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We consider the geometric global quantum discord (GGQD) of two-qubit systems. By analyzing the symmetry of
geometric global quantum discord we give an approach for deriving analytical formulae of the extremum problem which
lies at the core of computing the GGQD for arbitrary two-qubit states. Furthermore, formulae of GGQD of arbitrary

two-qubit states and some concrete examples are presented.
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1. Introduction

The quantum correlations!!! between the subsystems 2
and ‘B of a bipartite system play a significant role in many
information processing tasks[?! and applictions.[>! It can be
classified according to the probability distributions of the mea-
surement outcomes from measuring the subsystems 2( and B.
For any quantum entangled states, the probability distributions
of the measurement outcomes from measuring the subsystem
21 will depend on the probability distributions of the measure-
ment outcomes from measuring the subsystem B. Neverthe-
less, it is still possible that the correlations between the mea-
surement outcomes from measuring the subsystem 2( and mea-
suring the subsystem ‘B can be described by classical proba-
bility distributions. A quantum state is pronounced to hold a
local hidden variable model (LHV) if all the measurement re-
sults can be modeled as a classical random distribution over
a probability space. The states admitting LHV models do not
violate any Bell inequalities, while the states that do not admit
any LHV models violate at least one Bell inequality.[6-%!

For separable states, the probability distributions of mea-
surement outcomes from measuring the subsystem 2( are in-
dependent of the probability distributions of the measurement
outcomes from measuring subsystem 8. However, these sep-
arable states may be further classified as classically correlated
states and quantum correlated ones, depending on the possibil-
ity of memorizing all the mutual information by evaluating one
of the subsystems. Such property is characterized by so-called
quantum discord.°~'?! Tt has been shown that the quantum dis-
cord is required for some information processing like assisted
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optimal state discrimination.!!314]

In recent years more relevant measures such as geometric
quantum discord!'>-1"1 (GQD) have been suggested. It makes
use of different quantities and offers analytical solutions in
some conditions generally.!'8-21] However, in the original def-
initions both the quantum discord and the geometric quantum
discord are not symmetric with respect to the subsystems. For
a symmetric extension of the quantum discord the global quan-
tum discord has been presented in Ref. [22]. Furthermore, a
geometric quantum discord for multipartite states, called ge-
ometric global quantum discord (GGQD), has been proposed
in Ref. [23]. Nevertheless, similar to the original discord, it is
extremely difficult to calculate the GGQD for generally given
quantum states. In this paper, we study the GGQD for arbi-
trary two-qubit systems, and derive explicit expressions.

The paper is organized as follows. In Section 2, we review
GQD and GGQD. We derive an analytical formula of GGQD
for arbitrary two-qubit states. In Section 3, as examples we
work out the GGQD for X-states. Conclusions and discussion

are given in Section 4.

2. Geometric global quantum discord of two-
qubit states

For a bipartite state pgs3 in a composite system 2B, the
total correlation between 2( and 5 is measured by the quantum

mutual information

I(pas) = S(pa) — S(palps),
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where pg and pgs are the reduced density matrices associated
with the subsystems 2 and B, S(py|ps) is conditional en-
tropy, and S(p)= —Tr(plog, p) is the von Neuman entropy.
One may also obtain the following quantity to characterize the

quantum mutual information:

J(pauss) = S(pat) — S(pass [{ILy }),

where S(pass [{ITs }) = X; PiS(Paj)s Paujj = ,,%(bjlpmﬁbj)’
Tl = |bj)(bj|} is a set of projectors, and p; denotes the
probability of obtaining the j-th measurement outcome.

