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Suppression of Andreev conductance in a topological
insulator–superconductor nanostep junction∗
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When two three-dimensional topological insulators (TIs) are brought close to each other with their surfaces aligned,
the surfaces form a line junction. Similarly, three TI surfaces, not lying in a single plane, can form an atomic-scale nanostep
junction. In this paper, Andreev reflection in a TI–TI–superconductor nanostep junction is investigated theoretically. Be-
cause of the existence of edge states along each line junction, the conductance for a nanostep junction is suppressed. When
the incident energy (ε) of an electron is larger than the superconductor gap (∆ ), the Andreev conductance in a step junction
is less than unity while for a plane junction it is unity. The Andreev conductance is found to depend on the height of the step
junction. The Andreev conductance exhibits oscillatory behavior as a function of the junction height with the amplitude of
the oscillations remaining unchanged when ε = 0, but decreasing for ε = ∆ , which is different from the case of the plane
junction. The height of the step is therefore an important parameter for Andreev reflection in nanostep junctions, and plays
a role similar to that of the delta potential barrier in normal metal–superconductor plane junctions.
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1. Introduction

Topological insulators (TIs) represent a new quan-
tum state of matter.[1,2] With recent breakthroughs in two-
dimensional (2D) and three-dimensional (3D) topological ma-
terials, a number of interesting and surprising phenomena have
attracted much attention.[3–10] The electron velocity of the
Dirac cone on the surface of a 3D TI[15], such as Bi2Te3 and
Bi2Se3, depends on the properties of the material.[11,12] When
two different 3D TIs are joined together, refraction phenomena
due to the mismatch of electron velocities are expected at the
junction,[13] and defects such as step-like imperfections may
appear.[14] Quantum transport through a non-planar nanostep
junction involving two different side surfaces of a 3D topolog-
ical insulator has also been extensively investigated in recent
years. In particular, it has been found that the conductance of
a nanostep junction is suppressed in the large-energy limit by
a factor of 1/3 as compared to the conductance of a similar
junction between surfaces lying in a single plane.[15]

When one side of the nanostep junction is replaced with
a superconductor (S), so-called Andreev reflection (AR) oc-
curs due to the appearance of the superconducting energy
gap ∆ . For normal superconducting microconstriction con-
tacts with a delta-function scattering potential at the N–S in-
terface, the Andreev conductance amplitude is characterized
by the parameter, Z, of the delta barrier.[16] In addition, it
has been pointed out that for a ferromagnet–superconductor
junction, the spin polarization of the conduction electrons in

the ferromagnet can affect the AR.[17,18] At a normal-metal
(ferromagnet)–superconductor interface in graphene, specular
Andreev reflection appears.[19–22] As for the nanostep junc-
tion, because of the different velocities of the Dirac fermions
on either side of TI–TI junction, edge states appear along the
step junction.[23] The velocity of the edge states is less than
the velocities of the incoming plane waves, and the spins of
the edge states have a nonzero component in the direction per-
pendicular to the surfaces.

Motivated by these novel phenomena,in this paper, we in-
vestigate Andreev reflection through a topological insulator-
superconductor nanostep junction,consisting of a horizontal
TI, a vertical TI, and a horizontal superconductor with em-
phasis on effects due to the step height.

2. Model and formulas
The model of the topological insulator–superconductor

(N1N2S) step junction we have considered is shown in
Fig. 1(a). The N1N2S junction, based on the 3D topologi-
cal insulator Bi2Se3, has three regions: Regions I and II de-
note normally conducting topological-insulator surfaces, and
region III is a topological-insulator surface with proximity-
induced superconductivity produced by bringing the TI sur-
face into contact with an s-wave superconductor. For conve-
nience, we place the origin of the coordinate system such that
x = 0 and z = 0 correspond to the interface between regions I
and II with the orientation of the axes as shown in Fig. 1(a).
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Fig. 1. (color online) (a) Schematics of the N1N2S step junction, the
region I is in the x–y plane, the region II y–z plane, and the supercon-
ductivity region III in x–y plane, respectively. (b) The energy dispersion
in three regions, the propagating wave vector in regions I and III is 𝑘x
and in region II is 𝑘z.

