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The effects of high pressure on lattice stability, mechanical and thermodynamic properties of L12 structure Al3Tm
and Al3Lu are studied by first-principles calculations within the VASP code. The phonon dispersion curves and density
of phonon states are calculated by using the PHONONPY code. Our results agree well with the available experimental
and theoretical values. The vibrational properties indicate that Al3Tm and Al3Lu keep their dynamical stabilities in L12
structure up to 100 GPa. The elastic properties and Debye temperatures for Al3Tm and Al3Lu increase with the increase
of pressure. The mechanical anisotropic properties are discussed by using anisotropic indices AG, AU , AZ, and the three-
dimensional (3D) curved surface of Young’s modulus. The calculated results show that Al3Tm and Al3Lu are both isotropic
at 0 GPa and anisotropic under high pressure. In the present work, the sound velocities in different directions for Al3Tm
and Al3Lu are also predicted under high pressure. We also calculate the thermodynamic properties and provide the rela-
tionships between thermal parameters and temperature/pressure. These results can provide theoretical support for further
experimental work and industrial applications.
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1. Introduction

The Al3M trialuminide compounds with L12 structure in
aluminum alloys have attracted a great deal of attention re-
cently due to their particularly attractive characteristics includ-
ing low densities, high specific strengths, very high melting
points and excellent oxidation resistances.[1–6] Among them,
Al3Sc is the most studied intermetallics so far, since it has a
thermodynamically stable L12 structure, relatively large vol-
ume fraction, and modest coarsening rate.[1,7,8] However, the
high cost of Sc limits its industrial applications. Like Sc, Tm
and Lu are cheaper than Sc and can also form thermodynam-
ically stable L12-structured trialuminide compound.[9,10] The
microstructure and mechanical properties of Tm and Lu con-
taining Al alloys have been investigated, and it has been found
that Tm and Lu can improve the creep-resistance properties
of Al alloys by forming L12 structure Al3Tm and Al3Lu pre-
cipitates or solid solved in the matrix.[11] The recent studies
of L12 structures Al3Tm and Al3Lu mainly focused on the
electronic structure and elastic constant under ground states.
Tao et al.[12] calculated the density of states and elastic mod-
ulus at the pressure of 0 GPa using first-principles calcula-
tions. Tsvyashchenko et al.[9] employed the time-differential
perturbed angular correlations technique (TDPAC) to measure

the parameters of hyperfine interactions in known Al3RE com-
pounds. However, to the best of our knowledge, no first-
principles calculations about the relationship between pressure
and lattice stability, mechanical and thermodynamic proper-
ties for L12 structure Al3Tm and Al3Lu have been performed
so far. So the effects of high pressure on phase stability, elastic
constants and thermodynamic properties should be discussed
for the further considerations. With the development of com-
puter science and technology, first-principles calculations have
successfully predicted the physical and chemical properties of
the materials.[13–21] In the present work, the first-principles
calculations are performed to better clarify and understand the
lattice stabilities, mechanical and thermodynamic properties
for L12 structures Al3Tm and Al3Lu under high pressure.

2. Computational methods

The first-principles calculations are based on density
functional theory (DFT) and employ the plane-wave pseudo-
potential total energy method as implemented in the VASP
code.[22] Projector augmented wave (PAW) functions were
used and exchange correlation functional was treated using the
generalized gradient approximations (GGA) of the Perdew–
Burke–Ernzerhof (PBE). The k-point meshes for Brillouin
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zone sampling were constructed using the Monkhorst–Pack
scheme. The 12×12×12 k-point meshes were used for Al3Tm
and Al3Lu. Spin polarization was considered in all calcula-
tions. The kinetic cut-off energy of 500 eV has been tested to
be sufficient for convergence. The convergence of the energy
was less than 1.0×10−5 eV. Force was converged to less than
1.0×10−4 eV·Å−1. In order to obtain the vibrational proper-
ties, we carried out the phonon calculation by using the su-
percells approach and used the 3×3×3 supercells for Al3Tm
and Al3Lu. Real-space force constants were calculated us-
ing the density functional perturbation theory (DFPT) with the
VASP code. Phonon frequencies were calculated by using the
PHONOPY code.[23]

