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Hybrid entangled state (HES) is a new type of entanglement, which combines the advantages of an entangled po-
larization state and an entangled coherent state. HES is widely discussed in the applications of quantum communication
and computation. In this paper, we propose three entanglement concentration protocols (ECPs) for Bell-type HES, W-type
HES, and cluster-type HES, respectively. After performing these ECPs, we can obtain the maximally entangled HES with
some success probability. All the ECPs exploit the single coherent state to complete the concentration. These protocols are
based on the linear optics, which are feasible in future experiments.
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1. Introduction

Quantum entanglement is a significant physical re-
source which plays a fundamental role in many meaning-
ful applications of quantum information processing.!'! For
example, quantum entanglement can be used in quantum
teleportation,?) quantum key distribution,’) quantum secure
direct communication,!*>! and some other important quantum
communication protocols.!®-!8] Hence, entanglement is con-
sidered to be the information carrier in quantum information
and should be created first.

Typically, there are two types of entanglements. The first
one is encoded in discrete variables, such as horizontal and
vertical polarization states of photons.!!'”) The second one is
encoded in continuous variables, such as the entangled coher-
ent state (ECS).!?"! In recent years, there is another type of
entanglement which has been widely studied. It is the hybrid
entanglement.>!=2° The hybrid entangled state (HES) means
that the entanglement is generated between different degrees
of freedom of a particle pair. In 2006, van Loock et al. pro-
posed the first hybrid quantum repeater protocol using bright
coherent light.?!l In 2013, Sheng et al. first discussed the
entanglement purification for the hybrid entangled state. 6]
Recently, an important work about the generation of a hybrid
entangled state was reported.>”! Interestingly, Lee and Jeong
put forward a new type of hybrid entanglement.”8! Based on
the HES, they proposed near-deterministic quantum telepor-
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tation and resource-efficient quantum computation. In their
protocol, a qubit is encoded in the combination of polariza-
tion states and coherent states. The orthogonal basis to define
an optical hybrid qubit is {|0p) = |+)|e), |1L) = |—)| — a)},
where |+) = (|H) +|V))/v/2 and |+ &) are coherent states
with amplitudes +o. In particular, they showed that near-
deterministic quantum teleportation can be performed using
linear optics and hybrid qubits.

In quantum communication protocols, the quantum chan-
nel must be maximally entangled. Unfortunately, the max-
imally entangled states usually collapse into nonmaximally
entangled states or even mixed states because of the imper-
fect channel in the practical process of storage and transmis-
sion. In order to obtain the high quality and secure quan-
tum communication, we should first repair the degraded quan-
tum entanglement channel. Entanglement concentration is an
important method that we can distill the maximally entan-
gled states from the less-entangled states.[*”) In 1996, Ben-
nett et al. proposed the first entanglement concentration pro-
tocol (ECP) with collective measurement, which is based
on the Schimidt decomposition.[*”) Until now, many ECPs

d.[30780] For example, Zhao et al. pro-

have been propose
posed ECPs based on the linear optical element. >3] In 2008,
Sheng et al. presented a recyclable ECP based on cross-Kerr

s34 and the efficiency of their protocol was im-

nonlinearitie
proved obviously. In 2012, Sheng and Deng first presented

the basic principle of efficient single-photon-assisted ECP for
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partially entangled photon pairs.>>3¢! Subsequently, with the
help of the single qubit, the ECPs for arbitrary W states,>!~621
cluster states, (9369 cat states,[”!l y type entangled states, !
hyper-entangled states,[”4"71 and hybrid entangled states!’8!
were also proposed.

In this paper, we will focus on the entanglement of the
HES, which has the different form of Ref. [78]. We pro-
pose three ECPs for different types of HESs. The first ECP
is to concentrate the Bell-type HES. The second and the third
ECPs are to concentrate the W-type and the cluster-type HES,
respectively. In the first ECP, we exploit an ancillary single
coherent state and use the beam splitter (BS) to complete the
task. In the second ECP, we require two coherent states, and
in the third ECP, we require a single coherent state and a pair
of ECS to realize the concentration. All protocols are based
on the linear optics, which makes them feasible in future ex-
periments.

