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Andreev reflection (AR) in a normal-metal/quantum-dot/superconductor (N-QD-S) system with coupled Majorana
bound states (MBSs) is investigated theoretically. We find that in the N-QD-S system, the AR can be enhanced when
coupling to the MBSs is incorporated. Fano line-shapes can be observed in the AR conductance spectrum when there
is an appropriate QD-MBS coupling or MBS-MBS coupling. The AR conductance is always 2 /2h at the zero Fermi
energy point when only QD-MBSs coupling is considered. In addition, the resonant AR occurs when the MBS-MBS
coupling roughly equals to the QD energy level. We also find that an AR antiresonance appears when the QD energy level
approximately equals to the sum of the QD-MBS coupling and the MBS-MBS coupling. These features may serve as

characteristic signatures for the probe of MBSs.
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1. Introduction

A Majorana particle is a fermion that is its own antipar-
ticle and obeys novel non-Abelian statistics, which was pro-
posed by Majorana in 1937.11:21 Due to their potential appli-
cations in topological quantum computation and because of
their fundamental interest, Majorana fermions are currently at-
tracting increased attention.>~"! Recently, it has been reported
that Majorana bound states (MBSs) can be realized at the ends
of a one-dimensional p-wave superconductor; the proposed
system is a semiconductor nanowire with Rashba spin—orbit
interaction, to which both a magnetic field and proximity-

10.111'So0n after this pro-

induced s-wave paired are added.!
posal, several groups have fabricated the semiconductor su-
perconducting wire and observed zero-bias conductance peaks
(ZBCP).13:8.121

Up to now, the ZBCP is the unique signature that has
been observed experimentally to check the existence of MBS.
However, the ZBCP could also originate from non-topological
physics mechanisms. Fortunately, numerous theoretical and
experimental studies exactly illustrate that the quantum dot
(QD) structure is a good candidate for the detection of
MBSs.[13-24] 1t has been reported that when a QD is nonin-
teracting and in the resonant tunneling regime, the MBS in-
fluences the conductance through the QD by inducing a sharp
decrease of the conductance by a factor of 1/2.1'*] The non-
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local nature of Majorana fermions can cause novel transport
phenomena such as crossed Andreev reflection (CAR), which
was earlier proposed in Ref. [25] as a method to probe the
nonlocality of a pair of MBSs. A possible probe for Majorana
fermions was also suggested in Ref. [26], where two MBSs
that are coupled to QDs, which themselves interact with two
normal-metal leads, can be tested uniquely using CAR.

On the other hand, in several previous studies, QDs
coupled with normal metallic conductors (N) and with su-
perconducting electrode (S) structures have been investi-
gated and it was found that they exhibit interesting transport
properties.[>”-2°) One of these properties is the so-called An-
dreev reflection (AR).%3!1 Tn an AR process, an electron with
an energy below the supperconducting gap is reflected at the
interface as a hole, while a Cooper pair of charge 2e is cre-
ated in the superconducting side of the interface. In the sub-
gap regime (eV < A), the tunneling conductance almost en-
tirely originates from the anomalous Andreev channel; such
spectroscopy can thus directly probe any in-gap states. For
instance, the tunneling conductance has recently been mea-
sured in a system comprising indium antimonide nanowires
connected to a normal electrode and a superconducting elec-
trode, indicating Majorana-type in-gap states. %!

Motivated by the existing transport results, in the present
work, we consider a spinless QD coupled to an MBS at one
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end of a p-wave superconducting nanowire, and investigate
the AR conductance through the QD by adding a normal lead
and a superconducting lead. We find that in addition to the
resonant behavior of the Andreev tunneling described in the

5,128

previous investigations,?®! when coupling between the QD

and MBSs is incorporated, the AR conductance spectrum has
several new features. One example is the Fano effect, (321
which arises from the interference between a discrete state and
the continuum, giving rise to the characteristically asymmet-
ric line shapes. In addition, the AR conductance is always
e’ /2h at the zero energy point when only QD-MBSs coupling
is considered, showing the robust properties of the Majorana
fermions. We also discuss under what conditions the resonant
AR might appear. Therefore, the AR conductance in such
a structure can serve as a characteristic signature in probing
MBSs.