3. Results and discussion
In the present work, L12 structure Al3Tm and Al3Lu be-

long to face-centered cubic crystal structures, each with space
group Pm3̄m (No. 221). In the unit cell, the Tm/Lu and Al
atoms occupy the Wyckoff site 1a (0, 0, 0) and 3c (0, 1/2, 1/2),
respectively. The experimental lattice parameters of Al3Tm
and Al3Lu are 4.2215 Å and 4.2947 Å.[24] In order to de-
termine the thermodynamic stabilities for Al3Tm and Al3Lu,
we calculate the formation enthalpies for Al3Tm and Al3Lu.
The calculated results are −40.4 kJ/mol and −39.1 kJ/mol for
Al3Tm and Al3Lu, respectively. The obtained results agree
well with the available experimental values.[24] We can note
that Al3Tm has a stronger thermodynamic stability than Al3Lu
since Al3Tm possesses the lower values of formation enthalpy.

3.1. Vibrational properties and dynamical stability

The vibrational properties play an important role in de-
termining the physical properties of solids, such as dynami-
cal stabilities, phase transitions, electron–phonon interactions
and heat conductions and so on. We calculate the phonon
spectra of Al3Tm and Al3Lu and examine their dynamical
stabilities. The phonon spectrum curves at arbitrary values
of wave vector q of the Brillouin zone (BZ) for Al, Al3Tm
and Al3Lu are shown in Figs. 1 and 2. In Fig. 1, we show
the phonon dispersion curves of Al. The calculated values
are plotted as solid lines. The experimental data from the
inelastic neutron scattering measurement[25] are plotted as cir-
cles. The calculated values are in good agreement with the
experimental data, indicating that our computational method
is reliable. Figure 2 shows the phonon dispersion curves for
Al3Tm and Al3Lu along Γ –X–M–Γ –R directions in the first
Brillouin zone at 0, 50, 100 GPa. The shapes of phonon
spectrum curves are similar to each other. As the unit cells
of Al3Tm and Al3Lu each contain 4 atoms, there are 12
phonon branches, which contain 9 optical modes and 3 acous-
tic modes. Phonon calculations can provide a criterion for

crystal dynamical stability and indicate structural stability
through the non-appearance of mode softening. As can be
seen from Figs. 2(a) and 2(b), all phonon modes have posi-
tive frequencies, indicating the dynamical stabilities of these
compounds in the L12 structure at 0 GPa. The total and partial

0

2

4

6

8

10

 Exp.

[ζ00] [0ζ1] [0ζζ] [ζζζ]

F
re

q
u
en

cy
/
T
H
z

 Cal.

Γ ΓX X L

Fig. 1. Phonon dispersion curves of Al and the circles correspond to the
experimental data.
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Fig. 2. Phonon dispersion curves for Al3Tm (a) and Al3Lu (b) under
different pressures.
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densities of phonon states (PHDOS) are displayed in Fig. 3.
The PHDOS curves can be divided into three distinct regions.
The low frequency region belongs to the acoustic modes and
derives from the hybridization of the vibrational motions of Al
and Tm/Lu atoms in the low frequency range of the phonon
spectrum. The middle and high frequency regions result from
optical modes, and are dominated by the vibration motions of
Al atoms. Figure 2 also shows phonon spectra of Al3Tm and
Al3Lu at 50 GPa and 100 GPa. In Fig. 2, there is neither neg-
ative frequency nor mode softening at 50 GPa and 100 GPa,
indicating that Al3Tm and Al3Lu will keep L12 structure sta-
ble from 0 GPa to 100 GPa. Some numerical values at high
symmetry point Γ are listed in Table 1. When the pressure
increases, we can see that most mode frequencies move up to
a higher frequency and the band gap between the highest op-
tical branches and the rest of the phonon branches has already
disappeared. The phenomenon results from the shorter bond
length with increasing pressure. The shorter bond can lead to
the larger force constants and higher phonon frequencies.[26]
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Fig. 3. (color online) Calculated total and partial densities of phonon states
for L12 Al3Tm, and Al3Lu at 0 GPa.

