplica-
tion between the electrical vector and the nonlinear suscepti-
bility tensor is performed and then the surface polarization can
be described as

P, (7s,2m)

= [Ef(rs, ) sin® 6, cos? ¢ + Eyz(rS7 o) sin” 6, sin” ¢
—|—Ezz(rs, ) cos” O, + E.(rs,0)Ey (15, 0) sin? 6, sin 2¢)
+E(rs, ®)E (75, ®) sin 265 cos s

+E,(rs,0)E (75, ®)sin26s sin ¢ |6 (15 — h(7s)). 5)

From Eq. (5), it can be found that the surface polarization re-
lates to all three Cartesian components of FF. Therefore, the
effect of the vector property of the FF on the SH response of
centrosymmetric nanoparticle should be taken into account.
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Because the SH response is driven by the nonlinear po-
larization source rather than the incident field and there is no
need to decompose the total components into the incident and
scattered terms, the total field formalism for FDTDP# will be
employed to calculate the near-field distribution of SHG.

In many practical cases, it is easier to detect the far-field
radiation of SHG. The propagation of the SHG field in a ho-
mogeneous and isotropic medium is governed by the inhomo-
geneous wave equation !>

0%E, J’P
oz Mg ©

Green’s function approach can be utilized to resolve the inho-

V x V x Egq + Uo&

mogeneous wave equation. For far-field radiation (rf > ry),
the radiation pattern of SHG can be presented in spherical co-

ordinates
? iK —iKre-r,
E(ry) = Ho@ exp(iKr) // dVexp (M)
tre re
1%

i 0 0 0

X | cos@cos® cos@sin® —sin®
| - sin ¢ cos d 0
[ Py(rs)

x| B(ry) | . (7)
i Pz(rs)

Here, © and @ are the polar and azimuthal angles of the detec-
tion point 7y, respectively, and K is the magnitude of the wave
vector of the SH radiation.

3. Simulation results and discussion

Based on the three-dimensional FDTD algorithm, we de-
veloped a MATLAB code to investigate SHG from a gold
nanoparticle excited by focused beams. In the following sim-
ulations, the center of the spherical particle with a diameter of

_ 4 — _
—4 0 4 —4
z/A

200 nm is located at the focus. The fundamental wavelength
A is 780 nm. The incident light is linearly polarized along the
x axis and focused by a focusing objective with NA = 0.9. In
the three-dimensional FDTD calculations, the simulated area
have 500 nm x 500 nm x 500 nm dimensions along the x, y, and
z directions and the mesh grid is set to 2.5 nm in all directions.
The time step Ar is smaller than the Courant time step #. and
takes the value of 0.97.. The convolutional perfect matched
layers are adopted as the absorbing boundaries. The optical
constants for gold are obtained from Ref. [26]. The medium
surrounding the particle is assumed to be air.

Firstly, we examine the properties of the focused field
calculated using the vector diffraction integrals (as shown by
Eq. (1)). Figures 2(a)-2(c) show the normalized intensity dis-
tributions of the three Cartesian components of the focused
field in the focal plane. The intensities are normalized with
respect to the peak magnitude of E; . The x and y axes by the
dimensions of 24 x 24 are along the horizontal and vertical
directions, respectively. The circle denotes the location of the
gold particle in the focal plane. As seen in Fig. 2, the relative
magnitude of E; , is the strongest and the intensity maximum
is observed at the focus. Therefore, the component E; , will
play the dominant role in the interaction of a linearly polar-
ized focused beam with metal particle. The intensities of the
components Ej, and Ej, at the focus are all zero. In addi-
tion, the component E; , is weakest and then the effect of this
component can be effectively ignored. However, according to
careful investigation, it should be noted that the relative mag-
nitude of E; ; can reach 0.3 at the surface of the metal particle.
Hence, in some cases it is likely that the role of the component

E; ; should be taken into account.

(c)

A¢/m
o

—4 0 4
z /A z/A

Fig. 3. (color online) Phase distributions of the component E;  of (a) PW and (b) focused field in the x—z plane; (c) axial phase shift

of the focused field.
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Figures 3(a) and 3(b) display the phase distributions of
the component E; , of PW and focused field in the x—z plane,
respectively. There is a m-phase change between different or-
ders of the lobes. Comparison of Fig. 3(a) and Fig. 3(b) shows
that there is a dramatic difference between those two phase
distributions. Figure 3(c) displays the axial phase shift of the
focused field, which is known as the Gouy phase shift.?’! In
the region where the metal particle is placed, the phase shift
is —=0.17 from z = —100 nm to z = 100 nm. Because of the
coherent nature of SHG, this phase difference will be likely to
have an influence on the SH response of metal particles.