This paper is organized as follows. In Section 2, we
will describe the ECP for an arbitrary less-entangled Bell-type
HES. In Section 3, we will propose the ECP for an arbitrary
less-entangled W-type HES. In Section 4, we will discuss the
ECP for an arbitrary less-entangled cluster-type HES. In Sec-
tion 5, we will present a discussion.

2. Single coherent state assisted entanglement
concentration for arbitrary Bell-type HES

As shown in Fig. 1, Alice and Bob share the less-
entangled HES of the form

[W)ap = YI0LOL)ap + Bl1LIL) b
= Y[+)al+)p0)al0)p + Bl=)al )b — Q)a| — )p. (1)

In the ECP, Bob prepares an auxiliary single coherent state
|l//>c = NO(’}/‘_O‘>C+B|O‘>C)- 2

Here, Ny = [y* + B> +2yB e—z\a|2}—1/2 and [y + (B> = L.

D2
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@-®
BS2
L 1 BS1
C C9
o D0

Fig. 1. Schematic diagram of concentrating an arbitrary less-entangled
Bell-type HES. Alice and Bob share the HES, and own the hybrid states
denoted as a and b, respectively. Bob prepares the ancillary single co-
herent state c. BS1 is used to perform a parity check measurement. BS2
is used to obtain the Bell-type maximally HES.

Therefore, the whole system can be written as

|W>uhc = |W>ab®|w>c
= (7|0L0L)ap + B[1L1L)ap)

@No (Y] — ) + Blet)c). 3)

It also can be written as

Wabie, = No(V1+)al+) ) al @), | — ),
+B2=)al =)l = @)al = o)y ),
+YB(|+)al+)pl)al)p, [00)c,
+1=)al )bl = )al — )y | = @)ey). (D)

As shown in Fig. 1, Alice and Bob both own one single pho-
ton and one coherent state. The subscript @ denotes the state
possessed by Alice and b denotes the state possessed by Bob.
In this protocol, the single photons do not participate in the
concentration. Then, they let the coherent states in Bob’s lo-
cation in spatial modes b and c; pass through the 50:50 beam
splitter (BS). The BS changes the two different coherent states

|a) and |B) as
a+B\|la-B
) ”

After the coherent states passing through BS1, the state can be

BS(|)[B)) —

rewritten as

W)abser = No(P[+)al+)s]0)al0)s, V200,
+ B2 =)l =)l — @)al0)n, [V 201).,
+¥B(I)al+)pl0)al V20)5,[0)c
+1=)al =)l = @)al=V20)1,10),))- (©)

From Eq. (6), we find that the items |+)4|+)5| )| v20)p, [0).,
and |—)q|—)p| — &) al—V20)p, |0)., will make the spatial mode
¢3 have no photon. Meanwhile, the other items will make the
spatial mode b, have no photon. Therefore, by choosing the
items which make the spatial mode ¢, have no photon, they
can obtain a maximally entangled state
1
|1V>ab2 - ﬁ
+|*>a|*>b‘ *a>a|7\/§a>bz)' @)

([)alH)sl0)alV200)s,

The success probability is P, = 2|NoyB|>. From Eq. (7), we
find that they have obtained the maximally entangled state but
the amplitude of the coherent state increases. In order to obtain
the maximally entangled state with the same form of the orig-
inal state, they should decrease the amplitude of the coherent
state. Subsequently, they let the coherent state in spatial mode
by pass through BS2. The state in Eq. (7) evolves to

V) abshs = %<\+>a|+>b|a>a|a>b3|a>b4
+1=)al=)p| = Q)al — @)y | — A)p,).  (8)

Next, they can obtain the maximally Bell-type HES by undis-
tinguishing | o) from | — o) when detecting the coherent state
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in b4 mode. It means that they should use the quantum nonde-
molition (QND) measurement to complete this task. (81.82] Af.
ter implementing the QND measurement, they can ultimately
obtain the Bell-type maximally entangled HES
1
W/>ab3 - \ﬁ
+1=)al =)ol = &)al — )sy)

1
ﬁ(|oL0L>ab +1L1L)ap)- )