Table 1. Phonon frequencies (in THz) at the Γ point for L12 Al3Tm,
and Al3Lu at different pressures (in GPa).

Al3Tm Al3Lu
Pressure

T1u(1) T1u(2) T2u T1u(1) T1u(2) T2u

0 8.594 7.826 5.512 8.489 7.482 5.227

50 13.912 11.839 8.721 9.764 8.512 6.184

100 16.912 14.892 10.128 16.233 13.261 9.821

3.2. Elastic properties and elastic anisotropy

For elastic constants, we employ the stress-strain method
proposed by Shang et al.[27] to calculate the elastic constants
and use the Voigt–Reuss–Hill method[28] to obtain the Bulk
modulus B, Young’s modulus E and shear modulus G. The

value of bulk modulus (in GPa) B = (BV +BR)/2, where BV

and BR are the Voigt’s and the Reuss’s bulk modulus respec-
tively. The value of shear modulus G = (GV +GR)/2, where
GV and GR are the Voigt’s and the Reuss’s shear modulus re-
spectively. They are defined respectively as

BV = BR = (C11 +C12)/3, (1)

GV = (C11 −C12 +3C44)/5, (2)

GR = 5(C11 −C12)C44)/[4C44 +3(C11 −C12)]. (3)

Using the two formulas:

E = 9BG/(3B+G), v = (3B−E)/6B,

the polycrystalline Young’s modulus E (in GPa) and Poisson’s
ratio v are obtained. These constants are listed in Table 2. At
0 GPa, the values of elastic properties of Al3Tm and Al3Lu
are in good agreement with the previously reported results.[12]

Under different pressures, the calculated elastic constants all
satisfy the mechanical stability criteria, C11 −C12 > 0, C11 >

0, C44 > 0, C11 + 2C12 > 0, C12 < B < C11, indicating that
L12Al3Tm and Al3Lu will keep mechanically stable for the
considered pressures ranging from 0 GPa to 100 GPa. These
elastic constants and elastic moduli versus pressure are plot-
ted in Fig. 4. The calculated values of elastic constant (Ci j)

and mechanical moduli (B, G, E) of Al3Tm and Al3Lu ex-
hibit similar trends and increase almost linearly with the in-
creasing pressure. We can note that the elastic constant C11 of
Al3Lu is slightly bigger than those of Al3Tm under different
pressures. Because C11 indicates the resistance to linear com-
pression along the x direction, Al3Tm is more compressible
along the x axis than Al3Lu. Elastic constants C12 and C44 are
less sensitive to the increasing of pressure than C11. Moreover,
the corresponding values of elastic moduli B and G of Al3Lu
are larger than those of Al3Tm, indicating that Al3Lu is likely
to be harder than Al3Tm. The brittleness of the compound is
related to Poisson’s ratio v. If Poisson’s ratio v is less than
0.26, the compounds will be brittle materials.[29] The value of
v for Al3Tm increases from 0.17 to 0.214 and that for Al3Lu
increases from 0.168 to 0.234 with pressure increasing from
0 GPa to 100 GPa. However, the values of v of Al3Tm and
Al3Lu under high pressure are still less than 0.26, indicating
that Al3Tm and Al3Lu are both brittle in the whole range. The
value of B/G is consistent with that of v, which is also related
to the brittleness. The critical value which classifies materials
as being ductile and brittle is 1.75; i.e., if B/G > 1.75, the ma-
terial has a ductile behavior; otherwise the material is brittle.
In Table 2, these values of B/G for L12 Al3Tm and Al3Lu are
smaller than 1.75 with increasing pressure, suggesting that two
compounds are both brittle in the considered pressure range.
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Table 2. Elastic constants and elastic moduli (in GPa) of L12 Al3Tm, and Al3Lu at different pressures (GPa).

