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The functionally generalized variable separation of the generalized nonlinear diffusion equations ut = A(u,ux)uxx +
B(u,ux) is studied by using the conditional Lie–Bäcklund symmetry method. The variant forms of the considered equations,
which admit the corresponding conditional Lie–Bäcklund symmetries, are characterized. To construct functionally gener-
alized separable solutions, several concrete examples defined on the exponential and trigonometric invariant subspaces are
provided.
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1. Introduction
It is well known that symmetry-related methods play im-

portant roles in studying symmetry reductions and construct-
ing exact solutions to nonlinear partial differential equations
(NPDEs). Up to now, a number of effective approaches
have been presented. For instance, the Lie point symmetry
method,[1–4] also known as the classical symmetry method
due to Sophus Lie in 1881, is regarded as the most popular
technique. The nonclassical symmetry method,[5–12] as an ex-
tension of Lie’s classical method, which was introduced by
Bluman and Cole, can be applied to find more types of ex-
act solutions to some NPDEs. In comparison with the sym-
metry method, the direct method[13–17] proposed by Clarkson
and Kruskal can be used to realize reductions of NPDEs with-
out any reference to the Lie group theory. Here we especially
emphasize the conditional Lie–Bäcklund symmetry (CLBS)
method introduced by Fokas and Liu[18] and Zhdanov,[19]

which is a natural extension of the nonclassical symmetry
method. For that matter, the algorithm of the CLBS is sim-
ilar to that of the nonclassical symmetry. From the point of
view of the ansatz form of the solution, we now focus on the
following two kinds of ansatzs. One is the functional separable
solution (FSS)[20,21]

g(u) = ψ(x)+φ(t).

The other is the derivative-dependent functional separable
solution[22,23]

g(u,ux) = ψ(x)+φ(t),

which is an extension of the former. These two variable sep-
aration approaches based on their corresponding CLBSs have
been widely applied to classify and construct exact solutions
of some nonlinear evolution equations.

In this paper, we develop the CLBS method to study the
functionally generalized separable solutions (FGSSs)

g(u) = φ1(t)ψ1(x)+φ2(t)ψ2(x)+ · · ·+φn(t)ψn(x)

to the generalized nonlinear diffusion equations

ut = A(u,ux)uxx +B(u,ux), (1)

where A(u,ux) and B(u,ux) are smooth functions of the indi-
cated variables to be settled. Obviously, the FGSS is an ex-
tension of the FSS. The FSSs to Eq. (1) were solved by using
CLBS.[24] Furthermore, seeking for the approximate FSSs of
Eq. (1) with perturbation was taken by way of approximate
CLBS.[25]

The layout of this paper is as follows. In Section 2, we re-
view some basic definitions and fundamental theorems on the
CLBS method and the invariant subspace (IS) method. In Sec-
tion 3, the classification of Eq. (1) admitting certain CLBSs
and the corresponding ISs are presented. In Section 4, some
FGSSs to the resulting equations are constructed by way of ex-
amples. The last section gives the conclusion and discussion.

2. Preliminaries
For convenience, we review some basic facts on the

CLBS and the IS methods for the nonlinear evolution
equations.[18–23]
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Consider the k-th order nonlinear evolution equation

ut = E(t,x,u,u1, . . . ,uk), ui = ∂
iu/∂xi, (2)

let

V =
∞

∑
i=0

Di
xη

∂

∂ui
(3)

be an evolutionary vector field and η = η(t,x,u,u1,u2, . . . ,un)

be its characteristic, where the total derivative operators are
defined as

Dx =
∂

∂x
+

∞

∑
k=0

uk+1
∂

∂uk
,

D j+1
x = Dx(D j

x), D0
x = 1.

Definition 1 The evolutionary vector field (3) is said to
be a Lie–Bäcklund symmetry of Eq. (2) if and only if

V (ut −E)|[L] = 0,

where [L] is the set of all the differential consequences of
Eq. (2), that is

ut −E = 0, D j
xDk

t (ut −E) = 0, j,k = 0,1,2, . . . .

Definition 2 The evolutionary vector field (3) is said to
be a CLBS of Eq. (2) if and only if

V (ut −E)|[L]∩[M] = 0,

where [M] denotes the set of all the differential consequences
of equation η = 0 with respect to x, that is D j

xη = 0, j =
0,1,2, . . . .