(I )al+)ol@)al @)y

3. Entanglement concentration for arbitrary W-
type HES

In this section, we will extend the above protocol to the
case of arbitrary W-type HES of the form

|¢>abc = Y‘OLOL1L>abc + ﬁ |0L1LOL>abc =+ 5 ‘ 1L0L0L>abc
= YH)alH)sl=)cl@)al )| — t)e
+Bl4)al=)sl+)e|@)al — 0)s| 0t)c
+&[=)alH)plH)el — a)ala)s|ct)c. (10)
Here, ||>+|B|*> +|&|* = 1. As shown in Fig. 2, Alice, Bob,
and Charlie share the less-entangled HES. Alice and Char-
lie prepare the auxiliary single coherent states in the spatial

modes d and e, respectively. The two auxiliary single coher-
ent states are given as

9)a = Ni(S|a)a+ Bl —at)a), (11
9)e = Na(¥la)e + B[ — t)e). (12)
Here, Ny = (E2 + B2 +2&E8 e_z‘o“z)_l/2 and Ny = (Y + B2+
Zyﬁefzm\?)fl/z‘
From Fig. 2, the whole less-entangled HES combined
with the two single coherent states can be written as

|¢>abcde = |¢>abc ® |¢>d® |¢>e
= (7|0L0L 1L ) abe + B|OL 1LOL ) abe + & 1L0LOL ) abe)
@ (Ni(Ela)a+Bl—a)a))

® (Mo (Yle)e + Bl — @)e))- (13)
D3
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Fig. 2. Schematic diagram showing the principle of the proposed ECP
for arbitrary W-type HES. Alice, Bob, and Charlie share the HES, and
own the hybrid qubits a, b, and c, respectively. Alice and Charlie pre-
pare the ancillary single coherent states d and e, respectively.

Then they let the coherent states in spatial modes ay, dj,
e1, and c; pass through the BSs, respectively. Therefore, the
whole system can be rewritten as

|9)arberdye;

= NN (VE[H)al+)p| =) @)ay | @)o] — &)y [0) 4y [ X)e
FYEBIF)al )b =)el@)ay [0) o] — X)ey [@)ay | — @)
FV B al ) =)el@a | )s] = ), | = @)y [t)e,
HYB|+)al )bl =) el @ay [@)n| — )y | — @)y | — @),
+BEYF)al )bl +)el@)ay | = @)p|@)ey [@) gy |X)ey
+EBH)al=)bl+)el @)ay | — @)pla)e; [ @) gy | — )
+HYB2H)al =)ol el @)ay | — @)plat)e, | — ) ay ),
+ B3 H)al =)ol Vel @ay | — 0| @)ey | — @)ay | — @)y
+HEY)al )|+l — 0)ay [0 ), [0) 4, [0X)e
+E2BI=)alH)plH) el — @ay|@)p| @)y [0) gy | — @)y
+EYBI=)al )bl +)el — t)ay [@)p| e, [ — )ay [X)e,
+B7E[=)al )bl H)el = @ay[)p|0)e, | — )y | — )y )-(14)

After passing through BS1 and BS3, respectively, the whole
system becomes

|0) arperdres

= NiN2 (VPE[H)al+)51=)elV20) 0| 0)5]0)cy [0}y |-V 200) .,
HYEBIH)al )6l )e V200, | ) |-V200) |0} |0)e
+ VBl H)al+)6] =) el0)ay [0)5[0)ey | V200) 4, |-V 200)e,
VB [+)al )61 =)el0)ay |05 [—V20) e, [ V200) [0
+BEVH)al =)l H)e [ V2004, | — @) |V200).,|0)4,10)e
+HEBH)al=)bl+)el V20 0y | — 0)5]0)c, |0), [V 20,
VB2 H)al =)o) el0)ar | — @)5|V200) e, [V20) 4, [0)e
+ B [H)al =)l H)el0)ay | — )]0, | V200) 0| V201)..,
+E2Y)al )5l H)cl0)ar | )6 [V20) 0, [ -V20) 4, [0).,
+E2BI=)al )6l H)el0)ay [ 0)5]0)er [ -V200) g, [V200),
+HEVBI=)al )51 H) e —V20) 0| )5 |V20) [ 0) [0)e
+B2E|=)al )b ) el V200, | )10, [0)a, [V 20X)e., )

