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Fidelity spectrum: A tool to probe the property of a quantum phase*
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Fidelity measures the similarity between two states and is widely adapted by the condensed matter community as
a probe of quantum phase transitions in many-body systems. Despite its success in witnessing quantum critical points,
information about the fine structure of a quantum phase one can get from this approach is still limited. Here, we proposed
a scheme called fidelity spectrum. By studying the fidelity spectrum, one can obtain information about the characteristics
of a phase. In particular, we investigated the spectra in the one-dimensional transverse-field Ising model and the two-
dimensional Kitaev model on a honeycomb lattice. It was found that the spectra have qualitative differences in the critical
and non-critical regions of the two models. From the distributions of them, the dominating £ modes in a particular phase

could also be captured.
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1. Introduction

A quantum phase transition (QPT)!-?! is driven by quan-
tum fluctuations in the ground state of a many-body system.
As an external parameter such as a magnetic field varies, the
qualitative structure of the system’s ground-state wavefunction
exhibits an abrupt change across the quantum critical point.
With this observation, researchers were motivated to use the
fidelity, which is a concept borrowed from the quantum infor-
mation theory, to study QPTs.34]

Fidelity measures the similarity between two states.
Mathematically, the static ground-state fidelity is defined as
the magnitude of the overlap between two ground states differ-
ing from each other by a small value in the parameter space.
Within one phase of the system, the two states have simi-
lar structures and thus the fidelity is close to unity. On the
other hand, the ground states in distinct phases of the sys-
tem are significantly different from each other. The fidelity
is thus expected to show a sudden drop across the quantum
critical point. The significance to use fidelity and its vari-
ations, such as fidelity susceptibility,>® generalized fidelity
susceptibility,”! fidelity per site,!®?! reduced fidelity, %!} op-
erator fidelity,!'>!3] and density-functional fidelity,!'¥!
probe of QPTs have been testified in a number of condensed
matter models (for a comprehensive review, please refer to
Ref. [15]). Recently, an equality relating the fidelity suscep-
tibility and the spectral function has been derived.!'® This
makes the fidelity susceptibility to be directly measurable in

as a

experiments via neutron scattering or the angle-resolved pho-
toemission spectroscopy (ARPES) techniques.

Although the fidelity can well witness a quantum criti-
cal point and provide us the critical exponents in continuous

g, [17-20

phase transition | the information about the nature and
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the symmetry of a phase that one could obtain is limited. With
the motivation to gain more insight about a quantum phase
from the fidelity approach, we proposed the fidelity spectrum
in this work. Recently, Gu et al.[*!! and Sacramento et al.[*?!
also introduced the concepts of mode fidelity and fidelity spec-
trum, respectively, with similar motivations.

In Sacramento and his collaborators’ proposal, the fidelity
spectrum was defined through the fidelity operator F(p;, p2) =
Try/\/P1P2+/P1, Where p; and p; are the reduced density ma-
trices. The focus was on the partial state of the system. How-
ever, the global ground state of the system usually plays a role
in a QPT. Especially in a topological QPT in which the global
topological order of the system changes,[?*! it may be insuf-
ficient to just consider the partial state of the system to char-
acterize the quantum phase. At this point, we were motivated
to define the fidelity spectrum using the global ground-state
wavefunction of the system. We investigated the distributions
of the spectra in the one-dimensional (1D) Ising model in a
transverse field and the two-dimensional (2D) Kitaev model
on a honeycomb lattice. The spectra were found to exhibit
qualitative different behaviors in different regimes of the mod-
els. From the distributions of the spectra, one can determine
the dominating k modes in a phase.

The paper is organized as follows. In Section 2, we estab-
lished a general mathematical framework of the fidelity spec-
trum. The fidelity spectrum was studied in the 1D transverse-
field Ising model, which exhibits a continuous QPT, and the
honeycomb lattice Kitaev model, which exhibits a topological
QPT. The results are discussed in Sections 3 and 4, respec-

tively. Finally, a summary is given in Section 5.
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2. Fidelity spectrum

Consider a general form of Hamiltonian,
H(A) = Ho+ AH;, )

where Hi is the driving Hamiltonian and A is an external driv-
ing parameter. Let {|%,(1))} be a set of complete orthogo-
nal eigen-basis of the Hamiltonian at A with corresponding
eigenenergies E, (1), i.e., H(A)|¥ (1)) = E,(A)|¥,(1)). Fo-
cusing on QPTs that are not induced by the ground-state level
crossing, the ground state of the Hamiltonian in a finite system
is non-degenerate. For a small change S A in the external driv-
ing parameter, the non-degenerate perturbation theory could
be applied. To the first-order correction, the perturbed ground
state is