Proposition 1[18,19] Equation (2) admits the CLBS (3) if
there exists a function S(t,x,u,η) so that

∂η

∂ t
= [E,η ]+S(t,x,u,η), S(t,x,u,0) = 0, (4)

where [E,η ] = E ′η − η ′E, the prime denotes the Fréchet
derivative, and S is an analytic function of t, x, u, ux, . . . and η ,
Dxη , D2

xη , . . . .
Following this proposition, equation (2) admits the CLBS

(3) with the characteristic η if

Dtη |[L]∩[M] = 0. (5)

Let

σ = [g(u)]nx +a1(x)[g(u)](n−1)x + · · ·+an(x)g(u) (6)

be a characteristic of Eq. (1), where [g(u)]ix = ∂ i(g(u))/∂xi.
If equation (1) admits CLBS (6), then equation

vt = P(v,vx)vxx +Q(v,vx) (7)

admits CLBS

η = vnx +a1(x)v(n−1)x + · · ·+an(x)v. (8)

In fact, equation (1) is related to Eq. (7) via

u = f (v),

P(v,vx) = A(u,ux),

Q(v,vx) = g′(u)B(u,ux)−A(u,ux)g′′(u)u2
x , (9)

where the primes denote the derivatives with respect to u, and
u = f (v) denotes the inverse function of v = g(u). To proceed,
the following proposition is necessary.

Proposition 2 Equation (7) admits the CLBS with the
characteristic (8) if and only if

η
′E(v)|[M] = 0, (10)

where the prime denotes the Fréchet derivative, and

E(v)≡ P(v,vx)vxx +Q(v,vx). (11)

By Proposition 2, we conclude that equation (10) is right,
the invariance condition of the subspace

Wn = W{ f1(x), f2(x), . . . , fn(x)}

≡

{
n

∑
i=1

Ci fi(x),Ci ∈ R

}
(12)

with respect to the operator E, where Wn is the solution space
of η = vnx +a1(x)v(n−1)x + · · ·+an(x)v = 0.

Thus it is easy to know that E[Wn]⊂Wn, that is

E

[
n

∑
i=1

Ci fi(x)

]
=

n

∑
i=1

ϕi(C1,C2, . . . ,Cl) fi(x). (13)

If equation (7) admits CLBS (8), then equation (7) has the
generalized separable solution (GSS)

v(x, t) =
n

∑
i=1

Ci(t) fi(x), (14)

where the coefficients {Ci(t)} are determined by the first order
dynamical system

C′i(t) = ϕi(C1(t),C2(t), . . . ,Cn(t)), i = 1,2, . . . ,n. (15)

To estimate the dimension of the IS admitted by the oper-
ator E, the following theorem is helpful.

Theorem 1[26] If linear space Wn is invariant with respect
to the nonlinear operator E of order j, then

n≤ 2 j+1.

In terms of this theorem, we investigate CLBSs (8) with
2≤ n≤ 5 for Eq. (7).
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3. Equation (7) admitting GSSs (14)
We first consider the case of n = 2.
By proposition 2, equation (7) admits CLBS (8) if

η
′E(v)|[M] = (2a1Pvvx −a2

1Pvxvx −Pvv)a1v3
x

+[(4a1a2Pvvx −3a2
1a2Pvxvx −a2Pvv)v

+(3Pvx a1−2Pv)a′1−2Pvx a3
1

+(Qvxvx+2Pv)a
2
1 +(3Pvx a2−2Qvvx)a1

−2Pva2 +Qvv]v2
x +[(2Pvvx −3Pvxvx a1)v2a2

2

+(3Pvx va2−Qvx +2Pa1)a′1
−Pa′′1−Qvx a2 +((2Qvxvx −4Pvx a1 +3Pv)a1

+3Pvx a2−2Qvvx)va2

+((3Pvx a1−2Pv)v−2P)a′2]vx−Pvxvx a2v3

+[(Qvxvx −2Pvx a1 +Pv)a2 +3Pvx a′2]a2v2

− [Pa′′2 +Qvx a′2 +(Qv−2Pa′1)a2]v+Qa2

= 0, (16)

where P = P(v,vx), Q = Q(v,vx), and ai = ai(x) (i = 1,2).
The primes denote the derivatives with respect to x, and the
subscripts denote the partial derivatives with respect to the in-
dicated variables.

Because not all solutions of Eq. (16) can be obtained, we
just present some special solutions listed in Table 1. It is worth
noting that the following cases:

P(v,vx) = A(v)vm−1
x , Q(v,vx) = B(v)vm+1

x +C(v),

P(v,vx) = A(v), Q(v,vx) = B(v)v2
x +C(v)vx +E(v),

are two special cases in Eq. (7).