(15)

From the above equation, by choosing the cases where no pho-

ton is in spatial modes d, and e, they obtain

‘¢>a2bcz

= NiN2 (YEBI+)al+)b] =)e|V20) oy |0) |-V 200) .,
+BEYH)al =)l el V200 | — )| V20,
+EYBI=)alH)l ) el V2000 | @) V20),).  (16)
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Similar to the case in the previous section, they have to de-
crease the amplitude of the coherent state using QND. As
shown in Fig. 2, they let the coherent states in spatial modes a;
and ¢, pass through BS2 and BS4, respectively, which makes

state [) q,pc, become

| ¢>a3a4bC3 C4
1

V3
FH)al =)ol Hel@as |00y | = @)p| ) 5| e

+ 1 alH)sl+)e| = Was| — A)as|@)p| @) e @)ey ) (17)

(IH)alH)ol=)el @) as|@)ay [0)5] = )5 | = ),

Finally, by measuring the states in a4 and ¢4 modes, they can

obtain the maximally entangled HES

|¢>a3bL‘3
e el )] e B s — t)es

V3
+ |+>a‘_>b|+>6|a>a3‘ - a>b|a>03

F=)al ol H)el = Ghas o) )y )

1
%(|OLOL1L>ubc +10L1L0L ) abe + [1LOLOL ) gpe).  (18)

The probability of obtaining the state in Eq. (18) is P, =
3|NiN2YBE .

4. Entanglement concentration for arbitrary
cluster-type HES

In this section, we will discuss the ECP for the cluster-
type HES, where the initial less-entangled HES can be written

as
‘(P>abcd
= &£]0L0L0LOL ) gbed + BlOLOLILIL) apea
+¥1L1LOLOL Yaped — S[1LILILIL ) abed
= &|H)alH)ol+H)elH)al)al@)pl o))
+B[+)al+)sl =)l =)al@)al0)p| — )| — )a
+Y=)al =)ol H)elH)al = X)al — A)pl0)c|X)a
=0|=)al=)pl=)el=)al — @)l = @)p| — )| — @)g- (19)
Here, |€|*+|B|*| +|y]> +|8|*> = 1. As shown in Fig. 3, Alice,

Bob, Charlie, and Dick share the less-entangled cluster-type

|9)ab,cide, fi

HES. The subscripts a, b, ¢, and d denote the states belong-
ing to Alice, Bob, Charlie, and Dick, respectively. In order to
realize the concentration, they require a pair of auxiliary en-
tangled coherent states and an auxiliary single coherent state.
The whole auxiliary ECS can be prepared by Bob or Charlie,
and shared by Bob and Charlie. The ECS can be written as

@)er = N3(&| = )ea) s+ Bl —a)e| — )y
FY0e| @) f 4 8l)e| — 0t) ). (20)

The normalized coefficient N3 = [E2 4 B2+ 1> + 8% +2(EB +
Ey+E6+PBy+Bo+ yﬁ)e_g‘“‘z]_l/z. The auxiliary single
coherent state is prepared by Dick and can be written as

@)e = Na(E7] — )+ BS|ax)y). 2D

Here, the normalized coefficient Ny = [(£7)? + (BS)* +
25[3)/56’2‘“'2]’1/2. The ECP can be realized in two steps.
In the first step, Alice and Charlie prepare and share the aux-
iliary ECS |@).f in the spatial modes e and f, respectively.

Therefore, the whole system can be described as

|(P>abcdef = |‘I’>abcd® |W>ef- (22)

Alice,/

@‘\\ ~< Charlie

-~

Fig. 3. (color online) Schematic diagram showing the principle of the
ECP for cluster-type HES. Alice, Bob, Charlie, and Dick share the HES,
and own the hybrid qubits a, b, ¢, and d, respectively.