1
1+ (64) 2
oA H{®(A)| ¥ (A))

T TT A s o B~ Ea(2)

where H""(A) = (¥,(A)|Hi|¥,(4)) and

(A +61)) = H(4))

(2)

HyO P

is the fidelity susceptibility.[>6]

Consider the overlap
Fo(4,64) = [(a(A)[#6(A +64))]. )

If the driving parameter A is time-dependent, the overlap
would be related to the quantum work distribution in quench

dynamics.>*-21 For n = 0, the overlap is just the fidelity>*!
as given by
Fo(A,64) = |(F6(A)[H(A + 61))],
1 1
= —=—. (5)
1+(6A)2 s P
For n # 0, we have
Fozo(A,64) = [(Hz0(A)[ (A + 61))
1
= I—I?Mn(l), (6)
where
1 HI(L) ’
M,(A) = I . 7
W=V B @ ?

The fidelity spectrum we discussed in this work is defined by
the set {M,, (1)}, which is independent of 1.

Physically, the fidelity spectrum tells us how much the
ground state of the final Hamiltonian comes from different
eigenstates of the initial Hamiltonian. When the system is un-
der an external perturbation 8AHj, the perturbed ground state

is in general a superposition of the eigenstates of the unper-
turbed Hamiltonian. The contribution from the ground state is
given by the fidelity while the contribution from the n-th ex-
cited state of the original Hamiltonian is governed by M,,. As
one can see from Eq. (7), the fidelity spectrum depends on the
scattering amplitude of the driving Hamiltonian and also the
energy gap between the ground state and the excited state. By
investigating the distribution of {M,}, we expect to gain in-
formation about the modes that are dominating in a quantum
phase.

To have a quantitative description of the distribution of
{M,}, we introduce a quantity

Sr(A) =Y —[M,(2)]*In|M, (1) ®)
n#0

Since M, has a probability interpretation of the final ground
state being contributed from an excited state of the original
Hamiltonian and it is normalized, i.e., ¥,,.0 [M(A)[* =1, Sg
can be regarded as an analogy to the Shannon entropy char-
acterizing the distribution. The more spread the distribution
of {M,} is, the larger Sg is expected. While for a less spread
distribution, Sg would be smaller.

3. One-dimensional transverse-field Ising model

The 1D transverse-field Ising model is one of the simplest
many-body systems, which is exactly solvable and exhibits a
QPT.[?7-31 The Hamiltonian of the model is given by

N
Hyging = — Z (G;Gﬁr] +hcjz')7 )]
j=1
where G}(, with K = x,y,z, is the Pauli matrix, N is the num-
ber of spins, and & characterizes the strength of the external
field in the unit of the coupling constant. Periodic boundary
condition is adapted here.

The model’s Hamiltonian can be diagonalized through
standard procedure using the Jordan—Wigner transformation,
Fourier transformation, and Bogoliubov transformation. U1 Af-
ter these transformations, equation (9) becomes

Higing = Y €(h)(2b}b — 1), (10)
k

where

ec(h) = /1 —2hcosk+h2, (11)

and k is the momentum wavevector with values of (2m +
1)n/N form=—-N/2,—N/2+1,...,N/2— 1. In the thermo-
dynamic limit, the system is gapless only at 4 = 1 and gapped
for other values of 2 > 0. A continuous QPT takes place at
he = 1. For 0 < h < 1, the system is a ferromagnet, while it is
paramagnetic for 2 > 1. Recently, the system has been experi-
mentally realized by tuning a strong transverse magnetic field
in CoNb;Og (cobalt niobate). By detecting the low-energy ex-
citation in neutron scattering experiment, a continuous QPT

was observed in the material. 32!
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To investigate the fidelity spectrum in Eq. (7), we take the
driving Hamiltonian as

Hy=— Z sz~. (12)

The fidelity spectrum was calculated to be
1 sink
VXF 28,3 ’

where k is used as an index to characterize an excited state

M (h) (13)

in which a pair of quasiparticles with momentum k and —k is

created. The fidelity susceptibility is given by

N Wy — p2
16h2 (hN +1)(h2 — 1)