P C11 C12 C44 B G E v B/G

Al3Tm 0a 160.92 37.03 61.17 78.33 61.48 146.19 0.174 1.214
0 161.04 35.39 64.51 78.27 65.73 153.89 0.170 1.192

10 218.62 48.98 91.46 105.53 88.45 207.94 0.172 1.189
20 264.13 64.48 114.10 131.03 107.49 254.46 0.176 1.211
30 301.72 79.70 134.71 153.71 124.04 294.42 0.181 1.233
40 338.23 94.80 153.65 175.94 139.33 331.89 0.186 1.257
50 373.03 109.74 170.95 197.50 152.56 366.63 0.191 1.283
60 404.65 124.67 186.84 218.00 164.43 398.03 0.196 1.310
70 432.63 139.72 202.05 237.36 175.88 426.47 0.201 1.336
80 459.59 154.91 216.63 256.47 186.03 453.5 0.205 1.363
90 486.53 170.8 231.32 276.04 196.09 480.32 0.210 1.391
100 511.11 185.89 244.91 294.30 205.16 504.69 0.214 1.416

Al3Lu 0a 159.85 38.43 60.44 78.90 60.54 154.64 0.174 1.203
0 162.55 36.18 65.78 81.97 69.942 163.36 0.168 1.172

10 236.38 52.62 100.32 113.87 96.855 226.38 0.169 1.176
20 284.23 70.31 125.01 141.62 117.448 276.04 0.175 1.206
30 322.71 84.85 147.40 164.14 135.266 318.35 0.177 1.213
40 362.96 101.70 167.56 188.79 151.663 358.89 0.183 1.245
50 397.32 115.77 185.93 209.62 166.328 394.61 0.186 1.260
60 431.00 133.50 203.50 232.67 179.492 428.33 0.193 1.296
70 457.40 145.83 220.54 249.69 191.869 458.23 0.194 1.301
80 489.98 164.50 237.03 272.99 203.873 489.71 0.201 1.339
90 514.82 176.46 252.51 289.25 244.63 517.04 0.223 1.345
100 542.50 192.08 267.83 308.89 248.91 544.94 0.236 1.367

aRef. [12]
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Fig. 4. (color online) Elastic constants and elastic moduli of Al3Tm and Al3Lu at different pressures.

The elastic anisotropy constant is an important parame-

ter of material and has many industrial and technological ap-

plications. Based on calculated elastic constants and mod-

uli, we employ three methods to estimate the anisotropies for

L12 Al3Tm, and Al3Lu. Zener factor AZ, Chung–Buessem
anisotropy index AG, and universal elastic anisotropy index AU

have been proposed as follows:[30–32]

AZ =
2C44

C11 −C12
, (4)
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AG =
GV −GR

GV +GR
, (5)

AU = 5
GV

GR
+

BV

BR
−6 ≥ 0. (6)

The calculated dependences of anisotropic factors (AZ,
AG, AU) on pressure for Al3Tm and Al3Lu are shown in Fig. 5.
It is noted that the various tendencies of AZ, AG, and AU are
very similar for two compounds. For the Chung–Buessem
anisotropy index AG, 1 represents the largest anisotropy and 0
refers to elastic isotropy. The AG values of Al3Tm and Al3Lu
deviate from 0 with increasing pressure, indicating that they
are anisotropic. The universal elastic anisotropy index AU is
equal to zero, namely the crystal with the value of AU = 0 is
elastically isotropic. At 0 GPa, the values of AU for Al3Tm and
Al3Lu are close to 0, indicating that they are both isotropic.
However, the values of Al3Tm and Al3Lu deviate from 0
as pressure increases, indicating that they are anisotropic. For
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Fig. 5. (color online) Pressure dependences of anisotropic factors (AU,
AG, AZ) for Al3Tm and Al3Lu.

the Zener factor AZ, the vales of Al3Tm and Al3Lu deviate
from 1 with the increase of pressure, and we can also regard
Al3Tm and Al3Lu as being elastically anisotropic under high
pressure. In Fig. 5, the values of AZ, AG, and AU of Al3Lu are
larger than those of Al3Tm. It indicates that both Al3Tm and
Al3Lu exhibit anisotropy. In the meantime, the anisotropy in-
creases with the increasing of pressure, and Al3Lu has more of
an anisotropic feature than Al3Tm in the whole pressure range.

