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Theoretical analysis of the electromagnetic field inside an
anomalous-dispersion microresonator under synthetical pump∗
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We study the spatiotemporal evolution of the electromagnetic field inside a microresonator showing an anomalous dis-
persion at the pump wavelength by using the normalized Lugiato–Lefever equation. Unlike the traditional single continuous
wave (CW) pumping, an additional pump source consisting of periodical pulse train with variable repetition rate is adopted.
The influences of the microresonator properties and the pump parameters on the field evolution and the electromagnetic
field profile are analyzed. The simulation results indicate that, in the anomalous dispersion regime, both increases of the
input pulse amplitude and the repetition frequency can result in the field profiles consisting of multiple peaks. A series
of equidistant pulses can also be obtained by increasing the CW pump power. In addition, we find that a large physical
detuning between the pump laser carrier and the cavity resonance frequency also causes the splitting of the inside field.
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1. Introduction
The optical frequency combs are the indispensable tools

for various applications, e.g., precision frequency metrology,
absolute distance measurement, arbitrary waveform genera-
tion, accurate optical clocks, etc.[1–4] To date, in the practi-
cal applications, the realization of frequency combs is mainly
founded on the mode-locked fiber lasers because of their ro-
bustness and reliable merits.[5–7] However, some drawbacks
still exist for such kinds of frequency combs. For example, the
mode spacing denoted by the repetition frequency of period-
ical pulse trains is restricted by the cavity length of the fiber
laser. The largest mode spacing obtained to date is about sev-
eral GHz.[8,9] Fortunately, the optical Kerr frequency combs
generated from microresonator cavities with ultrahigh quality
factors were reported a few years ago.[10–12] The mode spac-
ing of the Kerr combs can be tens or hundreds of GHz,[13,14]

even up to 1 THz,[15] which is much larger than that of the
traditional frequency combs. Moreover, in addition to the
large mode spacing, the Kerr combs also show the advantages
of simplicity, small size, high degree of integration, and low
power consumption.[16,17] Therefore, as the supplement for
the traditional mode-locked laser-based frequency combs, the
Kerr combs with high repetition frequencies are desirable for
many applications, for example, calibration of astronomical
spectrograph[18] and coherent terabit communications.[19]

Meanwhile, the generation of the optical Kerr frequency

combs has also been studied theoretically. At first, the modal-
expansion approach was employed to explain the generation
mechanisms of the Kerr combs.[20,21] But it cannot be ap-
plied when numerous modes coexist in the microresonator.[22]

In recent years, a modified model based on the well-known
Lugiato–Lefever equation (LLE) is established. In this spa-
tiotemporal Lugiato–Lefever formalism, the diffraction item is
replaced by the azimuthal dependence of the intracavity field.
With the aid of this formalism, the evolution of the laser field
in a microresonator can be analyzed, even though there are
a great number of modes interacting with each other in the
cavity.[23] Furthermore, it was reported that the simulation re-
sults by using the LLE show good agreement with the experi-
mental results.[24] To the best of our knowledge, the theoreti-
cal analysis of the Kerr combs based on the LLE is confined to
the continuous wave (CW) pump cases. Moreover, the central
wavelength of the pump source is selected to lie in the anoma-
lous dispersion region of the microresonator. Compared with
the normal dispersion region, in this case, a wideband Kerr
frequency comb can be easily realized as shown by both ex-
perimental and theoretical studies.[25–27]

In this work, based on the normalized LLE, the spatiotem-
poral dynamics of the electromagnetic field in a microres-
onator with an anomalous dispersion is investigated. Unlike
the traditional CW pumping case, the microresonator cavity is
pumped by the combination of CW and periodical pulse train
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sources. The dependence of various electromagnetic field evo-
lutions on the cavity detuning and the pump source parameters
is carefully investigated. All these parameters are experimen-
tally tunable. The calculation results show that both the in-
creases in pump pulse amplitude and repetition frequency re-
sult in multiple peaks in the intensity profile. In addition, it
is found that, in the anomalous dispersion regime, a series of
equidistant pulses can be generated by raising the CW pump
power. Chaos occurs with further increase of the pump power.
Meanwhile, the analysis results show that large pump detun-
ing is unfavorable for the generation of stable Kerr frequency
combs.