In region I, the effective surface Hamiltonian describ-
ing the carriers in the x–y plane of the topological in-
sulator is given by Hxy = ε

xy
0 + h̄vxy

F (σxky − σykx), where
ε

xy
0 = C + (D1/B1)M is the Dirac point energy, vxy

F =

A2
√

1− (D1/B1)2/h̄ represents the Fermi velocity on the x–y
surface, and the σx,y,z denote the usual Pauli matrices.

Similarly, the carriers in the y–z plane of the topo-
logical insulator in region II are described by the effective
Hamiltonian Hyz = ε

yz
0 + h̄vyz

F (σyηkz − σzky), where ε
yz
0 =

C + (D2/B2)M and vyz
F = A2

√
1− (D2/B2)2/h̄. The param-

eters A1, A2, B1, B2, C, D1, D2, and M can be determined by
fitting the energy spectrum of the effective Hamiltonian[15,24]

with that obtained from ab initio calculations.[7] The factor
η in front of kz in Hyz can be written as η = A1/A2, where
A1 6= A2, because there exists an elliptical Dirac cone describ-
ing the excitations of the y–z surface. The factor η indicates
that the Fermi velocity along the y direction is different from
the Fermi velocity along the z direction in the y–z plane. How-
ever, the Dirac cone is circular on the x–y surface due to the
fact that the Fermi velocities along the x and y directions are
identical.

Since superconductivity couples the electron and hole
wave functions, the Hamiltonian for the surface states on the
topological superconductor in region III acting on the Nambu
basis 𝛹 = (ψe↑,ψe↓,ψh↓,−ψh↑) is given by

𝐻xy =

(
𝐻xy−𝜇+𝑈 𝛥

𝛥 −𝐻xy +𝜇−𝑈

)
, (1)

where 𝐻xy(εxy
0 ,vxy

F ) represents the surface Hamiltonian in the
x–y plane; 𝜇 denotes the chemical potential; 𝑈 , the electro-
static potential which can be adjusted independently by a gate
or by doping, and 𝛥 is the induced superconducting pairing

gap at zero temperature. All of 𝑈 , 𝜇, and 𝛥 are 2×2 matri-
ces,

U =

(
U 0
0 U

)
, µ =

(
µ 0
0 µ

)
, ∆ =

(
∆ 0
0 ∆

)
.

The eigenstates in region I can be written as

ψ
e±
I = (1,±i e±iθ ,0,0)T e±ikxx+ikyy, (2)

ψ
h±
I = (0,0, i,±e±iθ )T e∓ikxx+ikyy, (3)

with the corresponding energy eigenvalues given by ε = ε
xy
0 +

h̄vxy
F

√
k2

x + k2
y , and the incident angle, by θ = arctan(ky/kx).

Here the +(−) labels on the wave functions indicate respec-
tively right (left) traveling electrons and right (left) traveling
holes in region I.

Analogously, in region II, the eigenstates for the electrons
and holes are

ψ
e±
II = (∓i cosγ1,1+ sinγ1,0,0)T e ikyy±ikzz, (4)

ψ
h±
II = (0,0,∓i cosγ2,1+ sinγ2)

T e ikyy∓ik′zz, (5)

with corresponding momenta in the ẑ direction

kz =
A2

A1

√(
ε− ε

yz
0

h̄vyz
F

)2

− k2
y

for the electrons and

k′z =
A2

A1

√(
−ε− ε

yz
0

h̄vyz
F

)2

− k2
y

for the holes. The angles of refraction of the electrons and

holes are given by γ1 = arcsin( h̄vyz
F ky

ε−ε
yz
0
) and γ2 = arcsin( h̄vyz

F ky

−ε−ε
yz
0
),

respectively. The +(−) labels on the wave functions indi-
cate respectively downwards (upwards) traveling electrons and
downwards (upwards) traveling holes in region II.

