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Entanglement detection in the mixed-spin Ising–𝑋𝑌 model
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In the present work, we initially verify anisotropy effect on the heat capacity of a mixed-three-spin (1/2,1,1/2) system
(where spins (1/2,1/2) have XY interaction and spins (1,1/2) have Ising interaction together) at finite temperatures, then,
the pairwise entanglement for spins (1/2,1/2), by means of negativity (as a measure of entanglement) as a function of the
temperature T , homogeneous magnetic field B, and anisotropy parameter γ is investigated. In addition, we show that one
can find magnetic phase transition points for the spins (1/2,1/2) at finite temperatures and understand properly their behavior
with respect to the magnetic field and the anisotropy parameter, via the negativity function. An interval of the magnetic field
from the negativity diagram of the spins (1/2,1/2) is presented in which quantum phase transition occurs for the tripartite
mixed-three-spin system. Finally, some new interesting entanglement witnesses are introduced by using non-degenerate
perturbation theory for the mixed-three-spin system.
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1. Introduction
Quantum entanglement is considered as a resource of

quantum information and computation processing which has
no classical analogy[1–3] and can be only introduced for quan-
tum systems.[4,5] Quantum entanglement has been used as
a useful investigative resource[6] in quantum teleportation,
quantum communication,[7,8] and quantum computation.[9]

There have been many studies focused on entanglement at
finite temperatures and quantum phase transitions for various
spin models such as Ising model, XX model, XY model, XY Z
model, XXZ model,[10–17] isotropic[18] and anisotropic[19]

Heisenberg spin chain,[20,21] in the presence[16,19,22] or
absence[23] of an external magnetic field. Nowadays, the rea-
son for paying attention to the spin models is that they have
many established applications in the field of physics such as
optical science[24,25] and entanglement control.[26]

Lately, researchers are interested in verifying the pair-
wise entanglement of the Heisenberg model[17,27] in an equi-
librium state at temperature T in the presence of an external
magnetic field B. To perform this work, they use some vari-
ables for realizing whether systems are entangled or not. For
example, concurrence,[2,15,28] quantum discord,[11,29,30] en-
tanglement of formation,[14,31] von Neumann entropies,[31,32]

negativity,[33,34] and heat capacity.[35] For scientific reasons,
they used some of these quantities to obtain critical points at
which phase transitions occur.[36–38] In addition, from the ap-
plication aspects, they found some witness operators that are
able to detect entanglement for quantum systems.[39–42]

Pairwise entanglement of mixed-spin systems has been
verified in the literature.[23,43–52] In this paper, we consider a
mixed-three-spin cell of a mixed-N-spin chain with Ising–XY

model in the presence of an external homogeneous magnetic
field B. Its nearest neighbour spins (1,1/2) have Ising-type in-
teraction and the next-nearest neighbour spins (1/2,1/2) have
XY -type interaction together. Also, single-ion anisotropy in-
teraction has been considered for spins-1.

One can gain some thermodynamic parameters of a quan-
tum thermal system by means of density matrix ρ as follows:

ρeq =
exp(−βH)

Tr[exp(−βH)]
, (1)

where H is Hamiltonian of the system, β = 1/kBT , kB is the
Boltzmann constant (here, we set kB = 1), T is the tempera-
ture, and Z = Tr[exp(−βH)] is partition function of the sys-
tem.

For instance, heat capacity of the system C [53] is given by

C = kBβ
2 ∂ 2(β lnZ)

∂ 2β
, (2)

which can be useful here for understanding some thermal
properties of a quantum system and also, by comparing it with
other thermal parameters such as negativity, concurrence, spe-
cific heat, magnetization, etc, one can attain some marvelous
achievements.

In this direction, for verifying pairwise entanglement of
a bipartite system (qubit–qubit or qubit–qutrit) positive par-
tial transpose criterion (PPT)[6] was introduced. According
to this criterion, if all eigenvalues of the partial transpose of
ρ are greater than or equal to zero then, we say that ρ has
positive partial transpose (PPT). Therefore, the PPT criterion
can be used for introducing a measure of the amount of the
distillable entanglement contained in a state. This measure is
called negativity, which for the first time was introduced by
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Vidal and Werner.[34] Therefore, we use the negativity to in-
vestigate pairwise entanglement of the bipartite (sub)system,
i.e., the spins (1/2,1/2). For a given density matrix ρ , one can
define the negativity as a measure of entanglement based on
the amount of violation of the PPT criterion[33,34] as

N(ρ) = ∑
i
|µi|, (3)

where µi are negative eigenvalues of ρT2 and T2 denotes the
partial transpose (PT) with respect to the second number of
the (sub)system (site-3).

By means of the total density matrix of our favorite tri-
partite system, we extract heat capacity of the system, den-
sity matrix, and the negativity for spins (1/2,1/2) as a bi-
partite (sub)system, which from point of quantum correla-
tion view should be investigated (Section 2). In Section 3,
we numerically calculate and simulate the heat capacity of
the tripartite system and also, the negativity (as a measure
of entanglement[31]) for investigating pairwise entanglement
of the spins (1/2,1/2). Moreover, we introduce some hermi-
tian operators which can be considered as entanglement wit-
nesses for the tripartite system, and finally, some comparisons
are done between these witnesses and the heat capacity of the
system. Section 5 summarizes our results.