The rest of this paper is organized as follows. In Sec-
tion 2, we introduce the model Hamiltonian of the N-QD-S
system with coupled MBSs. In Section 3, we present numeri-
cal results for the transport properties and discuss the underly-
ing physical processes. A summary is given in Section 4.

2. Model and method

The N-QD-S system with coupled MBSs is illustrated in
Fig. 1. A QD is connected with N and S leads. The QD can
be fabricated by applying gate voltages on a two-dimensional

B3] In addition, a semiconductor nanowire with

electron gas.
strong Rashba interaction is subjected to a strong magnetic
field B and adhere a proximity-induced s-wave supercon-
ductivity, then a pair of MBSs can form at the ends of the
nanowire.!>” In Fig. 1, the two MBSs are defined as 7, and
1>. Here, we suppose that the QD is only connected to 1; and
the coupling strength is A. We assume that the system under

consideration is described by the following Hamiltonian:
H = Hy + Hy + HR + Hr. (D
The QD-Majorana part is described by

Ho=Y &d/di+ienmm+(Ad—A"d)m, ()

where g; is a tunable gate energy level in the QD which is as-
sumed to have multiple discrete energy levels characterized by
the index i, and d; (le ) is the electron annihilation (creation)
operator. The second term in Eq. (2), the low-energy effective
Hamiltonian for the MBSs, describes the pair of MBSs, 11 and
M2, generated at the ends of the nanowire and coupled to each
other with energy &y.[>> The last term in Eq. (2) describes the
tunneling coupling between the QD and 7;. In Eq. (1), HL
describes noninteracting electrons with momentum k and spin
o in the left normal-metal lead; Hr describes electrons with
momentum p in the right superconducting lead, which has an

energy gap A; and Hr gives the tunneling part of the Hamilto-
nian. They can be written as

Hy = Y (&4 — W) yoCLio 3)

k,o

_ 0
Hg = ZSR,pCR.pGCRJ’G
p.c
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-
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Here, ¢t (¢) is the creation (annihilation) operator of the elec-
tron in the leads, V., is the voltage on the left lead, and W is
the voltage on the right lead. In Eq. (5), #, (v =L,R) is the
hopping matrix, which, for simplicity, is assumed to be inde-
pendent of the states in the leads and the QD.

I ik
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™ semiconductor "2

s wave superconductor

Fig. 1. (color online) Sketch of an N-QD-S system with coupled
MBSs. A QD is connected with N and S leads. The QD is also con-
nected to one end of a quantum wire on an s-wave supercunductor sur-
face, which supports an MBS (blue dot) at each end. The two MBSs are
defined as 11 and 7.

It is helpful to replace the Majorana fermion operators
by ordinary fermion operators f and f¥, where f creates a
fermion and f'f = odd, even counts the parity of the MBS.
In the new representation, we have 1, = (f7 + f)/v/2 and
N2 = i(f" — £)/v2 with {f,f7} = 1. Accordingly, we can
write Hy in the form

HOZZEidjdiJrgM (fo*%)+%(Ad*l*d+ﬂﬁ+f) ©)

The electric current can be evaluated from the time evo-
lution of the total electron number in the left lead, N =
Yio c{ o CL.ka» using the expression

= —e(Ny (7)) = —(ie/h){[H.NL]). %)

Within  the
formalism, 28341 one finds that the current [ = I + g is the

nonequilibrium  Keldysh—Green function
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sum of two terms: the Andreev current /5 and the quasiparticle
contribution /g

I =2 [dona©) [ilo-ev) - filo+er), ®

2
IQ = f/dwTQ(w

Here, the Fermi—Dirac distribution function is given by

0—eV)— fr(o)]. )

forLr(@£eV) ={14exp|(@+eV —Eg) /ksT]} ", (10)

where T is the electrode temperature. The voltage bias V is the
difference between the voltages on the left and the right leads:
V =WV, — Wr. EF is the Fermi energy. The Fermi function fr
for the superconducting lead is that of the zero-gap state, with
the gap properties included in the superconductor density of
states. Both transmissions T and Tq are expressed in terms of
the QD retarded Green’s function Gj;(®) in Nambu space.