In the region III, the electron (hole)-like quasiparticles are
both mixtures of electrons and holes, and the transmitted wave
functions have the form of

ψ
e+
III = (1, i e iθ ′ ,−iΓ+ e iθ ′ ,Γ+)

T e ikxx+ikyy, (6)

ψ
h+
III = (Γ−,−iΓ− e−iθ ′ , i e−iθ ′ ,1)T e−ikxx+ikyy, (7)

where θ ′ is the transmission angle, and Γ± = v±/u±, with

v± =
√

1−u2
±, and u± =

√
1/2±

√
ε2−∆ 2/2ε .

At each interface, we need to consider two kinds of scat-
tering: (i) reflection as an electron and (ii) Andreev reflection
as a hole. The total wave function in the different regions
may then be written as ΨI = ψ

e+
I + reψ

e−
I + rhψ

h−
I , ΨII =

a1ψ
e+
II +a2ψ

e−
II +a3ψ

h+
II +a4ψ

h−
II , and ΨIII = teψ

e+
III +thψ

h+
III ,

where the scattering coefficients re, rh, te, and th denote normal
reflection, Andreev reflection, and transmission as electron-
like and hole-like quasiparticles, respectively.
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By taking into account the boundary conditions ΨI(x =

0) =ΨII(z = 0) and ΨII(z = L) =ΨIII(x = 0), the normalized
Andreev conductance G/G0 at zero temperature can be calcu-
lated using the expression,

G/G0 =
1
2

∫
π/2

−π/2
dθcosθ [1+ |rh(ε,θ)|2−|re(ε,θ)|2]. (8)

Here, G0 =
2e2

h ρ(𝜖)h̄vFW ; ρ(𝜖) = 𝜖/[π(h̄vF)
2] denotes the nor-

mal density of states; W is the sample width, and the integra-
tion is over all angles of incidence, θ .

3. Results and discussion
In our calculations, typical parameter values for the 3D

topological insulator Bi2Se3 were used: A1 = 2.2 eV·Å, A2 =

4.1 eV·Å, h̄vxy
F = 4.065 eV·Å, h̄vyz

F = 3.846 eV·Å, ε
xy
0 = 0 eV,

ε
yz
0 = 0.09 eV, and ∆ = 0.03 eV. For simplicity, we set the

electrostatic potential to U = 0 eV and the chemical potential
to µ = 0 eV in this paper.

We first investigate the Andreev conductance as a func-
tion of the incident electron energy ε for different heights
of the step (see Fig. 2). When the height is zero (L = 0),
the nanostep junction becomes just a plane junction between
a normal region and a superconducting region, and the An-
dreev conductance shows the expected behavior as a func-
tion of the incident energy, with G/G0 = 2 for ε ≤ ∆ and
G/G0 = 2ε/(ε +

√
ε2−∆ 2) for ε ≥ ∆ . Eventually the con-

ductance reaches G0 when ε � ∆ .[16] When a real step is
present, we can see from Fig. 2 that the effect of the junction
height on the conductance is remarkable. For TIs with a step
junction, the surfaces of the 3D TI lying in different planes
have different electron and hole velocities, which results in
the appearance of edge states propagating along the edge of
the step. When the electrons tunnel through the step junction,
unlike the case for the plane junction, the carriers have to trans-
form their plane of propagation into that of region II. Conse-
quently, some carriers are transmitted into edge states, and the
Andreev conductance is suppressed. Figure 1(b) shows the en-
ergy spectrum for different regions. We can see that the Dirac
point decreases in region II in which a top gate is applied to
control the carriers. At the same time, the wave vector changes
from kx to kz. Once the height of the junction is non-zero, even
L = 1 nm, the shape of the conductance curve changes signifi-
cantly. As the height increases, the Andreev reflection carriers
repeatedly transmit and reflect through region II, and the con-
ductance shows oscillatory behavior. With increasing energy,
the oscillating amplitude of the conductance decreases grad-
ually and then saturates at a value below unity at sufficiently
large energy.

We note that in Fig. 2 the conductance shows a sudden
change at ε = 0.09 eV. This is because the Dirac point in re-
gion II for our model, ε

yz
0 , is 0.09 eV, but in region I, it is

zero, and the electrons coming from region I tunnel through
a potential barrier into region II. Consequently, the transmis-
sion coefficient shows a jump at ε = 0.09 eV. It may be seen,
therefore, that the Dirac point energy affects the Andreev con-
ductance.