It can be written as

= N3(E[H)alH)plH)elH)al@)al0)p, [0 e, [)al = @)y 106)  + EBIH)al+)ol+)el+)alO)al ), [0, [X)al—00)e | -0t) 1
+EVH)al )bl H)elH)al@)ala)s, [@)e, [@)al)e, [0) f + E 8]+ )al+)p]+)c[H)al)al )i, | ), ) al@)e, |—t) 1y
+BEH)al )1 el ) al0)al ), =) e, [ = 0)al=0)e, | 00) 1+ B )al )bl el =)l @) al @)y [ =00 e, [—0)al—0t)ey [-00) 3
+BYIH)al sl )l al)al@)p, |=C) e [=0)al@)e, [00) f + BOI+)al )bl cl—)al 0)al @)p, [ — e, [—0)al)e, [—0X) 1
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+781-)a \—>b\+> [+)al = @)al=0)p, [@)e; [0)al — ), [00) 1, + VBI-)al b+ )| F)al = Q)al=0)p, @) e, [@)al—00)e, |-t}

Pl )l el H)dl = @)al=00n [0)e; [0)al@)e; [02) 1 + Y8 |)al ol +)el+)al = @)al =), @), o) al ey [~ 0) 1

- 55\—>a\—>b\—>cl—>d\— Ja|=0) by |=C)e; |00 a|=0) e, [0) i = SB|=)al )b =) el =)al = @)al =) b, |=C)e; |0 a| = @)ey | =0t)

= 181)al)pl )| ) al=a)al =00}, [=0e, [=0hal0ey [00) 1y = 8%[=)al=)pl=)el=)al — )al—00)s, [=0t)e, [=0)al ey [=00) 1)
(23)

As shown in Fig. 3, subsequently, they let the coherent state in spatial modes b and e; pass through BS1. Meanwhile, they
also let the coherent state in spatial modes c¢; and f; pass through BS3. The state |‘P>uh161de1f| evolves to

@) abiciderfy = |®)abyerdes s

= N3(E2|+)al+)ol+)cl+)al)al 0oy [V20) ey || V200 0) 1y + EBIH)al )61+ ) e +)al )]0} [0)es | ) a|V200) e, [V200) 1,
FEVH)al )bl H)elH)al0)al V201, [V20) ey [00)4]0)e, 10) 5, + ESIH)al )l )+ )alXal V205, [0)e, [0)al0)e, | V201) £,
+BE[H)al+)51) P al @)al0)s, [0) e, | =) a | V20) ey [=V200) 1y + B [+)al+) 61| | @)al Oy | = V208) ey | — )| V201) ., 0)
+BYIH)al )6l )el)al0)al V20) 1|0 [=0)a10) ey | =V200) 1y + BEI+)al+) 51D el=)al 0)al V20) 5y | = V20) ¢, |00}l 0)e [0)
+78 1) |—>b|+> )l = 0)al =V20) 5, [V200) ¢, [0) 4]0}, 0) 1, + VBI-)al )b+ )e|+)al = @)al = V20) 5, |0, | 0)410) e, [V 200) 1,
+ VPl F)el )l = 4)al 0o, [V20) ey [@)a| = V200, [0) 1, + ¥8[=)al )b+ )e |+l = @)al0), [0}y [0 al =V 200) e, [V200)
*§8|*>a|*>b|*>c|*>d|* A)al=V20)1,(0)c,| = @) a|0)er | = V200)
—8B1)al )b el)al = )al = V205, | = V200) ¢, |- 2)4]0)e, [0)
—¥81-)al )bl el al=0)al0)p, |0)e, | - @)l —V200)., |-V 200)
=8 ) al )bl )el)al=0)al 0oy | = V200) oy |- )| =V 202) ¢, [0) 1) 24)

By choosing the cases that the spatial modes e, and f, both have no photon, the state becomes

|@abrcad = N3(EV(H)al )bl )el+)al@)al V201, [V200)e, |00 + ) al o 14 e[ ) al—at)al
— V203, |V20) 0, 0)a) + BE (|4 )al ) ) el-)al &)l V200,
~V20)¢,[=0)a = [F)al s 1)) al=0)al = V2000, [ V20) o, |- t)a).- (25)

Then they let the coherent states in spatial mode b, and ¢ pass through BS2 and BS4, respectively, which makes the state