In order to further describe the elastic anisotropies for
Al3Tm and Al3Lu, we plot the three-dimensional (3D) curved
surface of Young’s modulus E in a given direction. The sur-
face of 3D Young’s modulus E can be determined by using the
following equation:[33]

1
E

= S11 −2
(

S11 −S12 −
S44

2

)(
l2
1 l2

2 + l2
2 l2

3 + l2
1 l2

3
)
. (7)

In Eq. (7), the constants S11, S12, and S44 are the elastic
compliance constants. l1, l2, and l3 are the direction cosines
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Al3Lu at 0 GPa (a), 50 GPa (b), and 100 GPa (c), the axes are in units
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between the loading direction and three coordinate axes. Si js
are obtained from the inverse of the matrix of the elastic con-
stants Ci j. For an isotropic material, the 3D curved surface
should exhibit a spherical shape. In the meantime, the devia-
tion degree from the spherical surface indicates the extent of

anisotropy. The 3D figures of Al3Tm and Al3Lu under differ-
ent pressures are plotted in Figs. 6 and 7. In Figs. 6 and 7, each
of the 3D surfaces of the Al3Tm and Al3Lu at 0 GPa obviously
has a spherical shape and exhibits a noticeable isotropy. The
degrees of deviation from the sphere for Al3Tm and Al3Lu
increase with increasing pressure, which indicates that each
Young’s moduli for Al3Tm and Al3Lu shows an increasing
elastic anisotropy under high pressure. In the meantime, we
can note that the degree of deviation from the spherical sur-
face of Al3Lu is slightly bigger than that of Al3Tm under
high pressure, which indicates that Al3Lu has slightly bigger
anisotropy than Al3Tm. We can note that this result is consis-
tent with the analyses of anisotropy factors (AZ, AG, AU) under
high pressure. As pressure increases, we can see that the elas-
tic anisotropy becomes bigger under high pressure. The phe-
nomenon results from the shorter bond length with increasing
pressure. The shorter bond can lead to the larger force con-
stants, which will make Al3Tm and Al3Lu more anisotropic.

3.3. Anisotropic sound velocity and Debye temperature
under pressure

The sound velocities in solids are related to their elas-
tic constants, thermal conductivities, and phonon frequencies.
For L12, Al3Tm, and Al3Lu, we calculate the sound velocities
of longitudinal (vl) and transverse waves (vt) along the [100],
[110], and [111] crystal directions. We calculate sound veloc-
ities by using the following equations:[34,35]

vl = [(B+4G/3)/ρ]1/2 , vt = (G/ρ)1/2 , (8)

[100]vl =
√

C11/ρ, [100]vt1 = [100]vt2 =
√

C44/ρ, (9)

[110]vl =

√[
C44 +

1
2
(C11 +C12)

]
/ρ, (10)

[11̄0]vt1 =
√
(C11 −C12)/2ρ, [110]vt2 =

√
C44/ρ, (11)

[112̄]vt1 = [112̄]vt2 =
√
(C11 −C12 +C44)/3ρ, (12)

[111]vt =
√

(C11 +2C12 +4C44)/3ρ. (13)

Table 3. Sound velocities along different directions (km/s) and for different values of ρ(g/cm3) for L12, Al3Tm, and Al3Lu at different pressures (GPa).