0
0 0.05 0.10

ε/eV

G
/
G


0.15

L=20 nm
L=10 nm
L=3.5 nm
L=1 nm
L=0 nm

0.20

0.5

1.0

1.5

2.0

Fig. 2. (color online) The Andreev conductance in N1N2S junction as a
function of incident energy ε with different junction height L.

The conductance for a relatively high N1N2S step junc-
tion is shown in Fig. 3(a). For comparison, the conductance
through a normal metal TI nanostep junction N1N2N1 is also
shown in Fig. 3(b). When the incident energy is larger than
the superconductor gap, normal reflection is dominant and
the Andreev reflection becomes weak. The two types of step
junction have almost the same conductance curve shape for
ε > ∆ , and the conductance reaches a minimum at ε = ε

yz
0

(= 0.09 eV), arising from the mismatch of the electron veloc-
ities in the different planes. The conductances in the N1N2N1

step junction reach their minimums at the same value of ε for
L = 50 nm and L = 100 nm. Similarly, when L = 50 nm,
the conductance in the N1N2S step junction reaches its mini-
mum at approximately the same value of ε . This case is also
similar to the case shown in Fig. 2 for the larger values of L.
However, for L = 100 nm, the minimum conductance occurs
at a smaller incident energy, and there is a singular point at
ε = ε

yz
0 (= 0.09 eV), which results from the Dirac point en-

ergy in region II. It may also be seen that the conductance
in the N1N2N1 step junction oscillates and then saturates at
2G0/3 for large energies.[15] For the N1N2S step junction, at
large energies, the conductance reaches a finite value which is
larger than 2G0/3 due to the Andreev reflection.

We next study the behavior of the conductance for two
special values of the energy: ε = 0 and ε = ∆ . For ε = 0, the
analytical expressions for the scattering coefficients re and rh

can be written as

re =
i e2iθ sin(2kzL)

2cosθ cos(2kzL)+2i sin(2kzL)
, (9)

rh =
e iθ +1+ re− re e−iθ

−(e−iθ +1)e2ikzL
. (10)
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The conductance as a function of the step junction height is
plotted in Fig. 4(a) for the case of ε = 0. From Eqs. (9) and
(10), it may be seen that the shape of the conductance curve
is approximately that of a cosine curve. The electrons and
holes transmit and reflect in region II, and the resonant condi-
tion arises due to quantum interference. As a function of the
height L, the conductance oscillates, but the amplitude of the
oscillation remains unchanged.
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Fig. 3. (color online) (a) The Andreev conductance in N1N2S junc-
tion as a function of incident energy ε with different junction height
L. (b) The normal conductance in normal step junction N1N2N1 as a
function of incident energy ε with different junction height L.
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Fig. 4. (color online) The Andreev conductance in N1N2S junction
as a function of the junction height L with different incident energies,
(a) ε = 0 and (b) ε = ∆ , respectively.

The Andreev conductance for ε =∆ is shown in Fig. 4(b).
We can see from Fig. 4(b) that when L = 0, that is, the system
does not have a step, the Andreev conductance is G = 2G0,
which means that perfect Andreev reflection occurs in this
plane junction. When the nanostep appears, the Andreev con-
ductance oscillates as a function of the step junction height
and the amplitude of the oscillation gradually decreases as the
height L increases. The suppression of the Andreev conduc-
tance due to the presence of the step junction is clear. When
the step height, L, is very large, the conductance fluctuates
around the value G = 1.5G0.

4. Conclusion
In summary, we have studied Andreev reflection in a TI–

TI–superconductor nanostep junction. Due to the edge states
that lie along the boundaries between the different regions of
the step junction, the conductance for a nanostep junction is
suppressed. It is interesting to note that as a function of the
step height the Andreev conductance presents an oscillatory
behavior and that the amplitude of the conductance decreases
when ε = ∆ . However, for ε = 0 the amplitude of the os-
cillation does not change as a function of L, which is differ-
ent from the case of a single planar junction. We hope that
the suppression of the Andreev conductance discussed here
can be measured using angle-resolved photoemission spec-
troscopy and/or electron tunneling with a STM tip placed close
to the TI–S nanostep junction.
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