2. Theoretical model
The schematic diagram of the Kerr frequency comb gen-

eration system based on the combination of a tapered optical
fiber and a microresonator is shown in Fig. 1. The coupling of
pump light into the resonator cavity can be realized by taper-
ing the single mode fiber and using the evanescent field around
the taper waist.

pump output

microresonator

tapered fiber

Fig. 1. (color online) Schematic representation of Kerr frequency comb
generation system.

Referring to the existing work, the model describing
a microresonator pumped by a CW laser is introduced as
follows. It is supposed that the laser propagates along a
straight track in the microresonator with periodic boundary
conditions.[28,29] In this case, the variant of LLE named spa-
tiotemporal Lugiato–Lefever formalism is found suitable for
describing the evolution of the field inside the microresonator
cavity.[30–32] The normalized LLE can be written as

∂ψ(τ,θ)

∂τ
=−(1+ iα)ψ + i|ψ|2ψ− i

β

2
∂ 2ψ

∂θ 2 +F,

where ψ(τ,θ) is the complex field envelope, θ ∈ [−π,π] is
the azimuthal angle along the circumference of the microres-
onator, τ = t/2τph is the rescaled dimensionless propagation
time with τph = 1/∆wtot being the photon lifetime, the pa-
rameter ∆wtot = w0/Qtot denotes the mode bandwidth, and
Qtot is the loaded quality factor. The parameter α = −2(Ω −
w0)/∆wtot is the frequency detuning between the pump laser
carrier frequency Ω and the cold cavity resonance frequency
w0. The parameter β stands for the second-order dispersion of
the microresonator, and the external CW pump power is pro-
portional to F2. The first term on the right-hand side of the
LLE represents the loss of the microresonator.

For solving the LLE, the condition of ∂ψ(τ,θ)/∂τ = 0
is set and the corresponding steady-state solutions of the elec-
tromagnetic field in the cavity can be acquired by using the
multi-dimensional Newton–Rhapson root-finding method.[24]

However, the transient dynamics during comb formation are
still unclear when this method is used. Therefore, instead, the
split-step Fourier algorithm is utilized to discuss the evolution
characteristics of the Kerr optical frequency combs.[33]

The field evolution in the microresonator pumped by a
CW laser together with a periodic pulse source can be dis-
cussed by solving the LLE above. Here, a microresonator pa-
rameter named free spectral range (FSR) is introduced and it
is defined as FSR = 1/tR, where tR is the roundtrip time of the
laser inside the microresonator. The input periodical pulses
are assumed to be produced by mode-locked lasers and the
repetition frequency is denoted by f = FSR/m, where m is
an arbitrary integer. Moreover, it is assumed that the center
wavelength of the pump pulses is the same as that of the CW
pump. Considering that the length of the tapered fiber is ex-
tremely short, the interaction between the pulses and the CW
laser in the tapered fiber can be ignored. Thus, they propagate
independently before entering into the microresonator cavity.
In the interval between two consecutive input pulses, the field
profile in the microresonator still follows the LLE. When the
periodical pulses are imported into the microresonator, it is re-
garded that the input pulse field is added to the original field in
the microresonator. Based on the above assumptions, the elec-
tromagnetic field produced by the synthetical pump is simu-
lated by using the normalized LLE.