The Fourier transformed retarded Green’s function of the
system can be solved using Dyson’s equation, G* = G{, +
G X"'G", where X" is the self-energy matrix due to the tun-
neling coupling between the QD and the leads. In the 4 x 4
generalized Nambu-spin space, the free Green’s function Gf,
for the QD with the MBSs is given by

_e AT AT
w—¢g 0 @1 @L
0 w+g -5 —%
Ghw)] ' =] P G T))
il —? W — &y 0
% A 0 W+ &vm
2 V2

The self-energy matrix X" consists of two parts: X" = 3] +
2. The term X is the self-energy from the coupling be-
tween the QD and the left normal-metal lead. The matrix form
of X7 is

IL 000
. ifo0ILo0o0

2= 21 0 000 |° (12)
0 000

where I}, = 27|t |> ¥ 8(@ — €14). The term X% is the self-
energy from the coupling between the QD and the supercon-
ducting lead, and may be written as

1 —AOO
0]
L= il—' 4 1 00 13
R*ii Rps(w) o ) ( )
0 0 00
0 0 00

where I} = 27mpyo|tr|>, with pyo being the density of states
when the superconductor is in the normal state, and ps(®)
is the modified BCS (Bardeen—Cooper—Schrieffer) density of

states defined by

[0[6(lw|—4) | [0[6(4 —|o])
> — A? iVA? — w?

ps(@) = (14)

Once the retarded Green’s functions are known, the elec-
tric current can be calculated using Egs. (8) and (9). In this
work, we only consider the Andreev transport for energies
within the superconducting gap. Thus, the current amplitude
corresponding to the contribution of quasiparticle tunneling is
zero. In particular, the zero-bias AR conductance at zero tem-
perature can be calculated as!!

2] 2.4
=Y GG (15)
i=13
where G? is the advanced Green’s function, G* = (G")". It
directly reflects the quantum interference in this system.

3. Results and discussion

In this section, we investigate the linear AR conduc-
tance at zero temperature in the N-QD-S system coupled with
MBSs. In the numerical calculations discussed below, we con-
sider a QD with only a single, spinless level of energy &;. The
Fermi energy and the energy level of the QD are restricted to
lie within the energy gap of the superconducting lead.

We first illustrate the AR conductance as a function of
the Fermi energy in the N-QD-S system. For comparison,
the results for the N-QD-S systems with and without coupled
MBSs are respectively shown in Figs. 2(a) and 2(b). We set
A=1,e=02,&;=0.1,and A =0.1. All parameters are
expressed in units of the superconductor gap. For simplicity,
we study only the symmetric case, and set I} =Ir =1". In
Figs. 2(a) and 2(b), the solid, dashed, and dotted lines de-
note I' = 0.05, 0.15, and 0.25, respectively. It may be seen
in Fig. 2(b) for the system without MBSs that the AR con-
ductance curve exhibits two relatively weak peaks around the
point Er = £0.2. The magnitudes of the peaks are much
smaller than e?/h, though they increase as I" increases. How-
ever, in the N-QD-S system with coupled MBSs, as shown in
Fig. 2(a), the AR conductance curves exhibit double resonant
peaks. The maximum conductance of the AR can reach as high