2. The mixed-three-spin (1/2,1,1/2) system with
Ising–XY model
We theoretically introduce the Hamiltonian of the anti-

ferromagnetic mixed-spin system with Ising-type and XY -type
interactions which is in the external homogeneous magnetic
field B as follows:

H =
N

∑
i=1

(
(1+ γ)Sx

i,1Sx
i,3 +(1− γ)Sy

i,1Sy
i,3

)
+

N

∑
i=1

Bz(Sz
i,1 +Sz

i,3)+
N

∑
i=1

J(Sz
i,1Jz

i,2 + Jz
i,2Sz

i,3)

+
N

∑
i=1

𝒟(Jz
i,2)

2 +
N

∑
i=1

BzJz
i,2, (4)

where γ is anisotropy parameter, J is the Ising coupling be-
tween the spins(1,1/2), 𝒟 is the single-ion anisotropy coef-
ficient. Si, j = {Sx,Sy,Sz} and Jz

i,2 = Jz are spin operators
(where i = {1,2, . . . ,N} are the number of cells in the chain
and j = {1,3}), which are introduced in the following equa-
tions:

Sx =
1
2

(
0 1
1 0

)
, Sy =

1
2

(
0 − i
i 0

)
,

Sz =
1
2

(
1 0
0 −1

)
, (5)

Jz =

 1 0 0
0 0 0
0 0 −1

 . (6)

Here, we focus on the case where N = 1, Bz is the homoge-
neous magnetic field considered in the z direction (after here
we set Bz = B). For simplicity here, we set h̄ = 1 and all de-
fined parameters are considered dimensionless. Eigenvectors
of the Hamiltonian are

| φ1⟩=− | 1/2,0,−1/2⟩+ | −1/2,0,1/2⟩,
| φ2⟩= e | 1/2,1,−1/2⟩+ | −1/2,1,1/2⟩,
| φ3⟩= f | 1/2,1,−1/2⟩+ | −1/2,1,1/2⟩,
| φ4⟩= g | 1/2,−1,1/2⟩+ | −1/2,−1,−1/2⟩,
| φ5⟩= h | 1/2,−1,1/2⟩+ | −1/2,−1,−1/2⟩,
| φ6⟩= j | 1/2,0,1/2⟩+ | −1/2,0,−1/2⟩,
| φ7⟩= k | 1/2,0,1/2⟩+ | −1/2,0,−1/2⟩,
| φ8⟩= l | 1/2,−1,−1/2⟩+ | −1/2,−1,1/2⟩,
| φ9⟩= m | 1/2,−1,−1/2⟩+ | −1/2,−1,1/2⟩,
| φ10⟩= n | 1/2,1,1/2⟩+ | −1/2,1,−1/2⟩,
| φ11⟩= o | 1/2,1,1/2⟩+ | −1/2,1,−1/2⟩,
| φ12⟩=| 1/2,0,−1/2⟩+ | −1/2,0,1/2⟩, (7)

where

e =− 1

2
(
− 1

2
𝒟− 1

2

√
𝒟2 +1

) ,

f =− 1

2
(
− 1

2
𝒟+

1
2

√
𝒟2 +1

) ,

g =
1
2

γ

𝒟
2
−B+

1
2

√
(𝒟−2B)2 +4J(𝒟+ J−2B)+ γ2 + J

,

h =
1
2

γ

𝒟
2
−B− 1

2

√
(𝒟−2B)2 +4J(𝒟+ J−2B)+ γ2 + J

,

j =−1
2

γ

−1
2

√
γ2 +4B2 +B

, k =−1
2

γ

1
2

√
γ2 +4B2 +B

,

l =
1

2
(
− 1

2
𝒟+

1
2

√
𝒟2 +1

) , m =
1

2
(
− 1

2
𝒟− 1

2

√
𝒟2 +1

) ,

n =−1
2

γ

B+
𝒟
2
− 1

2

√
(𝒟+2B)2 +4J(𝒟+ J+2B)+ γ2 + J

,

o =−1
2

γ

B+
𝒟
2
+

1
2

√
(𝒟+2B)2 +4J(𝒟+ J+2B)+ γ2 + J

,

(8)

and eigenvalues are

E1 =𝒟− 1
2
, E2 = B+

𝒟
2
+

√
(𝒟2 +1)

2
,

E3 = B+
𝒟
2
−
√

(𝒟2 +1)
2

,

E4 =
𝒟
2
−B+

√
(𝒟−2B)2 +4J(𝒟+ J−2B)+ γ2

2
,
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E5 =
𝒟
2
−B−

√
(𝒟−2B)2 +4J(𝒟+ J−2B)+ γ2

2
,

E6 =𝒟+

√
γ2 +4B2

2
, E7 =𝒟−

√
γ2 +4B2

2
,

E8 =
𝒟
2
−B+

√
(𝒟2 +1)

2
,

E9 =
𝒟
2
−B−

√
(𝒟2 +1)

2
,

E10 = B+
𝒟
2
+

√
(𝒟+2B)2 +4J(𝒟+ J+2B)+ γ2

2
,

E11 = B+
𝒟
2
−
√

(𝒟+2B)2 +4J(𝒟+ J+2B)+ γ2

2
,

E12 =𝒟+
1
2
. (9)