Figures 4(a)-4(f) depict the near-field distributions of FF
surrounding the gold particle in the x—z plane under PW and
focused field illuminations, respectively. From the results of
Figs. 4(a), 4(b), 4(d), and 4(e), for those two different illumi-
nations, the differences of the distributions of the total field
and the components E, are small. A closer look at the data
shows that the average field enhancements in the near field
around the gold particle are almost identical, which is in agree-
ment with the conclusions of Ref. [28]. In addition, the com-
ponent E, is dominant and the field enhancement is maxi-

mal along the x direction. However, it should be noted that
in the case of focused field excitation, the intensities of the
two backward lobes of the component E, increase (as shown
by the comparison of Fig. 4(c) and Fig. 4(f)). The corre-
sponding profiles of the component E, along the dashed lines
in Figs. 4(c) and 4(f) are displayed in Fig. 4(g). This phe-
nomenon is also observed in the case of a metal block excited
by focused beams and explained in terms of the distribution of
the Poynting vector.”l Compared to the case of PW illumina-
tion, the Poynting vector for the case of a linearly polarized
focused beam distributes much more closely to the axial axis
and the energy tends more easily to be reflected by the gold
particle at the focus, which results in the reinforcement of the
backward scattering. According to Eq. (5), there is the tenso-
rial nature of SHG. Therefore, even though the component E,
is not strong as the component Ey, the difference of the com-
ponent E, between the two different illumination conditions
still has a chance to affect the SH response of the gold parti-
cle. The component E, in the x—z plane is very weak and then

the corresponding distribution is not given.
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Fig. 4. (color online) Near-field distributions of FF under (a)-(c) PW and (d)—(f) tightly focused illuminations, respectively; (g) the
corresponding profiles of E, along the dashed lines in Figs. 4(c) and 4(f).

The near-field distributions of the SH field of the gold par-
ticle under PW and tightly focused illuminations are illustrated
by Figs. 5(a) and 5(b), respectively. The intensities are shown
in a logarithmic scale. From the results of Fig. 5, it can be
found that a quadrupole mode can be observed and near-field
distribution of SH field is more confinement.

Figure 6 shows the far-field angular distributions of SHG
generated by the gold particle illuminated by a PW and tightly
focused beam, respectively. At @ = 0°, the SH radiation as
a function of @ is given by Fig. 6(c). The black curve repre-
sents the SH radiation under PW illumination, while the blue
and red curves represent the SH radiations under tightly fo-
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cused illumination without and with E; ; = 0. The intensities
are normalized relatively to their own maximum. According
to Figs. 6(a) and 6(b), for the two different illumination con-
ditions, the SH response vanishes in the exactly forward and
backward directions, which can be explained by the selection
rule as the consequence of the rotational symmetry of the par-
ticle shape around the longitudinal direction.*”) In addition,
the main features of those distributions are similar, due to the
fact that the role of the component E, of the excitation field is
dominant (as shown by Fig. 4). However, from the results of
Fig. 6(c), it can be found that off-axis backward-propagating
SH response can be reinforced by tightly focusing, which
could be attributed to the increase of the relative magnitude
of the longitudinal field component E; ; (as shown by Fig. 2).
Simulations under different NA (data not shown) indicate that
if the value of NA is smaller than 0.5, the difference of the
far-field SH radiations between the two different illuminations
becomes negligible. When the value of NA exceeds 0.5, the
backward SH response will be strengthened as the value of
NA increases. In addition, it should be also pointed that even
if the role of E; ; is completely ignored (as denoted by the red

curve in Fig. 6(c)), the backward SH response is still enhanced,
compared to the case of PW illumination. According to Fig. 3,
there is the phase shift of the component E; ;. Because of the
coherent feature of SHG, the far-field radiation is very sensi-
tive to the phase variation of the incident field, which induces
the above phenomenon. Actually, for smaller particles whose
size is merely about dozens of nanometers, the effect of the
component E; ; cannot be taken into account, while the role of
the phase shift still exists. For simplicity, those data are not
given in this paper.

250

E o E o
= =<
N N
—250 —250
—250 0 250 —250 0 250
x/nm z/nm

Fig. 5. (color online) Near-field distributions of SH field of gold particle
illuminated by (a) PW and (b) focused field.
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Fig. 6. (color online) Far-field radiation patterns of SHG under (a) PW and (b) focused field illuminations; (c) SH radiation diagrams

as a function of ® at & = 0°.

4. Conclusion

By using the method based on three-dimensional FDTD
algorithm, we have investigated the near-field and far-field SH
response from the interaction of a tightly focused beam with
metal particles. Compared to the case of PW illumination, the
off-axis backward-propagating SH radiation can be reinforced
by tightly focusing, which could be attributed to the roles of
an increase of the relative magnitude of the longitudinal field
component and the phase shift along the propagation direction.
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