Table 1. CLBSs (8) and ISs with n = 2 of Eq. (7).

No. Eq. (7) CLBS (8) IS (12)

(i) vt = P(v,vx)vxx +Q(v,vx) η = vxx W{x,1}

(ii) vt =
[

hi
rv −

g1(v2
x+rv2)vx

v(v2
x+rv2)

+g2(v2
x + rv2)

]
vxx +hi η = vxx + rv W{g(1)1 ,g(2)1 } W{g(1)2 ,g(2)2 }

(iii) vt =
( vm

x +svn− f1
rvx

+ f2
)
vxx + vm

x + svn η = vxx + rvx W{exp(−rx),1}

(iv) vt =
( vm

x +svn
x− f1

rvx
+ f2

)
vxx + vm

x + svn
x η = vxx + rvx W{exp(−rx),1}

(v) vt = tan(vx)vxx + f1 + f2v+h3(v,vx) η = vxx + rvx W{exp(−rx),1}

(vi) vt = cot(vx)vxx + f1 + f2v−h4(v,vx) η = vxx + rvx W{exp(−rx),1}

(vii) vt = sin(vx)vxx + f1 + f2v+ rvx sin(vx) η = vxx + rvx W{exp(−rx),1}

(viii) vt = cos(vx)vxx + f1 + f2v+ rvx cos(vx) η = vxx + rvx W{exp(−rx),1}

(ix) vt = sinh(vx)vxx + f1 + f2v+ rvx sinh(vx) η = vxx + rvx W{exp(−rx),1}

(x) vt = cosh(vx)vxx + f1 + f2v+ rvx cosh(vx) η = vxx + rvx W{exp(−rx),1}

(xi) vt = tanh(vx)vxx + f1 + f2v− 2rvx
exp(2vx)+1 η = vxx + rvx W{exp(−rx),1}

(xii) vt = coth(vx)vxx + f1 + f2v+ 2rvx
exp(2vx)−1 η = vxx + rvx W{exp(−rx),1}

(xiii) vt = exp(vx)vxx + f1 + f2v+ rvx exp(vx) η = vxx + rvx W{exp(−rx),1}

(xiv) vt = ln(vx)vxx + f1 + f2v+ r(rv+ vx ln(vx)) η = vxx + rvx W{exp(−rx),1}

(xv) vt = (vm
x + svn)vxx + f1 + f2v+ r(vm+1

x + svxvn) η = vxx + rvx W{exp(−rx),1}

(xvi) vt = (vm
x + svn

x)vxx + f1 + f2v+ r(vm+1
x + svn+1

x ) η = vxx + rvx W{exp(−rx),1}

(xvii) vt = arctan(vx)vxx + f1 + f2v+ r(vx arctan(vx)+1) η = vxx + rvx W{exp(−rx),1}

In Table 1,

f1 = f1(vx + rv), f2 = f2(vx + rv),

g(1)1 = sin(
√

rx), g(2)1 = cos(
√

rx), r > 0;

g(1)2 = sinh(
√
−rx), g(2)2 = cosh(

√
−rx), r < 0;

h1 = arcsin(vx), h2 = arccos(vx), h3 = v2m
x + vvx;

h4(v,vx) = r[3r2v2 + vx(4rv+ vx + tan(vx))];

h5(v,vx) = r[3r2v2 + vx(4rv+ vx− cot(vx))];

and r, s, m, and n are arbitrary constants in their sets of defini-
tion when not specified.

In the same way, we can obtain the determining systems
for n = 3,4,5. Since the determining systems are quite com-

plicated, they are omitted here. Finally, a complete classifica-
tion to CLBSs (8) and ISs (12) with n = 3,4,5 of Eq. (7) is
presented in Table 2.

In Table 2,

h(1)1 = exp
{

1
3

[
1
h
(
√

3I−1)(r2
1−3r2)

− 1
4
(1+
√

3I)h− r1

]
x
}
,

h(2)1 = exp
{

1
3

[
1
h
(
√

3I +1)(3r2− r2
1)

+
1
4
(
√

3I−1)h− r1

]
x
}
, I =

√
−1;
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h(3)1 = exp
{

1
3

[
2(r2

1−3r2)

h
− 1

2
h− r1

]
x
}
,

h = exp
[

36r1r2−8r3
1−108r3 +12(12r3

2 +81r2
3

+12r3
1r3−3r2

1r2
2−54r1r2r3)