In representation of the basis states, we can characterize the
total density matrix of the considered tripartite system, by us-
ing the latest equations. Therefore, the density matrix of pair
spins (1/2,1/2) can be expressed as

ρ
T2
13 =

1
Z


δ 0 0 ξ

0 P ζ 0
0 ζ * Q 0

ξ * 0 0 χ

 , (10)

where T2 is partial trace over the second spin of the tripartite
system (spin-1), note that this matrix is symmetric. Here, Z is
partition function of the system and {P,Q,ξ ,δ ,ζ ,χ} are func-
tions of T , B, J, the anisotropy parameter γ and the single-ion
anisotropy coefficient 𝒟, which we have analytically calcu-
lated.

Hence, we can extract the negativity for the spins
(1/2,1/2) and also the heat capacity of the tripartite system,
by means of Eq. (10) and the partition function of the system,
respectively. Behaviors of these quantities with respect to the
temperature, the magnetic field, and anisotropy parameter γ ,
are presented in the next section.

3. Numerical calculations
In this section, we numerically calculate and simulate

the heat capacity of the introduced anti-ferromagnetic mixed-
three-spin Ising–XY model, and the negativity for the pair
spins (1/2,1/2). Heretofore, some interesting results about
pairwise entanglement for similar bipartite (sub)systems have
been introduced in previous works, for example, in Ref. [43],
quantum correlation was investigated by means of the exact
calculation of the entropy and the concurrence. We plot some
figures to demonstrate and better understand the behaviors of
the introduced quantities in this section.

3.1. Heat capacity

Heat capacity as a function of the temperature and the
magnetic field at fixed values of the anisotropy parameter γ

and single-ion anisotropy coefficient 𝒟, is shown in Fig. 1. As

illustrated in Fig. 1(a), at high temperatures and fixed γ = 0.2J,
the heat capacity is maximum at strong magnetic fields. At
B ≈ 2J, it also has a smaller separate maximum. By in-
creasing the anisotropy, these two maxima gradually merge
(Fig. 1(b)) at fixed values of the temperature T ≈ J and 𝒟= J.
In addition, by decreasing the temperature at fixed γ = 0.2J
(Fig. 1(a)), both of the maxima merge together and will form
a single small maximum at finite temperatures.
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Fig. 1. (color online) Heat capacity of the mixed-three-spin system as
a function of the inverse temperature and the magnetic field, at fixed
values of 𝒟 = J and (a) γ = 0.2J; (b) γ = 0.8J.

The behavior of these maxima at fixed values of the
anisotropy versus the magnetic field is shown in Fig. 2. As
shown in this figure, with the increase of the anisotropy, both
of the maxima decrease and move towards each other, then
merge together and make a single maximum at γ = J. Inset of
this figure shows the anisotropy effects on the heat capacity at
finite temperatures and fixed value of the single-ion anisotropy
coefficient 𝒟 = J. One can see that, at fixed γ = 0.2J, the
heat capacity also has two maxima, where the second max-
imum (at B ≈ 2J) is greater than the first one. By increasing
the anisotropy, the greater maximum gradually decreases and a
third maximum arises simultaneously. Finally, with further de-
creasing the temperature, the second maximum vanishes and
just the first and third maxima remain for the heat capacity.
Despite all of these, by decreasing the anisotropy, maximum
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values of the heat capacity decrease up to C < 5 for high tem-
peratures and C < 1 for the finite temperatures. As shown in
Fig. 1(b), by increasing the anisotropy versus Ising coupling J,
both of the remaining maxima merge together at higher tem-
peratures (T ≈ J) moreover, in this range of the temperature
and γ = 0.8J (long-dashed line in Fig. 2), the maximum value
of the heat capacity is decreased, (note that here changes of
B, T , and γ , have been considered with respect to the Ising
coupling J).

Now, we want to explain the behavior of the heat capacity,
when the state of the system is a separable state and when it
is an entangled state. For weak anisotropy (Fig. 1(a)), at high
temperatures and strong magnetic fields when the system is in
a separable state, there is a single maximum of the heat capac-
ity. By decreasing the magnetic field, when the system tends to
be an entangled state, the second maximum appears, which is
smaller than the first one. At the same time, by decreasing the
temperature, both of the maxima decrease and move towards
each other, and ultimately, merge together and make a single
small maximum at fixed B ≈ 2J at finite temperatures (dashed
line in the inset of Fig. 2). In the weak magnetic fields B ≪ 2J
the heat capacity vanishes, on the other hand (in this range)
the system is in an entangled state. In conclusion, shapes of
the temperature and the magnetic field dependence of the heat
capacity for separable states and entangled states are different.
It cannot be possible to comment about the anisotropy depen-
dence of the heat capacity for separable states and entangled
states.
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Fig. 2. (color online) Heat capacity of the system as a function of the
magnetic field at fixed values of 𝒟 = J and T ≈ 1.5J with respect to
the various fixed values of the anisotropy. Inset shows the heat capacity
function at finite temperatures (T ≈ 0.2J).