‘ (p>llb262d beCOmC

|(P>ab2c2d — ‘(p>ab3b4C3C4d
= N3(Ev([+H)alH)olH)clH)al ) al @) |)i, [ @) es | 0) ey | a + [F)al =)ol ) [4)al =) al = )iy [ =0} b, [ @) s ) ey | X))
+B([+)al+)ol)el)al@)al @i |00) b, [=C) s [=C) ey [=0)a — [ =)al )bl =) el =) al—0)al = Q) s | = 0) b, [=C) 5 [= Q) [—0t) ). (26)

Finally, by measuring the coherent states in b4 and ¢4 with QND, which makes | £ o) undistinguishable, state [@),c,4 becomes

|(P>ab202d — |(P>(1b3C3d
= N3(EY(|+)alH)plH)elH)al0)al 0 by [0) s [0)a + =) al=) | H) e[ H)a =) al—0) i, [ 0) s |X) )
+BS([+)alH)p[)cl)al@)al@)ps [—0) s [—0)a = | F)al =)l =) e al—0)al =)y |- Q) ey | =) a))- 27

In the second step, they first prepare the ancillary single coherent state in spatial mode g as shown in Eq. (21). The state
|©)abyc;a combined with [@), can be written as

@) abscsdigy = |@)absesd @ [@)g
= NsNa(E27 (1) al+ )l H)elH)al @) al @) | ) cs |0y [ =00, + =) al =) 1)) al =) al =05 [ ) s [ )y | =0t g, )
+ B8 (|+)al )bl Vel Val ) al 0oy | =) es | =) ay | ) g, = [Fhal=)pl=)el=)al =) al =) by | =0 s |- t) 4y [t) )
+SYBS(H)al+)ol+)elH)al@)al)o; | @) es | X)ay [y + =) al =)ol ) el F)al—C)al—0) by | 0) s [ 0)ay | X)
+H)alH)olel)al0)al )by [—0) s |=C)a) [=C) gy = [F)al )b | =) e[ )d| = W) al =)y | =) s |—0t)ay [—t) g, ). (28)
030302-5
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Then they let the coherent states in spatial modes g and d; pass through BSS5. The state in Eq. (28) evolves to

|(P>ab303d1g1 — |(p>ab363d2g2

= N3Na(E27 (I )alH)l ) el F)ale)al ) s | @)y [0)ay [V 200, + [F)al =)l ) el )l =0al—0)bs ) s [0 | V20) ;)
+B28%(|)alH)sl )| al0)al 0 [=00)es [0)ay | = V20D g, = [Fal=)s 1) e[ al—0)al=00)ns |=00)c [0)ay | = V200),)
+HEYBE(H)alH)pl el +)al @)l 0)n; |0)es | V200) 4, 0) g, + 1) al )bl )l +)al =) al=00)i | ) 5 [V 201) 4, [0)
) al s el)al@)al 0o =) ey | =V20) 4, [0)g, = [F)al)sl)e[Fal = 0)al =) by =) s |-V 200),[0)g))- (29)

They select the cases in which the spatial mode g, has no photon, which makes the state in Eq. (29) become

|(P>ab3C3d2

= N3Na(EYBS (1)l )l +)el +)al)aler) by ey V200 dy + )l =)ol )e Dl =) al=00) by ) |V200) 4,
+ ) al o) eal0dal )by =) ey | = V20 a, = F)al o) elal =0l =) [=0t)ey | =V20t) ). (30)

For obtaining the maximally entangled state, they let the coherent state in spatial mode d; pass through BS6, which makes the

state in Eq. (30) evolve to

| (p>ab3 c3dzdy

= N3Na(EYBS(|+)al+)nl+)el+)al @)al @)is | @) s | @) | @)y + [F)al )|+ )e|+)a|—C)al =) os | 0) e X)as | ) g,
FH)al )P el)al@)al @by |=C)es | =) as |=C)a, = |F)al=)b[H) e[ al = Q)al =) by [ =) s [~ )y | = )a)). - BD)

From Eq. (31), they also use the QND measurement to ensure the states | == o) in spatial mode dj are undistinguishable, then

they obtain the maximally entangled cluster-type HES

| (P>ab3C3d3

= %(\+>a|+>b|+>c\+>d\a>a|a>b3|06>c3|06>d3 +Pal sl H)el+)al=0)al=0)p; | 0) e @)as

F 1 H)alH)sl)eFal@)al )by | =0 e =) as = [)al=)o=)e| D) al=0)al =) s |=0t) s [ —t) )