The quantities (pgs ) and J(pgss ) are equal in the clas-
sical case. However they are different in the quantum case.
The difference defined by D(pyss) = I(pass) — J(pass) is
called the quantum discord of the pgss. As the measurement is
single side measurement of bipartite system, the global quan-
tum discord D(pg,2(,--9(y) for an arbitrary multipartite state
P21, 2,2y 18 defined by

D(pat a1,--21y) = min[S(Psr, 21,20y | P (P2, 2,21y )

e}
N
= Y S(pay, |1 ®;(par)))].
j=1
under all local measurements {I"I]Q{1 ® - ® Hg“’N},
where  @;(py ) = ZH P, H’ and  D(pg(91,--2y) =
%Hkpg[]%_._gwnk, Wlth I, = HQI & - ®H$N and k de-

noting the index string (j; - - - jn).
Following the concept of global quantum discord, the ge-
ometric global quantum discord (GGQD) is defined by

D (poy21,--21y)

= _min {Tr[po a2ty — Oy 22y )* | D(O220,20y) =

GQ[IQLZU.Q[N

which is equivalent to the result in Ref. [23],

D% (poya1,--21y)

= Z Calaz "oV max Z

0,00, ,0 iyiyin

X ( Z AalilAaziz o

a1,00,...,0V

2
'A(XNiNC(XI()Cz---lXN) ) (1)

where Cqy,q,...qy and Ag,;, are determined as follows. For
any k (1 <k <N), let L(Hy) be the real Hilbert space con-
sisting of all Hermitian operators on Hy, with the inner prod-

uct (X|X') = Tr(XX’) for X, X' € L(Hy), for all k, and for
|
Poo+p11+p2+p33 2(por +p23) 0
c_1 2(po2+p13) 2(p12+ po3) 0
2 0 0 2(p12 — Po3)

Poo+ P11 — P22 — P33 2(Po1 — P23) 0

2
given orthonormal basis {Xak}zkk _p» i) iy of L(Hy), Hy.

Coyay--apy» and Ag,;, are given by

Z Coyoy-ayXey @ Xey @+

a,0,...,007

pmlmz-“Q[N = ®XOCN1

and

A(Xklk <lk|XOCk|lk>

Now consider the GGQD of two-qubit states. For bipar-
tite qubit states pgss, equation (1) can be simplified,

D% (paiss)

2
Z Calaz maXZ( Z Aall‘lAazizCalaz) .

o,0 ijip \ 0,00

— o _ o
Moreover, {X, = 7} {Y, = W} are the orthonormal bases,
with 62, 6.2

s (m,n=0,1,2,3), are the Pauli matrices associ-

ated with the subsystems 2l and ‘B, respectively. Therefore,

DS (py) =Tr(CC') — rE%Tr(ACB’BC/A’),

with A = (A,'m), B = (Bjn)’ A = Tr(|i><i|Xm), Bjn =
Tr(|7)(j|¥s), where {|i)} and {|j)} are orthonormal bases.
C = (Cyp) is given by Cp, = Trpgs X, ® Y,. From a simi-
lar approach in Ref. [16], the matrices C, A, and B can be

written in the following forms:

1 1 a
=50 %)
a = (a1,a2,a3) = V2(A11,A12,A13),

1 1 b
-0 %)
b = (b1,b2,b3) = V2(B11,B12,B13), 2)

and

1
Tr(ACB'BC'A') = Z [1+y'b'by +a(xz’ +TH'OT)ad'].(3)
Note that under local unitary transformations, any two-

qubit state can be written as

Poo  Po1 P02 Po3
Py P11 P12 P13
Py P12 P22 P23
Pos Piz P P33

PAB =

Therefore,

Poo — P11+ P22 — P33 coo co1 0 co3
2(po2 — p13) | ocwooen 0 e @
0 B 2 0 0 ¢»n O ’
Poo — P11 — P22+ P33 ¢z 31 0 ¢33
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Then from Eq. (2) we have

2(po2 + p13)
x= 0 , (®))
Poo + P11 — P22 — P33
y' = (2(po1 +p23), 0, Poo— P11+ P22 — P33 ) , (6)
2(p12 + po3) 0 2(po2 — p13)
T= 0 2(p12 — po3) 0 . (D

2(po1 — p23) 0 Poo — P11 — P22+ P33

Substituting Egs. (5)—(7) into Eq. (3), we obtain
Tr(ACB'BC’'A)
1
= 4 l(co+cor+c3) + (clo +en+ety)af
+ (30 + €31 +€33)a3 +2(croc30 + c11¢31 + €13¢33)a1a3
+2co1co3b1b3 4+ 2cp1c12a2b1by + 2co3¢00a2b2b3 + C%za%b%
+2c¢q1 C]3a%b1 by + 26’3163361%[71 b3

+2(c13¢33 +c13¢31)arazbb3).