The relationship between the temperature and the mag-
netic field of the heat capacity function is shown as contour
plots of Fig. 1 in Fig. 3. Areas with colored points show the ex-
istence of heat capacity (in the range of temperature and mag-
netic field of these areas, it is estimated that there are some
sets of separable states for the tripartite system) and other col-
orless regions represent the minimum amount of the heat ca-
pacity, here, it is estimated that there is at least an entangled
state for the tripartite system. Therefore, in a certain interval

of the magnetic field, we can consider solid lines of the con-
tour plots as hyper-planes which can separate a convex set of
separable states and at least an entangled state outside of this
set.
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Fig. 3. (color online) Contour plots of the heat capacity versus inverse
temperature and the magnetic field, at fixed values of 𝒟 = J and (a)
γ = 0.2J; (b) γ = 0.8J.

Hence, if one can find a good relationship between the
temperature and the magnetic field at fixed values of the
anisotropy and single-ion anisotropy coefficient, then he (or
she) can be able to consider each available line of the con-
tour plots of the heat capacity function as an entanglement
witness for the tripartite system just as Furman et al. stated
in Ref. [53], where they explicitly expressed that if the rela-
tionship between the temperature and the magnetic field of
the heat capacity function is found, one can introduce it as
an entanglement witness. Furthermore, with the increase of
the anisotropy, the state of the system tends to be an entangled
state and the shape of the heat capacity is here changed simul-
taneously. This change is visible in Fig. 3 with the change of
the solid-line shapes.

These statements for the heat capacity behavior and quan-
tum entanglement of the system are not in general investigative
for all quantum systems, just in some special cases it can be
effective.

3.2. Negativity

Contour plots of the negativity for spins (1/2,1/2) as a
function of the temperature and the magnetic field at fixed val-
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ues of the anisotropy parameter γ and single-ion anisotropy co-
efficient 𝒟, are shown in Fig. 4. By increasing the anisotropy,
the shape of the contour plot of the negativity changes; we de-
pict this phenomenon in Fig. 4. In the colorful regions, the
negativity is maximum, and at the colorless ones it is mini-
mum. Thereby, we can verify negativity behavior from the
color change of its contour plots (colorful regions represent the

existence of the negativity). In Fig. 4(a), at high temperatures
and weak magnetic fields, the negativity for spins (1/2,1/2) is
minimum. By increasing the magnetic field and decreasing
the temperature, the negativity appears. With further increas-
ing the magnetic field, the negativity gradually vanishes, and
then arises again at B ≈ 1.5J and reaches to maximum amount
of itself at B ≈ 2J.
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Fig. 4. (color online) Contour plots of the negativity as a function of the temperature and the magnetic field at fixed values of 𝒟 = J
and (a) γ = 0.2J; (b) γ = 0.4J; (c) γ = 0.6J; (d) γ = 0.8J; (e) γ = J, for spins (1/2,1/2).

As illustrated in Fig. 4(b), by increasing the anisotropy,
colorful regions are expanded, while at the same time, color-
less regions (separability) are restricted. With further incre-
ment of the anisotropy, the presence of the negativity gradu-
ally increases with respect to the temperature and the magnetic
field changes (Figs. 4(c) and 4(d)). It is clear that, at high tem-
peratures, the existence of the negativity for strong anisotropy,
is more than for weak one. Such as, in the range of the temper-
ature 0 < βJ < 2, by increasing the anisotropy from γ = 0.2J
to γ = J, the negativity increases in the interval of J < B < 4J.

Since the negativity is a measure of entanglement, we
can verify anisotropy effect on the pairwise entanglement for
the spins (1/2,1/2) by means of the anisotropy dependence of
the negativity. Therefore, the intensity of the pairwise entan-
glement with respect to the magnetic field and the tempera-
ture is proportional to the increase of the anisotropy. Namely,
by increasing the anisotropy, we observe the presence of the
pairwise entanglement increasing. As a result, by increas-
ing the anisotropy, the maximum presence of the pairwise en-

tanglement in one region (βJ > 2 and 1.5J < B < 2.5J) in
Fig. 4(a), turns into three regions (βJ > 2 and B < J, βJ < 2
and 1.5J < B < 2.5J, βJ < 2 and 2.5J < B) in Fig. 4(e).
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Fig. 5. (color online) The negativity as a function of the magnetic field
B at finite temperatures (T = 0.1J) and fixed 𝒟 = J with respect to
various fixed values of the anisotropy parameter γ for spins (1/2,1/2).

We show the negativity as a function of the magnetic field
B at finite temperatures, for fixed 𝒟= J with respect to the var-
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ious fixed values of the anisotropy in Fig. 5. By inspecting this
figure, one can observe that in the interval of 0 < B < J with
the anisotropy decreasing, the peak of the negativity diagram
decreases and tends to weaker magnetic fields and gradually
approaches to point B= (9+ γ2)/12 that interestingly is a crit-
ical point for the mixed-three-spin system in which a quantum
phase transition occurs; note that this point is dependent on the
anisotropy parameter γ . This peak represents a critical point
in which magnetic field phase transition occurs at the finite
temperatures for the spins (1/2,1/2).