[100] [110] [111]

Al P ρ [100]vl [001]vt1,2 [110]v1 [110]vt [001]vt [111]vl [112]vt1,2

Present 0 2.732 6.006 3.358 6.239 4.193 3.325 6.318 3.052
Exp.[37] 0 – 6.325 3.220 6.469 4.128 3.220 6.157 3.023
Al3Tm P ρ [100]vl [001]vt1,2 [110]v1 [110]vt [001]vt [111]vl [112]vt1,2

0 5.521 5.401 3.418 5.429 3.373 3.418 5.438 3.388
10 6.114 5.980 3.868 6.070 3.725 3.868 6.100 3.773
20 6.572 6.340 4.167 6.509 3.897 4.167 6.564 3.989
30 6.963 6.583 4.398 6.836 3.993 4.398 6.919 4.132
40 7.311 6.802 4.584 7.116 4.080 4.584 7.217 4.255
50 7.628 6.993 4.734 7.352 4.154 4.734 7.468 4.356
60 7.913 7.151 4.859 7.554 4.206 4.859 7.683 4.434
70 8.179 7.273 4.970 7.726 4.232 4.970 7.871 4.491
80 8.429 7.384 5.069 7.884 4.251 5.069 8.043 4.540
90 8.675 7.489 5.164 8.034 4.266 5.164 8.208 4.585

100 8.894 7.581 5.248 8.168 4.276 5.248 8.354 4.623
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Table 3. (Continued).

[100] [110] [111]

Al P ρ [100]vl [001]vt1,2 [110]v1 [110]vt [001]vt [111]vl [112]vt1,2

Al3Lu P ρ [100]vl [001]vt1,2 [110]vl [110]vt [001]vt [111]vl [112]vt1,2

0 5.686 5.347 3.401 5.389 3.334 3.401 5.403 3.356
10 6.049 6.079 3.960 6.186 3.897 3.960 6.222 3.847
20 6.595 6.427 4.263 6.628 4.027 4.263 6.694 4.052
30 7.05 6.655 4.480 6.942 4.107 4.480 7.035 4.198
40 7.437 6.889 4.681 7.231 4.191 4.681 7.341 4.323
50 7.797 7.061 4.830 7.451 4.249 4.830 7.577 4.422
60 8.140 7.220 4.961 7.664 4.275 4.961 7.807 4.494
70 8.429 7.315 5.079 7.816 4.299 5.079 7.976 4.555
80 8.716 7.457 5.186 8.002 4.321 5.186 8.176 4.613
90 8.98 7.540 5.280 8.127 4.340 5.280 8.314 4.664
100 9.246 7.641 5.368 8.267 4.353 5.368 8.466 4.709

The calculated sound velocities along three directions of
Al, Al3Tm, and Al3Lu are presented in Table 3. These cal-
culated values of Al in this work are in good agreement with
the available calculated and experimental results.[36,37] We can
note that compounds with smaller densities and larger elastic
constants exhibit larger sound velocities. The sound velocities
along different directions at different pressures for Al3Tm and
Al3Lu are shown in Fig. 8. We can note that the sound veloc-
ities in the directions increase with the increasing of pressure
in Fig. 8. At a given pressure, the corresponding sound veloc-
ities in different directions of Al3Tm are smaller than those of
Al3Lu.
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Fig. 8. (color online) Sound velocities along different directions for
Al3Tm (a) and Al3Lu (b), each as a function of pressure.

The Debye temperature is an important parameter de-
scribing the material thermodynamic properties in solid state
physics. We calculate the Debye temperatures of Al3Tm and
Al3Lu by using the average sound velocities from the follow-
ing equations:[37]