1.0 r 1.0
(a) 1005 (b) —I'=0.05
] — -r=o0.15

o I'=0.25

Vad ‘.
N 7\
/ - N

= 0
0.5—-0.5-0.3 —0.10 0.1 0.3 0.5

0 3 .
—0.5-0.3-0.100.1 0.3
Ey By

Fig. 2. (color online) AR conductance as a function of the Fermi energy in
the N-QD-S systems (a) with and (b) without coupled MBSs. We set A =1,
g4 =0.2, & = 0.1, and A = 0.1. All parameters are expressed in units of
the superconductor gap.
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as % /h, and is only slightly affected by the coupling strengths
of the QD to the leads. In addition, we obtain the symmetric
line shape because the AR involves both the particle and hole
degrees of freedom. From Fig. 2, we can see that in the N—
QD-S system, even though the AR conductance curves gener-
ally exhibit weak peaks when no MBSs are present, for appro-
priate tunnel coupling with the normal and superconducting
leads, the AR can be enhanced when coupling to the MBSs is
incorporated. Next, we analyze the AR in the N-QD-S system
with coupled MBSs in more detail.

Figure 3 shows the AR conductance as a function of the
Fermi energy in the N-QD-S system with coupled MBSs for
different values of A for the case of &y = 0 and &g = 0. From
Fig. 3, we find several features of the AR conductance when
only QD-MBS coupling is considered. First, in Fig. 3(a), for
I' = 0.01, we can clearly see four conductance peaks in each
curve, located roughly symmetrically around the zero energy.
In addition, the distance between the neighboring conductance
peaks increases with increasing A. When I' increases from
0.01 to 0.1, as shown in Fig. 3(b), the conductance peaks are
significantly suppressed, and one Fano line-shape appears in
the AR conductance spectrum. These results can be easily un-
derstood. As shown in Fig. 1, the MBSs serve as a special
electron reservoir with single energy mode. Electrons enter-
ing such a structure undergo phase randomization, thereby this
tunneling channel is related to the dephasing mechanism. In
practical terms, any decoherence is expected to suppressed the
quantum features, therefore the stability of the Fano-type inter-
ference patterns can be regarded as a useful probe of an inter-
play between the coherence and incoherence tunneling chan-
nels. In this process, the AR conductance is always &2 /2h at
the point Er = 0, showing the robust properties of the Majo-

rana fermions.['#
1.0'(a) : - [ WS
z - — —A=0.02
r=o.01 ' = R
= em=0 = h - A=0.04
>~ - Iy -
L 0.5f ks S 1
< - [
3 == -
G} - | -
S TR
ol - L -
1.0f : T
(b)
I'=0.1
— em=0 7 ...,
S K *
~
v 0.5
I
<
@)
0 v | L
—0.1 —0.05 0 0.05 0.10
EF

Fig. 3. (color online) AR conductance as a function of the Fermi energy
in the N-QD-S system with coupled MBSs for different values of A when
gg=0and gy =0: ()" =0.01, (b) I" =0.1.

Figure 4 shows the AR conductance as a function of
the Fermi energy in the presence of not only the QD-MBS
coupling but also the coupling between the two MBSs. The
zero energy conductance deviates from e /2h once &y # 0 as
shown in Fig. 4. By a careful observation, one can also see
that the coupling between the two MBSs widens the Fano res-
onance peak in Fig. 4(a) and the Fano antiresonance valley in
Fig. 4(b). The N-QD-S structure with coupled MBSs pro-
vides two special transmission paths for the quantum interfer-
ence. Therefore, the resonant channel for the Fano effect is
simultaneously determined by both the weak QD-lead, QD-
MBS coupling and the MBS-MBS coupling.

MO (@)

G*/(e*/h)

G*/(e*/h)

Q
—0.10

Fig. 4. (color online) AR conductance as a function of the Fermi energy
in the N-QD-S system with coupled MBSs for different values of A when
gg=0and &y =0.02: () I' =0.01, (b) ' =0.1.