In the interval of 1 < B < 2, the negativity is invariant for
various fixed values of γ . In this interval of the field, a quan-
tum phase transition occurs for the mixed-three-spin system
(B = 1+

√
2/2) independent of γ . In the interval of 2 < B < 3,

the second peak decreases but tends to the stronger magnetic
fields with the anisotropy decreasing, this point is also a criti-
cal point in which a phase transition occurs for spins (1/2,1/2).
This means that, at finite temperatures, we find an interval
of the magnetic field from negativity diagram of a bipartite
(sub)system (the spins (1/2,1/2)) of a larger tripartite system
(the mixed-three-spin (1/2,1,1/2) system), in which a quantum
phase transition occurs for the tripartite system independent of
the anisotropy.

Heretofore, Werlang et al. in Ref. [11] for a bipartite
quantum system, obviously proved that the quantum discord
behavior can present critical points associated with the quan-
tum phase transitions even at finite temperatures.

4. Perturbation problem
Now, we introduce ℋ(0) as the Hamiltonian of the unper-

turbed system, whose solutions are well-known. We are inter-
ested in investigating the time-independent perturbed system
with Hamiltonian

H =ℋ(0)+λℋ′, (11)

where ℋ(0) is the zeroth-order part, ℋ′ is the perturbation in-
dicator, and λ is called the perturbation coupling constant or
perturbation parameter. We here assume that eigenstates and
eigenvalues of the Hamiltonian ℋ(0) are known as

ℋ(0) | φn
(0)⟩= En

(0) | φn
(0)⟩. (12)

We are interested in obtaining eigenvalues of the perturbed
Hamiltonian H as

H | φn(λ )⟩= En(λ ) | φn(λ )⟩. (13)

It is assumed that unperturbed states | φn
(0)⟩ are connected to

the perturbed states | φn(λ )⟩ with an operator Γn(λ ) as

| φn(λ )⟩= Γn(λ ) | φn
(0)⟩, (14)

where it must satisfy lim
λ→0

Γn(λ ) = 1. We write the operator

Γn(λ ) in the form of

Γn(λ ) = exp(λℱn +λ
2𝒢n +λ

3ℒn + · · ·), (15)

where ℱn, 𝒢n, and ℒn are determinable operators. After these,
one can obtain

[Γn(λ )]
−1H(λ )Γn(λ ) | φn

(0)⟩= En(λ ) | φn
(0)⟩. (16)

If we expand eigenstates of the perturbed system versus λ as

En(λ ) = E(0)
n +λE(1)

n +λ
2E(2)

n + · · · , (17)

with regard to Eq. (16), if comparing the first and second or-
ders of λ , we obtain the following equations:

𝒪(λ ) : ℋ′− [ℱn,ℋ0] = E(1)
n , (18)

𝒪(λ 2) :
1
2
[ℱn, [ℱn,ℋ0]]− [𝒢n,ℋ0]− [ℱn,ℋ′] = E(2)

n . (19)

If multiplying Eq. (18) by states ⟨φ (0)
m | from left, then we have

⟨φ (0)
m | ℋ′ | φ

(0)
n ⟩= (En −Em)⟨φ (0)

m | ℱn | φ
(0)
n ⟩+E(1)

n δnm, (20)

from this equation, we can realize that ℱn can be the same for
all of n, i.e., we can set ℱn = ℱ . For m = n, this equation
eventuates in the first-order non-degenerate perturbation cor-
rection for the ground state eigenenergies. For m ̸= n, we gain
non-diagonal hermitian operator ℱ as

ℱ = ∑
m ̸=n

(
⟨φ (0)

m | ℋ′ | φ
(0)
n ⟩

E(0)
n −E(0)

m

)
| φ

(0)
m ⟩⟨φ (0)

n | . (21)

We split perturbation operator ℋ into its diagonal and non-
diagonal parts as follows:

ℋ=ℋD +ℋND. (22)

With regard to Eq. (18), it is clear that ℋD = E(1) and

[ℱ ,ℋ0] =ℋND. (23)

By inserting Eq. (23) in Eq. (19), we have

− [ℱ ,ℋD]− [𝒢,ℋ0]− 1
2
[ℱ ,ℋND] = E(2). (24)

Since, the first two terms in the left side are non-diagonal parts,
we can write

− 1
2
[ℱ ,ℋND] = E(2). (25)

At first, Dalgarno and Lewis introduced the same commutator
for calculating the second-order non-degenerate perturbation
correction.[54] The second-order correction is shown as

E(2)
n = ∑

m ̸=n

|⟨φ (0)
m | ℋ′ | φ

(0)
n ⟩|

2

E(0)
n −E(0)

m

. (26)

One can gain the sum over all ground states presented in
Eq. (26) by means of the Dalgarno and Lewis method, if the
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operator ℱ introduced in Eq. (21) is found. By acting states
⟨φ (0)

m | and | φ
(0)
n ⟩ on Eq. (24) from left and right respectively,

for m ̸= n, we get non-diagonal operator 𝒢 in the following
form:

⟨φ (0)
m | 𝒢 | φ

(0)
n ⟩

= −E(1)
n −E(1)

m

E(0)
n −E(0)

m

⟨φ (0)
m | ℱ | φ

(0)
n ⟩

− 1
2

1

E(0)
n −E(0)

m

⟨φ (0)
m | [ℱ ,ℋND] | φ

(0)
n ⟩. (27)

By obtaining operators ℱ and 𝒢 and then, inserting Eq. (15)
in Eq. (16), we gain the second-order correction to the ground
state eigenenergies perturbation expansion. The study of α-
ray clustering in nuclei, the second-order perturbation correc-
tion in hydrogen and helium atoms by using Dalgarno and
Lewis method, has been done in Refs. [55] and [56]. Here, we
use this interesting method to verify perturbation corrections
for our favorite spin model and introduce some new entangle-
ment witnesses for detecting entanglement.