N2 BN
T 16K (hV +1)

XF (14)

7+
Our main target is to investigate the distribution of the fidelity
spectrum, which is closely related to the probability distri-
bution of the k mode excitations discussed in the context of
quench dynamics. 43>

Figure 1 shows the distribution of M} over the k-space for
various values of h. From the figure, we see that for & away
from the critical point, the distribution of the fidelity spectrum
is more widely spread. However, at the critical field & = 1,
the distribution is dominated by the zero-th mode and shows
an exponential decaying trend away from this mode. One may
understand this behavior by referring to Eq. (7) and noting that
the energy gap between the ground state and the first excited
state vanishes at the critical point.

1.0 — T T T T T
——h=038

08 ——h=09 T
h=1.0

~ 06} —v—h=11 |
< | h=12

= 04 ]

0.2 1

0 4
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m

Fig. 1. (color online) A plot of M} in Eq. (13) distributed over the
k-space for the 1D transverse-field Ising model. Here N = 100 and
k= (2m+1)x/N. Only positive k’s are shown.

Quantitatively, we can also obtain the dominating mode
by considering dM; /dk = 0 which gives cosk = 2h/(1+ h?).
For h =1, k = 0 is a solution to the equation. However, note
that for N is even, k = (2m+ 1)w/N and the k = 0 mode is
not allowed in a finite system. Instead, My peaks at k = /N,
which in turn tends to zero as N tends to infinity.

Figure 2 shows a plot of Sk as a function of 4 for various
system sizes. At h = 1, the fidelity spectrum is dominated by
the zero-th mode. Sg is thus a minimum as expected. On the

other hand, the fidelity spectra in the non-critical region are
more spread and Sg becomes larger.

0.8 0.9 1.0 1.1 1.2

h

Fig. 2. (color online) Sg as a function of % for various system size in the
1D transverse-field Ising model.
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Fig. 3. (color online) (Left) The scaling behavior of Sg at the critical
point of the 1D transverse-field Ising model. The straight line shows
the linear fit of —1.891nN/N + 0.89. (Right) The scaling behavior of
Sk in the non-critical region. The slope of the straight line is 1 (maxi-
mum error = £0.001).

In addition, a point worth noting from the figure is that
Sk is insensitive to the system size at the critical point while
it shows a non-trivial scaling behavior with N for 4 # 1. For
h = 1, the size dependence of Sk can be obtained analytically.
Putting Eq. (13) into Eq. (8), we have

s N UM L T T
e /7r/N 4xpk? n[4XFk2] 7

N XF
~ [Nln (ﬁ) —ln()CF)—FN}. (15)
From Eq. (14), xg(h = 1) = N(N — 1) /32 and we obtain
B 1
~ANY 4+ ZIn— 1
Sg ~ AN +N Ny’ (16)

where A and B are some constants independent of N. In the
limit where N — o, S tends to a constant.

Figure 3 shows a plot of the scaling dependence of Sg
with the system size. From linear fitting, we obtain

1.89llnl+0.89, for h=1,
Sp ~ N N a7)

1.00InN, for h=#1.
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In the thermodynamic limit, Sk tends to a constant at the crit-
ical point as expected from the analytical analysis above. On
the other hand, Sk shows a logarithmic divergence away from
the critical point. This implies that fidelity spectrum becomes
more and more dispersive as the system size increases.

4. The Kitaev model on a honeycomb lattice

The Kitaev model was first introduced by Kitaev to study
anyonic statistics.[*®! The ground state of the model can be
exactly obtained and it is found to possess a topological
QPT.13%%7] Its ground-state phase diagram consists of gapless
phases with non-Abelian anyon excitations and gapped phases
with Abelian anyon excitations. As an exactly solvable 2D
model exhibiting such an interesting phase diagram, the Ki-
taev model and its extensions have been intensively studied
in the field of condensed matter physics (for examples, please
see Refs. [38]-[42]). Besides, the model also captured much
attention in the field of quantum information processing for its
potential to realize the fault-tolerant quantum computation. [+3]

The model consists of 1/2 spins located at the vertices
of a honeycomb lattice. They are interacting with the nearest
neighbors through three types of bonds, namely, x, y, and z
bond, depending on their directions (see Fig. 4). The Hamil-

tonian reads 3¢

HKitaev = _Jx Z G;'(G]f

x—bond
Y~ Z~Z
- Y ojo, —J. ) ciof, (18
y—bond z—bond

where j, k denote the vertex of the corresponding bonds. Jy,
Jy, and J; are dimensionless coupling constants in x, y, and z
directions, respectively.