Next, in Fig. 5, we illustrate the influence of changes in
the MBS—-MBS coupling on the AR conductance. In Fig. 5(a),
when I = 0.01, one can see that the resonant peaks shift away
from the zero Fermi energy point. In addition, one can see
from Fig. 5(b) that when I" = 0.1, the resonant line-shapes are
greatly modified as & increases. For example, in Fig. 5(b),
the solid red line, &y = 0.02, is a small antiresonance with a
peak at Eg = 0. With &y increasing to &y = 0.06 (see the blue
dashed line in Fig. 5(b)), the original primary resonant peak
becomes wider and the second peaks develop into a Fano line
shape.

In order to obtain a better understanding of the above be-
haviors, in the following, we focus on under what conditions
the Fano resonant AR might appear. In Fig. 6, we show the AR
conductance at Eg = €5 = 0.1 as a function of &y with different
values of the QD-7; coupling A for fixed I" = 0.2. We can see
that with these parameters, the AR conductance changes with
em. Obviously, there is a critical value &y.. When &y < &,
the AR conductance decreases with increasing &y. When
&M > €Mc, the AR conductance quickly increases from zero
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to the maximum e?/h, and then decreases to e /2h slowly as
&y increases further. The critical point is dependent on both
A and I'. For fixed I', the critical value &y, increases with
decreasing A. When &y = 0.1, which just equals to the energy
level of the QD, the resonant AR occurs quickly and gives the
maximum AR conductance; when &) deviates from this point,
the AR conductance quickly decreases to e? /2h.

1.0F T T =

(a) : ey =0.02

A=0.03 E_ —EMZO.OG

. I'=0.01 :

- ey =0.10
a

QL 0.5F J
g
<
G]

G*/(e?/h)

Fig. 5. (color online) AR conductance as a function of the Fermi energy in
the N-QD-S system with coupled MBSs for different values of &y when
g=0and A =0.03: (@ I' =0.01, (b) ' =0.1.
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Fig. 6. (color online) AR conductance as a function of &y in the N-QD-S
system with coupled MBSs for different values of A when Ep = g3 = 0.1
and " =0.2.

We also calculate the AR conductance as a function of
A for different values of &y for the case of I' = 0.2 and
Er = €4 =0.1. The results are shown in Fig. 7. When &y = &
(see the black dot-dashed line in Fig. 7), an intense resonance
occurs, and the AR conductance increases quickly from the
initial value e?>/2h to the maximum e?/h. When &y > &g,
G* increases gradually from e?/2h to e /h with increasing A.

However, for &y < &y, there is a critical value of A, A, corre-
sponding to GA = 0. When A < A., G decreases from e?/2h
to zero with increasing A. Once A > A., G? increases grad-
ually from zero to its maximum and remains at the maximum
value with a further increase in A.
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Fig. 7. (color online) AR conductance as a function of A in the N-QD-
S system with coupled MBSs for values of &y when Er = &5 = 0.1 and
I'=0.2.

4. Summary

We have studied the AR in an N-QD-S system coupled
with MBSs. We found that for appropriate tunnel coupling
with the normal and superconducting leads, the AR is en-
hanced by the MBSs. For a given Fermi energy, one can tune
the gate voltage to obtain a primary resonant state. One can
then change the coupling strength between the QD and the
MBS 7, or between the two MBSs to obtain a Fano resonance.
The AR conductance is always e® /2h at the zero energy point
when only QD-MBSs coupling is considered, showing the ro-
bust properties of the Majorana fermions. In addition, with
strong QD-MBS coupling, the resonant AR can occur even
in the absence of coupling between the two MBSs. When the
MBS-MBS coupling roughly equals to the QD energy level,
the resonant AR can also occur even with very weak QD—
MBS coupling. We also found that an AR antiresonance ap-
pears when the QD energy level approximately equals to the
sum of the QD-MBS coupling and the MBS-MBS coupling.
Based on all the numerical results, we propose that such a sys-
tem may be a candidate for detecting the MBSs. Furthermore,
these results will be helpful for understanding the quantum in-
terference in MBS-assisted AR and may find significant appli-
cations, especially in quantum computation.
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