1/2
]1/3

;

f1(v,vx) = c1vx + c2v+ c3,

g1(v,vx) = r1c1v2
x +[(r1c2 + r2c1)v+ c4]vx

+r2c2v2 + c5v+ c6;

h(1)2 = exp
(
−r1x

2

)
sin
(√
−∆x
2

)
,

h(2)2 = exp
(
−r1x

2

)
cos
(√
−∆x
2

)
, ∆ = r2

1−4r2 < 0;

h(1)3 = exp

(
(−r1 +

√
∆)x

2

)
,

h(2)3 = exp

(
(−r1−

√
∆)x

2

)
, ∆ = r2

1−4r2 > 0;

h(1)4 = exp
(
−r1x

2

)
, h(2)4 = xexp

(
−r1x

2

)
,

r2
1−4r2 = 0;

f2(v,vx) =
(c1v+ c2)v2

x

2
+(c3v+ c4)vx

+
r2c1v3 +(3r2c2 + c5)v2

2
+ c6v+ c7,

g2(v,vx) = −c1v4
x

4
− c3v3

x

2

+
(2c8− c5v)v2

x

4
+

(
r2c3v2

2
+ r2c4v+ c9

)
vx

+
r2[c1r2v4 +(4r2c2 + c5)v3]

4

+
r2(2c6 + c8)v2

2
+ c10v+ c11;

h(1)5 = sin(
√

r2x), h(2)5 = cos(
√

r2x), r2 > 0;

h(1)6 = exp(
√
−r2x), h(2)6 = exp(−

√
−r2x), r2 < 0;

f3(v,vx) = −c1v−6c2

12
v2

x−
(c3v

3
− c4

)
vx

−2c5v2 + c6v+ c7,

g3(v,vx) =
c1v4

x

24
+

c3v3
x

6
+
(

c5v+
c8

2

)
v2

x

+c9vx + c10v+ c11;

g4(v,vx) =
c1v2

x

2
+(c2v+ c4)vx + c5v+ c6;

and ri, ci (i ∈ N) are arbitrary constants in their sets of defini-
tion when not specified.

Table 2. CLBSs (8) and ISs with n = 3,4,5 of Eq. (7).

No. Eq. (7) CLBS (8) IS (12)

(i) vt = c1vxx + c2vx + c3v η = v3x + r1v2x + r2vx + r3v W{h(1)1 ,h(2)1 ,h(3)1 }
(ii) vt = f1(v,vx)vxx +g1(v,vx) η = v3x + r1v2x + r2vx W{h(1)2 ,h(2)2 ,1}

W{h(1)3 ,h(2)3 ,1}
W{h(1)4 ,h(2)4 ,1}

(iii) vt = f2(v,vx)vxx +g2(v,vx) η = v3x + r2vx W{h(1)5 ,h(2)5 ,1}
W{h(1)6 ,h(2)6 ,1}

(iv) vt = f3(v,vx)vxx +g3(v,vx) η = v3x W{x2,x,1}
(v) vt =− 2

3 c1vvxx +
1
2 c1v2

x + c2v η = v3x− 6
x v2x +

18
x2 vx− 24

x3 v W{x4,x3,x2}
(vi) vt =

( c1vx
2r1

+ c2v
r1

+ c3
)
vxx +g4(v,vx) η = v3x + r1v2x W{exp(−r1x),x,1}

(vii) vt =
(
− 2

3 c1v+ c2
)
vxx +

1
2 c1v2

x + c3v+ c4 η = v3x− 3
x v2x +

3
x2 vx W{x4,x2,1}

(viii) vt = c1vxx + c2vx + c3 η = v4x + r1v3x + r2v2x W{h(1)2 ,h(2)2 ,x,1}
W{h(1)3 ,h(2)3 ,x,1}
W{h(1)4 ,h(2)4 ,x,1}

(ix) vt = c1vxx + c2 η = v5x +a1(x)v4x +a2(x)v3x infinite ISs

4. Some GSSs of Eqs. (1) and (7)

In this section, we construct GSSs to the equations ob-
tained in the last section. These solutions are determined ex-
plicitly with some finite-dimensional dynamical systems. We
take several examples to illustrate the calculation procedure.

Example 1 The equation

vt =

[
arcsin(vx)

rv
− g1(v2

x + rv2)vx

v(v2
x + rv2)

+g2(v2
x + rv2)

]
vxx + arcsin(vx)

admits the CLBS

η = vxx + rv.