Consider the plaquette labeled as p in Fig. 4. The opera-
tor W, = 07 05 6505 63 6 commutes with the Hamiltonian for
all p. Obviously, W, of different plaquettes also commute.
Therefore, the Hilbert space can be divided into subspaces
with w), = %1 for each plaquette. The ground state lies in the
subspace in which all w), are equal to one. This is the key fea-
ture that makes an exact solution to the model possible. [26-37]

The Hamiltonian in Eq. (18) can be diagonalized by two
different methods. 3% Following the approach introduced by
Chen et al. in Ref. [37], the honeycomb lattice is first de-
formed into a topologically equivalent brick-wall lattice by
stretching the lattice horizontally (see Fig. 4). Defining the
Jordan—Wigner transformation as

e = 20hm Venn® — 1, (19)
— N—1m—1 n—1
Grj:m = 26”'”’ A H H Grf’,m’ H Gj"m ’ (20)
n'=0m'=0 =0

(s) N—1m—1 n—1
O-r:m = 20’17”1 H H O-rf/,m’ H Gj’,m ’ 2n
n'=0m’'=0

n'=0

where n and m are the column and row indices, respectively.
N is the number of sites in each row, and ¢, and c};‘m are
fermion annihilation and creation operators, respectively. The
superscript s = b, w denotes the black and white sites, respec-
tively.

(b)

Fig. 4. (color online) (a) A sketch of the Kitaev model on a honeycomb
lattice. The lattice can be divided into two equivalent triangular sub-
lattices denoted by the black and white dots. (b) A deformation of the
honeycomb lattice on the left into a topologically equivalent brick-wall
lattice. e, and e, are the unit vectors connecting the mid-point of the z
bonds.

Introducing the Majorana fermion operators

AL = —i(cam™ —chm ™), (22)
B = com™ +chm ™, 23)
AL = e +efm @, 4)
By = —i(cnn” —chm ™), 25)

the Hamiltonian is then transformed into
. b
~J Y, ianaA?
n+m=odd

—J Y (—AAY

n,m p4-1,m

Hyitaey =

n—+m=even

—J Y (ia)AbnAY) (26)

nm+1?
n+m=even

where r is the coordinate to the mid-point of a z bond con-
necting the black and white sites at (n,m) and (n,m+ 1).
4, = iBff,qu,(an)l .1 and is related to W, by W, = &1204s. By
taking all o, - 1, the Hamiltonian becomes quadratic and can
be diagonalized through Bogoliubov transformation into

e ]
HKitaev = Z £i+A]% (bkbk - E)a (27)
k

where

&, = 2J;—2J,cosk, —2J,cosk,y, (28)
A = 2Jisink, +2Jy sinky, (29)

b, and bz is another set of fermionic operators satisfying

the usual anti-commutation relations. k() is the momen-

y
tum wavevector with values of (2my(,) + 1)/L for m,,) =

~L/2,....L/2—1.
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For
Vel < el + 19y
Ve < [y[ + V], (30)
Myl < o] =+ |l

the system is gapless in the thermodynamic limit. In this gap-
less phase, the excitation is described by non-Abelian anyons.
For the coupling constants outside the range given by Eq. (30),
the system is in a gapped phase and obeys Abelian anyonic
statistics. In the intermediate regime, a topological quantum
phase transition takes place. A schematic phase diagram on
the Jy +Jy +J; = 1 plane is shown in the inset of Fig. 6.

To calculate the ground-state fidelity spectrum, let us con-
sider varying J, along the J; = J line on the J, +J, +J; =1

0.12

. 0.08
0.04

plane (see the red dashed line in the inset of Fig. 6). The inter-
action Hamiltonian is given by

Hi=3 ) ojoi+5 Y ojo— ) ojoi. (3D
x—bond y—bond z—bond

The fidelity spectrum was found to be

1 (sink,+sink,)

M (J;) = , 32
N T 2
and the fidelity susceptibility can be calculated by!**!
1 sinkx—l—sinky)2
=— — ) . 33
AT ( e+ A2 G

Fig. 5. (color online) 3D plots of the distributions of My, over the k space for (a) J; = 0.1, (b) 0.3, (c) 0.5, (d) 0.7, (e) 0.9 in the Kitaev
model. Here k, = (2my+ 1)m/L and ky, = (2m, +1)7/L, and L = 100.