The key point in calculating GGQD is to obtain the maximal
value of Tr(ACB'BC'A’). Let

[ = (cGo+cor+ci3) + (o + e +efy)at + (5o +ean
+¢33)ad +2(croc30 + cr1c31 + c13¢33)aras
+2co1c03b1b3 +2c01c12a2b1b2 +2c03¢2202b2b3
+ C%Za%b% + 20116‘1361%[)1[73 + ZC31633a§b1b3
+2(c13¢33 +c13c31)arasbybs. ®)

|

Set

Moy = (c§y+cor +cb3) + (cfo +en
+efy)ai + (3o +e31 +ch)a3
+2(croc30 +cr1e31 +ci3e33)aias,

My3 = 2co1c03 + 2c11¢13a1 + 231 €3303
+2(cr1e33 +c13e3n)aras,
My = 2co1c0a2, Moz = 2co3¢0az,
My = c%za%.

Then f = My + Mi3b1b3 + Mi2b1by + Mazbybs + Mayb3. To
obtain the maximal value of Tr(ACB'BC’A’) we just need
to obtain the maximal value of f/4.

By taking a coordinate transformation b; = cos 6; sin 6,

by = sin B sin 6, and b3 = cos 6>, we have

j—gl = —M,3sin 6, cos 6, sin 6,
+ Mp3sin 6, cos 6, cos 8 — M, sin 6, cos 6, sin 6,
+ M>» sin’ 6,sin 6y cos 0; =0,
L My5c08 8y cos? 6 — Mys cos 6y sin 0
96, 13cos 01 cos” 6, 13 €os 0y sin” 6,
+ My3sin 6y cos? 6, — My3sin 6y sin? 6,
+ Mj;cos 6, cos? 0, — M, cos 6, sin’ 0,
+2M>; sin’ 0;sin6,cos 6, = 0.

The solutions of the above two equations can be divided into

the following twelve cases:

My, sin® 0; + \/(M13 cos 0] + Ma3sin0) + My cos 8;)2 + M3, sin* 6,

(i) cos® = (Mi3 — My +Mp2)?, cos>6r =

(ii) 4M3,(Mi3 — Mz +M2)cos 6,
—4M3,(My3 — Mas + Mi3) cos® 6
—4M3, (M3 + M»3) cos® 6
+ (M3 — Moz + M2)* (M3 + M) cos 6,
—4M222M23 cos” 6; sin 6,
+(M13 — Mz +Mi2)* Moz sin @ = 0.

M2
(iii) cos®6; = 232 5
(M2 +M,3)> + M3,
M M
sin291: (M2 + 223) 7 6, ={0,7};
(M2 +M3)> +M;

(iv) 6;={0,n}, 6, ={0,w}, Mi3+M;=0;

3
v 6, ={0,x}, 92:{7r n}7 M>3 =0;

44

2\/(M13 cos 6 + Ma3 sin @) -+ M cos ;)2 + M3, sin* 6,

>

\
Substituting the above solutions of df/d0; = df/d6, =0

into Eq. (8), f becomes a function of the parameters aj, ay,
and az. Further setting a; = cos 03sin 8y, a; = sin 03sin Oy,

a3z = cos B4 in max f, we can repeat the above procedure to

61,6,
find

1
J = —-maxmax f.

max
4 65,6, 6,6,

1
maxTr(ACB'BC'A') = -
A.B 4 6,,6,,05,04

Here the value of Ienaex f depends on M;;, which is a function
1,92

of 63 and 6;.