Dowling et al. established Hamiltonians as entanglement
witnesses in Ref. [42]. They intelligently suggested entangle-
ment gap category as Gent = Esep −E0, namely, according to
their suggestion, the entanglement gap is the energy gap be-
tween the ground state energy and the minimum energy that a
separable state can access. In addition, they introduced entan-
glement gap temperature category as well.

In this paper, we expand these definitions and introduce
some operators, whose eigenvalues are the first and second-
order perturbation corrections to the ground state eigenen-
ergies, as good entanglement witnesses for the introduced
Hamiltonian (4).

If we consider the separable state ρsep(AB) and the en-
tangled state ρent(AB) which act on Hilbert space HA ⊗HB,
then an entanglement witness (EW) 𝒲 is a hermitian opera-
tor such that Tr[𝒲ρsep(AB)] ≥ 0 for all separable states, and
Tr[𝒲ρent(AB)] < 0, which represents the existence of at least
an entangled state.

Now, we look quickly at the system from the point of
view of the perturbation theory, namely, we introduce the un-
perturbed system with Hamiltonian as the below equation:

ℋ(0) =
N

∑
i=1

(
(1+ γ)Sx

i,1Sx
i,3 +(1− γ)Sy

i,1Sy
i,3

)
+

N

∑
i=1

J(Sz
i,1Jz

i,2 + Jz
i,2Sz

i,3)

+
N

∑
i=1

𝒟(Jz
i,2)

2 +B
N

∑
i=1

Jz
i,2, (28)

and the perturbation operator is defined as

ℋ′ = B
N
∑

i=1
(Sz

i,1 +Sz
i,3), (29)

which is a diagonal operator. Eigenstates of the unperturbed
Hamiltonian are such that we obtained in Eq. (7), but with
some different coefficients from Eq. (8). Eigenvalues of this
Hamiltonian are

E1 =𝒟− 1
2
, E2 = B+

𝒟
2
+

√
(𝒟2 +1)

2
,

E3 = B+
𝒟
2
−
√
(𝒟2 +1)

2
,

E4 =
𝒟
2
−B+

√
𝒟2 +4J𝒟+4J2 + γ2

2
,

E5 =
𝒟
2
−B−

√
𝒟2 +4J𝒟+4J2 + γ2

2
,

E6 =𝒟+
γ

2
, E7 =𝒟− γ

2
,

E8 =
𝒟
2
−B+

√
(𝒟2 +1)

2
,

E9 =
𝒟
2
−B−

√
(𝒟2 +1)

2
,

E10 = B+
𝒟
2
+

√
𝒟2 +4J𝒟+4J2 + γ2

2
,

E11 = B+
𝒟
2
−
√
𝒟2 +4J𝒟+4J2 + γ2

2
,

E12 =𝒟+
1
2
. (30)

Therefore, we can calculate aforementioned operators ℱ and
𝒢 and then, reconstruct transformation operator Γn(λ ) in
Eq. (15). By means of these operators, we can extract some
interesting entanglement witnesses for the perturbed Hamilto-
nian (4). Operator ℱ is a non-diagonal operator thereby, if it is
multiplied by any other operator, the result is a non-diagonal
operator and then, it is here singularly a useless term. How-
ever, we exactly express that the combined operators which
contain operator ℱ can be used somewhere. For example, in
Eq. (15), for the first-order perturbation correction, if we write
the tailor series for operator Γn(λ ), then we gain the following
equation:

Γn
(1) = exp(ℱ) = 1+ℱ +

1
2!
(ℱ)2 + · · · . (31)

Multiplying the perturbed density operator ρp obtained from
Eq. (4) by the above equation (for more simplicity until the
second order of ℱ) from left, we find that the trace behav-
ior of this matrix product is different between separable and
entangled states. Indeed, it is possible to find some hyper-
planes (versus the temperature and the magnetic field) located
between a convex set of separable states and at least an entan-
gled state. In mathematics language, we can find that

Tr[Γ (1)
ρ

p
sep] = Tr[exp(ℱ)ρp

sep]

= Tr[
(
1+ℱ +

1
2
(ℱ)2)

ρ
p
sep]≥ 0, (32)
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and for at least an entangled state, it can be taken as

Tr[
(
1+ℱ +

1
2
(ℱ)2)

ρ
p
ent]< 0. (33)

In addition, for the second-order perturbation correction, we
find that

Tr[Γ (2)
ρ

p
sep] = Tr[exp(ℱ +𝒢)ρp

sep]≥ 0, (34)

and for at least an entangled state

Tr[exp(ℱ +𝒢)ρp
ent]< 0, (35)

and so on for higher-order perturbation. With regard to
Ref. [42] and suggestions therein, we can say that operator
Γ −1

n (λ )H(λ )Γn(λ ) with eigenenergies En(λ ) is an entangle-
ment witness for the perturbed system and one can also use an-
other suggestion of this reference for our favorite system and
gain some new outcomes and criteria but we refrain from ex-
pressing them. However here, we would like to discuss about
more important and novel issues of the nature of operators ℱ
and 𝒢 (obtained from the method of Dalgarno and Lewis).
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Fig. 6. (color online) Detecting entangled states by means of equa-
tion (32) at fixed values of 𝒟 = J and (a) γ = 0.2J, (b) γ = 0.8J.