Fig. 6. (color online) Sg as a function of J, for various system size.
The lines represent the cases for L = 100, 200, 400, 800, and 1600,
respectively, when going upward. The inset shows a schematic phase
diagram on the J +Jy +J; = 1 plane of the Kitaev model. The A phase
is gapped, while the B phase is gapless. A topological QPT takes place
at J; = 0.5 along the J, = J, line (as indicated by the dashed line).

The distribution of My over the k space for J, =
0.1,0.3,0.5,0.7,0.9 are shown in the 3D plots in Fig. 5. In
the gapless phase where J; < 0.5, the fidelity spectrum con-
sists of four peaks. These peaks become more concentrated to
the zone center as the value of J, approaches the critical point

atJ, = 0.5. While in the gapped phase (J; > 0.5), the spectrum
becomes more dispersive and there is no singular peak.

The behavior of the fidelity spectrum in the gapless phase
of the Kitaev model is similar to that at the critical point of
the Ising model in which the energy gap vanishes. When the
system is gapless in the energy spectrum, the ground state is
readily excited to other states. From the peaks in the fidelity
spectrum, one can immediately realize which modes’ contri-
butions are the largest for various values of J,.

Figure 6 shows a plot of Sk in Eq. (8) as a function of J,
for various system sizes. From the figure, we see that Sg for
J; < 0.5 is smaller than that for J, > 0.5. This echoes the fact
that the fidelity spectrum in the gapless phase is less dispersive
than that in the gapped phase.

Moreover, Sg in the gapless phase is an oscillating func-
tion of J,. This feature comes from the periodic level-crossing
occurred in the excited states of the system. The oscillation
patterns are magnified in Fig. 7. As the system size increases,
the number of oscillation cycles increases. From the linear
fitting on the right panel in Fig. 7, we find that

wp ~ L0 (34)
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where @y is the frequency of oscillation. From Fig. 6, we also
recognize that Sg exhibits some non-trivial scaling behaviors.
It increases with the system size. Its scaling behavior is ana-
lyzed in Fig. 8. For J; < 0.5, Sr is oscillating and we take the
values enclosed by the upper envelopes to perform the scaling
analysis. By linear fitting, we find that

(1.12£0.04)InL, for J, <0.5,
Sg~< (0.7840.01)InL, for J,=0.5, (35)
(241079 InL,  for J,>0.5.

Interestingly, like the Ising model, the pre-factor of the
size dependence of Sk in the gapped region is also equal to
unity. If we express the scaling behaviors in the two models
both in terms of N, we have

Sg ~InN, (36)

in a gapped region. Whether this relation is general for other
gapped phases in many-body systems or not still needs further

exploration.
0.10 0.15 0.20 . . .
(a) b
6\/‘\/\/\/\ 50k (b) |
4 L =100
- 45} -
6 W
40} .
o4t . L=2001 —
RO £ 35} -
4 L =400 3.0r ]
8 25F g
6
4 L =800 pol
0.10 0.15 0.20 4 5 6 7 8
J. In(L)

Fig. 7. (color online) (a) Oscillating pattern of Sk in the gapless phase.
(b) Size dependence of the number of peaks (np) in Sk in the gapless
phase. The slope of the straight line is 0.991 +0.004.
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8l i
6 i

4.8 5.6 6.4 7.2
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Fig. 8. (color online) Scaling behavior of Sg for various values of J,.
The straight lines are the linear fitting of the data points.

5. Summary

In summary, we investigated the fidelity spectra in the
1D transverse-field Ising model which exhibits a continuous
QPT, and in the 2D honeycomb lattice Kitaev model which ex-
hibits a topological QPT. We found that the fidelity spectrum
shows qualitatively different behaviors in different phases of
the model. A common feature about the spectrum is that the
distribution is dominated by certain k modes in the gapless re-
gion while it is more dispersive in the gapped region.

To characterize the distribution of the fidelity spectrum
quantitatively, we introduced the quantity Sr in analogy to the
Shannon entropy. It was found that at the critical point of the
Ising model, Sg ~ InN /N while it scales with InN in the non-
critical region. The latter scaling behavior also holds for the
Kitaev model. The universality of the relation in Eq. (36) re-
quires further exploration.
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