As we know, it is too difficult to calculate the exact value
of geometric global quantum discord.!?*! Nevertheless, our
method above can be used to calculate it and some detailed

examples will be given in the next section.
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3. Examples for geometric global quantum dis-
cord

We now apply our approach to calculate some two-qubit
states. Let us first consider X-states,[?*! which, under local

unitary transformations, have the form of

Poo  Pot P02 Po3
p(j);' Pll* —Po3 P13 . 9)
Pop  —Po3 P22 P23
Py P13 Py P33

PAB =

‘We have

f = (cGo+ctr) + (clo+cts)ai + (o +c33)a3
+2(c1oc30 +c13¢33)a1a3
+2co1cna2b1by +C%2a%b%lb3. (10)
From the above solutions, we getb; =0, by =0, b3 ={1,—1},
max f = max|[(cy +cg;) + (clo + ciz)at + (3o + 33)a3

AB 65,64
+2(c10c30 + c13¢33)araz]

2 2 2 27,2 2 24,2
= max [(cgo+cpy) + (cip+eiz)ar + (30 +c33)a3

ap,az,as

+2(c10c30 + c13¢33)ara3]. (11)

Since a% + a% +a§ =1 and a, does not appear in f, we set

ar =0 and a; = cos 63, a; = sin 3. Then

2,2 2 2 2 2 2 2N
f = (cgo+cpy +cip+c13) + (€30 + ¢33 — ¢1p — ¢13) sin” 65

+2(c10¢30 + ¢13¢33) sin B3 cos 03

and

0 )
&—é; = (c%o + 0%3 — c%o — c%) sin20;

+2(c10c30 +c13¢33) €08 2603 = 0,

which gives rise to either 63 = {71/4,37/4} if 3y +c3; — 3y —
0%3 =0, or

2(c10c30 + €13¢33)

5 .2 2 2
€30 €33 — €1 — €73

1
0; = —arct
3 = - arctan
if ¢+ cly—cly—cly #0. Substituting the results into
Eq. (11), we can obtain the GGQD of pgss.
Now, we would like to show a more detailed example. Let

us consider

1
~(I®I—-o0y®0,+C30,®0;)

p = 4
1+CG; O 0 1
_ 0 1-CG3 -1 0
- 0 -1 1-C3 0 ’ (12)
1 0 0 146G

which is a state of the form (9). From Eq. (4) we can obtain

1 0 0 O
1{f0o 0 0 O

C=310 0 -1 o

00 0 G

Furthermore, f = 1+ C3a3 + a3b} = 2+ (C3 — 1)a}. Fur-
thermore, if C3 —1 > 0, then maxf = C3 + 1. Hence,
maxTr(ACB'BC'A’) = }(C3 + 1), Tr(CC') = 1(C? +2).
We have

1
DYS(p) =Tr(CC") - rﬁag(Tr(ACB’BC’A’) =7 (13
Otherwise, if C% —1 <0, then max f = 2,
1 1
maxTr(ACB'BC’'A’) = 5 Tr(CC') = Z(C§ +2).
We have
1
DYS(p) =Tr(CC") - njaécTr(ACB’BC’A’) = Zc%. (14)
In conclusion, equation (12) can be written in a uniformed
equation
D (p) = Tr(CC) —ngaé(Tr(ACB’BC’A’)
1403 —max{1,C3}
= 1 .
It is remarked that Example 2 in Ref. [23] has the same result

as our example.

4. Conclusions and discussion

We have calculated the geometric global quantum dis-
cord for arbitrary two-qubit states. Although the geometric
global quantum discord is controlled by many parameters of
the quantum states, we analyze the symmetry of geometric
global quantum discord and simplify the problem. Then we
adopt our method to demonstrate how the parameter of two-
qubit states influences the outcome. Furthermore, continuing
our idea we work out the extremum problem which lies at the
core of calculating the geometric global quantum discord for
arbitrary two-qubit states and obtain the accurate solution of
the geometric global quantum discord for arbitrary two-qubit

states. Some detailed examples are also presented.
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