1
= 5(\0L0L0L0L>abcd +10L0L 1L 1L abed + | 1L 1LOLOL Y abea — 1L 1L 1L ) abed)- (32)

The success probability to obtain the maximally entan-
gled HES from the initial partially entangled state is Pz =
4IN3N4E B3I

5. Discussion

Thus far, we have described our protocols which mainly
use BS and QND to complete the task. We described the ECPs
for Bell-type HES, W-type HES, and cluster-type HES, re-
spectively. With the post-section principle, we can ultimately
obtain a maximally entangled HES with some probability. In
Figs. 4-6, we show the success probability of each ECP.

In Fig. 4, we show the success probability P; altered with
Y. Welet @ = 0.5, 1, and 4 respectively. In Fig. 5, we show the
success probability P; altered with y and &. In this ECP, P, can
reach the maximum value 1/4 with y= & = 1/4/3. In Fig. 6,
we show the total success probability P; altered with 3. We let
Y= & =1/2. Tt shows that P; can reach the maximum value
1/8 with B = 1/2. Meanwhile, the other three coefficients are
equal to 1/2.

In our ECPs, the BS plays a key role to realize the con-
centration. We take the first ECP for example. As shown in
Fig. 1, we choose the case that the spatial mode ¢, has no

photon. It means that we pick up the even parity states |a)|ot)
and |—a)|—a), which is similar to the previous ECPs.3431]
We should point out that a coherent state |a) also has some
probability to have no photon. Then, it will induce an error.
Fortunately, the error probability is [(0]a)|. It is about 107>
if o =2, which can be neglected. In our ECPs, the last step
is to decrease the amplitude of the coherent state to recover it

to the form of the original state. Actually, such an operation is

0.8
a=1
---a=13
— a=4
0.6
8 04 ,f, .................. N
0.2
0
0 0.2 0.4 0.6 0.8 1.0

v
Fig. 4. (color online) The success probability P; of obtaining a maxi-
mally entangled Bell-type HES. P, is altered with the coefficient y of the
initial partially entangled state, where y € (0, 1). The « is the amplitude
of the coherent state.
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Fig. 5. (color online) The success probability P, of obtaining a max-
imally entangled W-type HES. P is altered with v and 8, which are
coefficients of the initial partially entangled state, where y € (0,1),
B € (0,1), and y> + B% < 1. The amplitude of the coherent state ()
is set to 2.

0.08

0.04

0 0.2 0.4 0.6 0.8
B

Fig. 6. (color online) The success probability P; of obtaining a max-
imally entangled cluster-type HES. P; is altered with 3, where we as-
sume that & = 1/2, y=1/2, and B € (0,v/2/2). The amplitude of the
coherent state () is set to 2.

not always necessary. In the practical transmission, the co-
herent state may suffer from the photon loss, which will de-
crease the amplitude of the coherent state. We should exploit
the amplification technology to increase the coherent state. In-
terestingly, our ECPs can also increase the amplitude of the
coherent state. The increased amplitude of the coherent state
will become an advantage of these ECPs. In the second and
the third ECPs, the whole protocols are both divided into two
steps. Actually, in a practical experiment, both steps should be
performed simultaneously because of the post-selection prin-
ciple.

6. Summary

We have proposed three ECPs for three types of HES,
respectively. First, we described the ECP for the Bell-type
HES with arbitrary coefficients, and the probability of the
ECP is 2|NoyB|>. Second, we introduced the ECP for the
W-type HES. We used two single coherent states to obtain
the maximally entangled W-type HES with the probability of
3|NiN,YBE|?. Finally, we described the ECP for the cluster-
type HES. With the help of a pair of auxiliary particles of ECS
and an auxiliary single coherent state, we obtained the maxi-
mally entangled cluster-type HES, and this ECP has a success
probability 4|N3N4€yBS|%. These ECPs are all based on the

linear optics which is feasible in future experiments. We hope
that these ECPs based on HESs are useful in many applications
of quantum information.
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