(i) If r > 0, the corresponding GSS defined on the IS
W{sin(

√
rx),cos(

√
rx)} is given by

v(x, t) = φ1(t)sin
(√

rx
)
+φ2(t)cos

(√
rx
)
,
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where φ1(t) and φ2(t) satisfy the following dynamical system:

ψ(t)φ ′1(t)+ rψ(t)φ1(t)g2(ψ(t))+ r3/2
φ2(t)g1(ψ(t)) = 0,

ψ(t)φ ′2(t)+ rψ(t)φ2(t)g2(ψ(t))− r3/2
φ1(t)g1(ψ(t)) = 0,

ψ(t)− r
(
φ

2
1 (t)+φ

2
2 (t)

)
= 0.

(ii) If r < 0, the corresponding GSS defined on the IS
W{sinh(

√
−rx),cosh(

√
−rx)} is given by

v(x, t) = φ1(t)sinh(
√
−rx)+φ2(t)cosh(

√
−rx),

where φ1(t) and φ2(t) satisfy the following dynamical system:

θ(t)φ ′1(t)+ rθ(t)φ1(t)g2(θ(t))+(−r)3/2
φ2(t)g1(θ(t)) = 0,

θ(t)φ ′2(t)+ rθ(t)φ2(t)g2(θ(t))+(−r)3/2
φ1(t)g1(θ(t)) = 0,

θ(t)− r
(
φ

2
2 (t)−φ

2
1 (t)

)
= 0.

By the transformation v = g(u), we can obtain the corre-
sponding FGSS of the equation

ut

=

[
arcsin(g′(u)ux)

rg(u)
− g′(u)g1(k(u,ux))ux

g(u)k(u,ux)
+ g2(k(u,ux))

]
uxx

−g′′(u)
[

g1(k(u,ux))ux

g(u)k(u,ux)
− g2(k(u,ux))

g′(u)

]
u2

x

+
(g′′(u)u2

x + rg(u))arcsin(g′(u)ux)

rg(u)g′(u)
,

where k(u,ux) = (g′(u))2u2
x + rg2(u).

Example 2 The equation

vt = sinh(vx)vxx + f1(vx + rv)+ f2(vx + rv)v+ rvx sinh(vx)

admits the CLBS

η = vxx + rvx.

The corresponding GSS is

v(x, t) = φ1(t)+φ2(t)exp(−rx),

where φ1(t) and φ2(t) satisfy the following dynamical system:

φ
′
1(t)− f1(rφ1(t))− f2(rφ1(t))φ1(t) = 0,

φ
′
2(t)− f2(rφ1(t))φ2(t) = 0.

By the appropriate transformation v= g(u), we can obtain
the FGSS of the equation

ut = sinh(g′(u)ux)uxx +[(g′′(u)u2
x + rg(u))sinh(g′(u)ux)

+ f1(l(u,ux))+g(u) f2(l(u,ux))]/g′(u),

where l(u,ux) = g′(u)ux + rg(u).
Example 3 The equation

vt = (c1vx + c2v+ c3)vxx + r1c1v2
x

+[(r1c2 + r2c1)v+ c4]vx + r2c2v2 + c5v+ c6

admits the CLBS

η = vxxx + r1vxx + r2vx.

The corresponding GSSs are given as follows.
(i) If r2

1 < 4r2,

v(x, t) = φ1(t)exp
(
− r1x

2

)
sin


√

4r2− r2
1x

2


+φ2(t)exp

(
− r1x

2

)
cos


√

4r2− r2
1x

2

+φ3(t),

(17)

where φ1(t), φ2(t), and φ3(t) satisfy the following dynamical
system:[

r2

( r1c1

2
− c2

)
φ3(t)+

r1(c4− r1c3)

2
+ r2c3− c5

]
φ1(t)

+φ
′
1(t)+

√
4r2− r2

1

2
(r2c1φ3(t)− c3r1 + c4)φ2(t) = 0,[

r2

( r1c1

2
− c2

)
φ3(t)+

r1(c4− r1c3)

2
+ r2c3− c5

]
φ2(t)

+φ
′
2(t)−

√
4r2− r2

1

2
(r2c1φ3(t)− c3r1 + c4)φ1(t) = 0,

φ
′
3(t)− r2c2φ

2
3 (t)− c5φ3(t)− c6 = 0.