3. Theoretical analysis of the field evolution with
synthetical pump

3.1. Kerr frequency comb generation with synthetical
pump

In this section, the evolution of the field inside the mi-
croresonator with anomalous dispersion is discussed. Bright
solitons can form in the nonlinear optical cavity under the
balance of nonlinearity and dispersion. This balance process
mainly affects the soliton shape, and the amplitude of the soli-
ton is determined by the balance between gain and dissipation.
In particular, the initial pattern formation in the microresonator
is caused by the modulation instability (MI) effect.[34,35] Ac-
cording to Ref. [34], the initial field envelope is set as a Gaus-
sian function: ψ0 = 0.5+0.5exp[−(θ/0.5)2]. It has been re-
ported that a soliton is generated when the cavity detuning
α >

√
3 in the case of anomalous dispersion.[36] Our simu-

lation also shows that when the α <
√

3, the initial Gaussian
pulse evolves into a constant pattern with the help of the CW
pump. Therefore, Kerr frequency combs cannot be realized.
To generate the Kerr frequency combs, the CW pump and the
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periodical pump pulses are then imported simultaneously. Un-
der the condition of α = 0.5, the evolution of the field profile
in the microresonator with time parameter τ corresponding to
combs generation cases is demonstrated in Fig. 2(a). It is noted
that the second-order or group velocity dispersion parameter β

is negative and designated as β =−0.01. With the synthetical

pump manner, the field in the microresonator varies periodi-
cally. The pulse shapes and the corresponding spectra at dif-
ferent moments in a period are shown in Fig. 2(b). At τ = 8.4,
even though two symmetrical shoulders appear, the Kerr fre-
quency combs can still be generated and the spectral profile is
almost not affected.
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Fig. 2. (color online) (a) Spatiotemporal evolution of the field in the microresonator with anomalous dispersion. The parameters are
α = 0.5, β = −0.01, F = 0.8 and the initial field in the microresonator is ψ0 = 0.5+ 0.5exp[−(θ/0.5)2]. The field of the input
pump pulses is ψin = 0.5exp[−(θ/0.5)2], and the repetition frequency is set as f = FSR/500. (b) Several intensity profiles and the
corresponding spectra of the fields at different moments in a variation period.

3.2. Influence of the pump characters on the field

We carefully study the effects of the pump pulse parame-
ters on the field profile in the microresonator. In order to make
comparison with the results shown in Fig. 2, only the ampli-
tude of the input pump pulses is varied, and the field profiles
at τ = 10 are displayed in Fig. 3. In Fig. 3(a), for a pump
pulse profile of ψin = exp[−(θ/0.5)2], the field intensity pro-
file shows 5 peaks. The result is different from the CW pump

case where bright cavity soliton or multiple-soliton molecules
can be formed from an initial field with a Gaussian profile in
the subcritical bifurcation case.[37] The Kerr frequency combs
can also be observed and show a similar profile to that of the
soliton molecules. Explicitly, an evident slow modulation is
exhibited in the spectrum. When the amplitude of the pump
pulses is increased to 1.5, seven peaks are observed in the field
profile, as shown in Fig. 3(b). However, when the amplitude
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Fig. 3. (color online) Spatiotemporal evolution of the field in the microresonator with different amplitudes of the pump pulses, the field
profiles at τ = 10, and the corresponding spectra: (a) ψin = exp[−(θ/0.5)2], (b) ψin = 1.5exp[−(θ/0.5)2], (c) ψin = 2exp[−(θ/0.5)2].
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Fig. 4. (color online) Spatiotemporal evolution of the field in the microresonator with different pump pulse repetition frequencies: (a)
f = FSR/1000, (b) f = FSR/200, (c) f = FSR/100. The profile of the pump pulse is set as ψin = 0.5exp[−(θ/0.5)2].
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Fig. 5. (color online) Spatiotemporal evolution of the field in the microresonator and the corresponding spectra under different CW
pump powers: (a) F = 1.4, (b) F = 1.9, (c) F = 2.5. The field profile of the pump pulse is ψin = 0.5exp[−(θ/0.5)2].