With regard to Eq. (21), the operator ℱ is a non-diagonal
hermitian matrix, whose product in the perturbed density ma-
trix ρp is a non-diagonal matrix therefore Tr[ℱρp] = 0, while

ℱ2 (and its higher even-powers) product in the density ma-
trix ρp has some diagonal elements, therefore, Tr[ℱ2ρp] ̸= 0.
It is then by addition of this term we can be able to discuss
the existence of an operator whose witnesses are at least an
entangled state outside of a convex set of separable states for
the first-order perturbation correction of Eq. (4). For better
understanding, we have numerically calculated and simulated
Eqs. (32) and (33) and have presented our results by plotting
Fig. 6. As shown in this figure, one can see that in the finite
temperatures and weak magnetic fields, equation (32) is estab-
lished, i.e., Tr[exp(ℱ)ρp] cannot be negative. However, by in-
creasing the magnetic field B some points can be found which
are less than zero, then equation (33) will be established.

With regard to Eq. (24), the operator 𝒢 is also a non-
diagonal hermitian matrix and, its product in the total density
matrix ρp is a non-diagonal matrix. ℱ does not commute with
𝒢 namely, [ℱ ,𝒢] ̸= 0, so there are some non-zero diagonal
elements for matrix [ℱ ,𝒢]ρp. This interesting feature of the
hermitian operator 𝒞 = [ℱ ,𝒢] makes it different from the her-
mitian operator ℱ (and also its even-powers), and we would
like to investigate this mysterious operator, and then describe
some novel and worthy of expression outcomes.

By numerically investigating and then simulating
Tr[exp(ℱ)ρp] and Tr[𝒞ρp] as shown in Figs. 6–8, we realized
that these functions have a different behavior for a convex set
of separable states and at least an entangled state, namely for
the perturbed system, for a set of separable states, we have

Tr[𝒞ρ
p
sep]≥ 0, (36)

and for at least an entangled state, it can be taken as

Tr[𝒞ρ
p
ent]< 0. (37)

As illustrated in Fig. 7, one can see some hyper-planes
(solid-lines) that separate obviously regions containing en-
tangled states (colorless regions) from convex sets of sepa-
rable states (regions of points). It is clear that, by increas-
ing the anisotropy, some of the hyper-planes vanish, i.e., at
finite temperatures and 0 < B < 2 solid-lines gradually dis-
appear. As shown in Figs. 7 and 8, one can see that in the
positive values of the field, by increasing the anisotropy, per-
spicuity of Tr[exp(ℱ)ρ

p
ent] for witnessing entangled states de-

creases while, the perspicuity of Tr[𝒞ρp] increases, thereby, in
the strong anisotropy case, operator 𝒞 witnesses entanglement
better than exp(ℱ) but on the contrary, in the weak anisotropy
and also inverse (negative) magnetic fields, operator exp(ℱ) is
a good entanglement witness.
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Fig. 7. (color online) Contour plots of Fig. 6 versus the inverse temper-
ature and the magnetic field, at fixed values of 𝒟 = J and (a) γ = 0.2J;
(b) γ = 0.8J.
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Fig. 8. (color online) Contour plots of the function Tr[𝒞ρp] versus in-
verse temperature and the magnetic field, at fixed values of 𝒟 = J and
(a) γ = 0.2J; (b) γ = 0.8J.

In this work, we first illustrated the heat capacity for the
introduced system with Hamiltonian (4), then the negativity
for spins (1/2,1/2) has been demonstrated by using its contour
plots as shown in Fig. 4. Now, we want to explain an interest-
ing and unusual relationship between these functions and func-
tions Tr[exp(ℱ)ρp] and Tr[𝒞ρp], by comparing Figs. 7 and 8
with Figs. 3 and 4, which represent advantages of the afore-
said operators. As shown in Fig. 3(a), at finite temperatures
(T ≪ J) in the interval of 1 < B < 2 the heat capacity vanishes
(colorless small region) whose contour plot shows it precisely;
on the other hand, in this region, there is at least an entangled
state for the tripartite system.

In addition, with regard to Figs. 7(a) and 8(a), we see that,
in this interval of the field at finite temperatures, Tr[exp(ℱ)ρp]

and Tr[𝒞ρp] can be less than zero, namely, both witness some
entangled states. These phenomena are consistent with heat
capacity vanishing. It is clearly seen that lines in the contour
plots of functions Tr[exp(ℱ)ρp] and Tr[𝒞ρp] (as hyper-planes
with respect to the inverse temperature and the magnetic field)
separate convex sets of separable states from entangled states
better than ones in the contour plot of the heat capacity, and
at high temperatures, operator exp(ℱ) would be more helpful
for detecting entanglement. In addition, for inverse magnetic
field this operator is superior yet.