(ii) If r2
1 > 4r2,

v(x, t) = φ1(t)exp

 (−r1 +
√

r2
1−4r2)x

2


+φ2(t)exp

 (−r1−
√

r2
1−4r2)x

2

+φ3(t), (18)

where φ1(t), φ2(t), and φ3(t) satisfy the following dynamical
system:

φ
′
1(t) +

[ (r1−
√

r2
1−4r2)(r2c1φ3(t)− r1c3 + c4)

2

− r2c2φ3(t)+ r2c3− c5

]
φ1(t) = 0,

φ
′
2(t) +

[ (r1 +
√

r2
1−4r2)(r2c1φ3(t)− r1c3 + c4)

2

− r2c2φ3(t)+ r2c3− c5

]
φ2(t) = 0,

φ
′
3(t) − r2c2φ

2
3 (t)− c5φ3(t)− c6 = 0.

(iii) If r2
1 = 4r2,

v(x, t) = φ1(t)exp

 (−r1 +
√

r2
1−4r2)x

2


030202-5
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+φ2(t)exp

 (−r1−
√

r2
1−4r2)x

2

+φ3(t), (19)

where φ1(t), φ2(t), and φ3(t) satisfy the following dynamical
system:

φ
′
1(t)+

[
r2

1(r1c1−2c2)φ3(t)
8

− r1(r1c3−2c4)

4
− c5

]
φ1(t) = 0,

φ
′
2(t)+

[
r2

1(r1c1−2c2)φ3(t)
8

− r1(r1c3−2c4)

4
− c5

]
φ2(t)

−
[

c1r2
1φ3(t)
4

− c3r1 + c4

]
φ1(t) = 0,

φ
′
3(t)−

r2
1c2φ 2

3 (t)
4

− c5φ3(t)− c6 = 0.

By the appropriate transformation v= g(u), we can obtain
the FGSSs of the equation

ut =
(
c1g′(u)ux + c2g(u)+ c3

)
uxx + c1g′′(u)u3

x

+

[
(c2g(u)+ c3)g′′(u)

g′(u)
+ c1r1g′(u)

]
u2

x

+ [(r1c2 + r2c1)g(u)+ c4]ux

+
r2c2g2(u)+ c5g(u)+ c6

g′(u)

from the above GSSs of Eqs. (17)–(19) respectively.
Example 4 The equation

vt = c1vxx + c2vx + c3

admits the CLBS

η = vxxxx + r1vxxx + r2vxx.

The corresponding GSSs are given below.
(i) If r2

1 < 4r2,

v(x, t) = k1 exp
(
(c1r2

1−2c1r2− r1c2)t− r1x
2

)

× cos

 ((r1c1− c2)t− x)
√

4r2− r2
1

2


+k2 exp

(
(c1r2

1−2c1r2− r1c2)t− r1x
2

)

× sin

 ((r1c1− c2)t− x)
√

4r2− r2
1

2


+(c2k3 + c3)t + k3x+ k4. (20)

(ii) If r2
1 > 4r2,

v(x, t) = k1 exp

(
((r1c1− c2)

√
r2

1−4r2 + c1r2
1−2c1r2− c2r1)t−

(√
r2

1−4r2 + r1

)
x

2

)

+k2 exp

(
((c2− r1c1)

√
r2

1−4r2 + c1r2
1−2c1r2− c2r1)t +

(√
r2

1−4r2− r1

)
x

2

)
+(c2k3 + c3)t + k3x+ k4. (21)

(iii) If r2
1 = 4r2,

v(x, t) = [k1x− k1(r1c1− c2)t + k2]

× exp
(

r1(r1c1−2c2)

4
− r1x

2

)
+(c2k3 + c3)t + k3x+ k4. (22)

Here ki (i = 1, . . . ,4) are arbitrary constants in their sets of
definition when not specified.

By the appropriate transformation v = g(u), we can re-
spectively obtain the FGSSs of the equation

ut = c1uxx +
c1g′′(u)u2

x

g′(u)
+ c2ux +

c3

g′(u)

from the above GSSs of Eqs. (20)–(22).

5. Discussion and conclusion
By using the CLBS and IS methods, we have studied

the problem of FGSSs for the generalized nonlinear diffu-

sion equations. Those equations admitting the corresponding
CLBSs with ISs have been obtained and displayed in tables.
Finally, we have derived the FGSSs of some resulting equa-
tions. In general, these solutions cannot be obtained by other
relevant approaches.

There are still two interesting questions to be answered
in the future: (i) How to develop the CLBS method with IS
to investigate the FGSSs of other types of evolution equations,
such as higher-dimensional equations? (ii) How to solve the
approximate FGSS of NPDEs with perturbation terms? We
expect that certain other types of NPDEs could be investigated
by means of the CLBS and the IS approaches, and some new
results would be obtained sooner or later.
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