is further increased to a larger value, the stable profile of the
electromagnetic field cannot be maintained owing to the strong
nonlinear effect, as shown in Fig. 3(c). The field evolves into
some sharps without regular pattern. It can be explained by the
strong nonlinear effect because of the high peak power in the
microresonator. Next, the influence of the repetition frequency
of the pump pulse train on the field evolution is investigated,

as shown in Fig. 4. With the repetition frequency increasing,
the input pulses coupled into the microresonator at different
time may overlap with each other. The superposition of multi-
ple pulses leads to the powerful peak, which is the premise of
the nonlinear effect. Therefore, the field in the microresonator
evolves into multiple peaks, as Fig. 4(b) shows. The further
increase of the pump pulse repetition frequency will eventu-
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ally result in an irregular pattern of the field intensity profile,
as shown in Fig. 4(c).

In addition, the power of the external CW pump, which
is proportional to F2, also plays an important role in the mi-
crocavity optical field evolution. The field evolution and the
intensity profiles corresponding to different pump parameters
F are displayed in Fig. 5. The other parameters are the same
as those used in Fig. 2. Figures 5(a) and 5(b) show that, for a
large pump parameter F (e.g., F = 1.4), the pulse splits into a
series of equidistant pulses gradually, which form a stable dis-
tribution ultimately. It is interesting to note that, in Fig. 5(a),
the peaks of the spectrum are separated by 21 FSR, which is
equal to the number of the peaks in the field intensity profile.
At a higher pump (e.g., F = 2.5), the initial field evolves into
a disordered profile, which is well known as the chaos. The
chaos can generate in any nonlinear system with at least three
degrees of freedom. According to Ref. [36], one route to chaos
generation corresponds to unstable turning patterns and can be
practically realized by increasing the pump strength. Physi-
cally, the chaos realized in this case is a consequence of bifur-
cations starting with unstable primary combs and the follow-
ing generation of secondary, even higher-order combs. This
process terminates until a totally chaotic state is reached. In

addition, the chaos also relates to the unstable solitons. With
the increase of pump parameter F , the field in the microres-
onator becomes unstable and evolves into a regime which is
characterized by the irregular pattern of powerful peaks. The
situation can arise in a very wide variety of nonlinear physical
systems. Meanwhile, the chaos exists in the microresonator all
the time.

3.3. Influence of the microresonator character on the field

We further investigate the effect of the frequency detuning
on the field evolution in the microresonator. The field evolu-
tion under different frequency detuning is displayed in Fig. 6.
As shown in the figure, the input pulse splits and more peaks
form inside the microresonator when the frequency detuning
increases. At even larger frequency detuning, the stable field
cannot be sustained and no regular pattern is formed. It can be
understood by noting that a large frequency detuning α leads
to a mismatch between the pump laser carrier frequency and
the cold cavity resonance frequency. The result of this large
frequency mismatch is a pulse splitting, even the generation of
an irregular field profile. Therefore, to avoid the above pro-
cesses, the frequency detuning should be reduced as much as
possible in practice.
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Fig. 6. (color online) Spatiotemporal evolution of the field in the microresonator with different physical detunings: (a) α = 0.8, (b)
α = 1.5, (c) α = 2.5.

4. Conclusion

The spatiotemporal evolution of the electromagnetic field
inside a microresonator with an anomalous dispersion is inves-
tigated. The cavity is pumped by the combination of CW and
pulsed sources. Based on the normalized LLE and the split-

step Fourier algorithm, the transient dynamics at different time

during comb formation in the microresonator cavity are care-

fully studied. In the anomalous dispersion regime, both high

amplitude and high repetition frequency of the pump pulse can

result in multiple peaks in the field intensity profile. With the
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increase of the CW pump power, the field can evolve into a se-
ries of equidistant pulses and eventually into a chaos state. In
addition, a large physical detuning can also result in the split-
ting of the input field and the occurrence of multiple peaks in
the intensity profile. The theoretical analysis results obtained
in this paper are crucial and helpful for the practical applica-
tions. According to the simulation results, the material of the
microresonator and the pump parameters can be optimized for
the Kerr frequency comb generation.
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