With regard to Fig. 8(b), in the considered interval of
the magnetic field 1 < B < 2 and fixed values of 𝒟 = J and
γ = 0.8J, at finite temperatures, lines in the contour plot of
Tr[𝒞ρp] are the best hyper-planes which separate the convex
set of separable states and some entangled states; therefore,
in this condition, operator 𝒞 is a good entanglement witness.
In the high temperatures, this operator becomes predominant
again for witnessing entanglement.

From Fig. 8 it is clear that, by decreasing the anisotropy
from one to zero, at high temperatures, some hyper-planes
disappear. Therefore, for weak anisotropy (γ ≪ 1), operator
exp(ℱ) is more useful for witnessing entanglement, and in the
stronger anisotropy (γ ≈ 1) operator 𝒞 is a good entanglement
witness. Generally, our another aim from these comparisons
is that we qualitatively showed that the relationship between
temperature and the magnetic field of the heat capacity for
our considered system, cannot witness entanglement as well
as that one for the introduced traces Tr[ℱρp] and Tr[𝒞ρp] in
this paper.

5. Discussion and summary
In summary, we theoretically investigated the heat ca-

pacity behavior of a mixed-three-spin (1/2,1,1/2) Ising–XY
model with the nearest-neighbor and that of the next-nearest-
neighbour interactions, with respect to the temperature, the
magnetic field, and in particular the anisotropy parameter,
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when the considered system is in a separable state (high tem-
peratures and strong magnetic fields) and when it is in an en-
tangled state (finite temperatures).

In the finite temperatures and weak magnetic fields where
the state of the system is an entangled state, we concluded that
in these conditions, the heat capacity is minimum. By increas-
ing the temperature and the magnetic field, the state of the
system tends to a separable state; in this condition the heat
capacity increases from zero to some maxima until it reaches
the maximum amount of itself at high temperatures and strong
magnetic fields. The behavior of the heat capacity is highly
sensitive with respect to the anisotropy changes, namely, with
the increase of the anisotropy, peaks of the heat capacity dia-
gram decrease and merge together, on the other hand, the state
of the system tends to be an entangled state. In the present
paper, it was shown that the behavior of the heat capacity with
respect to the anisotropy for separable states is different from
entangled states. Moreover, the heat capacity behavior of the
system with respect to the temperature and the magnetic field
at fixed values of the anisotropy is different between separable
states and entangled states, where by increasing the anisotropy,
this difference is monotonically reduced. However, it should
be noted that these suggestions have been limited to the mixed-
three-spin system, and for other systems, in particular the sys-
tems with larger number of spins, it is statistically complex
and harder to verify the entanglement of such systems.

Thermal pairwise entanglement of the spins (1/2,1/2) has
been investigated by calculating and simulating the negativity
as a function of the temperature and the magnetic field at fixed
values of the anisotropy, also, it has been verified at finite tem-
peratures with respect to the magnetic field, and we presented
an interval of the magnetic field in the negativity diagram in
which the negativity of the introduced bipartite (sub)system
(spins (1/2,1/2)) does not change for various fixed values of the
anisotropy parameter, interestingly at this interval, a quantum
phase transition occurs for the tripartite spin system (mixed-
three-spin(1/2,1,1/2) system).

Therefore, we here showed that at finite temperatures and
independent of the anisotropy changes, one is able to deter-
mine an interval of the magnetic field in which a quantum
phase transition occurs for the tripartite system, by means of
the negativity of its bipartite (sub)system (spins (1/2,1/2)) as a
function of the magnetic field. In addition, at finite tempera-
tures, some peaks can be seen in which magnetic phase tran-
sitions occur, and these critical magnetic fields change with
changes of the anisotropy. As was illustrated, in the inter-
val of 0 < B < 1, by decreasing the anisotropy, the peak of
the negativity function decreases and moves towards weaker
fixed magnetic field B ≈ 0.75 at which a quantum phase tran-
sition occurs for the tripartite system (this suggestion can be
precisely proved from Eq. (9)). Since, investigating a quan-

tum system in the absolute zero temperature and detecting
critical points is very difficult and expensive, in this work we
proved that one can detect some critical points in which quan-
tum phase transition occurs for such a system, by investigating
the negativity of its (sub)system at finite low temperatures.

We also verified our favorite system from the point
of view of the time-independent perturbation theory (non-
degenerate case has been considered). In this way, we obtained
some operators by using the Dalgarno and Lewis method and
then, introduced some interesting entanglement witnesses. Fi-
nally, we compared these entanglement witnesses with each
other and concluded that, for various ranges of the anisotropy,
one of these operators acts better than another one for wit-
nessing entanglement. Moreover, in the present paper, we
generally concluded that the relationship between the tem-
perature and the magnetic field of Tr[ℱρp] and Tr[𝒞ρp] wit-
nesses entanglement better than one for the heat capacity func-
tion C. Investigating this model with other interactions like
Dzyaloshinskii–Moriya interaction, in the presence of an ex-
ternal inhomogeneous magnetic field will be attractive to de-
fine some new outcomes.
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