ΘD =
h
kB

[
3n
4π

(
NAρ

M

)]1/3

vm, (14)

vm =

[
1
3

(
2
v3

t
+

1
v3

l

)]−1/3

, (15)

where h is the Planck constant, NA is the Avogadro number,
M is the molecular weight, ρ is the density, kB is the Boltz-
mann constant, n is the number of atoms per formula unit,
and vm is the average sound velocity. The calculated values of
sound velocity and Debye temperature ΘD of Al, Al3Tm, and
Al3Lu are listed in Table 4. In Table 4, the calculated values of
the present work are also in good agreement with the available
calculated and experimental results.[12,36–38] From Table 4, we
can note that the elastic wave velocities of Al3Tm and Al3Lu
increase with increasing pressure. At high pressure, the in-
creases of sound velocities become slower. We can also note
that Debye temperatures of Al3Tm and Al3Lu increase with
increasing pressure in Table 4. To describe the dependences of
Debye temperature on the applied pressure, a nonlinear three-
order polynomial is fitted up to 100 GPa. The polynomials
obtained for L12 structures Al3Tm and Al3Lu are respectively
as follows:

ΘDAl3Tm = 410.89+7.58P−6.25×10−2P2 +2.56×10−4P3,

ΘDAl3Lu = 404.56+7.32P−5.87×10−2P2 +2.41×10−4P3.

We can note that the values of zero-pressure Debye tem-
perature ΘD are 411 K and 404 K for Al3Tm and Al3Lu re-
spectively. The errors between the fitting ΘD and calculated
ΘD in Table 3 are less than 1%. It indicates that the rela-
tionships between ΘD and pressure for Al3Tm and Al3Lu are
reliable. In the meantime, Al3Tm possesses a higher Debye
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temperature than Al3Lu in the whole pressure range. The in-
creases of ΘD correspond to normal vibrations of Al3Tm and
Al3Lu strengthening with pressure rising.

Table 4. Elastic wave velocities (m/s) and the Debye temperatures (K) for
Al, Al3Tm, and Al3Lu.

vl vt vm ΘD

Al Present 6129 3348 3739 423
Cal.a 6127 3339 3725 433

Exp.b,c 6229 3338 3796 428
Al3Tm Cal.d 5396 3442 3684 412
Present 0 5480 3448 3810 411

10 6051 4194 4057 487.8
20 6472 4468 4231 544.86
30 6779 4662 4375 591.33
40 7042 4822 4493 631.22
50 7267 4955 4586 666.40
60 7456 5060 4660 697.96
70 7614 5146 4724 726.76
80 7758 5218 4783 753.93
90 7895 5286 4834 777.93
100 8015 5345 3810 800.99

Al3Lu Cal.d 5291 3258 3595 404
Present 0 5306 3278 3627 401

10 4082 3691 4082 476.38
20 4349 3932 4349 531.86
30 4545 4108 4545 577.23
40 4708 4253 4708 616.76
50 4836 4369 4836 652.07
60 4939 4459 4939 683.73
70 5028 4538 5028 712.98
80 5110 4610 5110 741.14
90 5180 4673 5180 765.39

100 5246 4731 5246 789.24

aRef. [36], bRef. [37], cRef. [38], dRef. [12].

3.4. Thermodynamic properties

We calculate the thermodynamic properties of Al3Tm
and Al3Lu by using the quasi-harmonic approximation (QHA)
theory. In order to verify the correctness of the computational
method, we calculate the values of Gibbs free energy (G) and
enthalpy (H) of pure Tm, Lu, Al3Tm, and Al3Lu at 0 GPa. In
Figs. 9 and 10, we can note that our calculated results for Tm
and Lu agree well with the available experimental values re-
ported by Barin.[39] It indicates that our method is reasonable.
In Fig. 9, we can note that the Gibbs free energy curves are
similar to each other and move down with increasing temper-
ature for Al3Tm and Al3Lu. The smaller the values of Gibbs
free energy, the better the thermal stability of material will be.
So Al3Tm has the better thermal stability than Al3Lu in a tem-
perature range from 0 K to 1000 K. Figure 10 shows the linear
variations of enthalpy (H) with temperature for Al3Tm and
Al3Lu at 0 GPa. In order to further discuss the thermodynamic
properties, we also calculate the thermal expansion coefficient
α , specific heat capacity CP, and entropy S. The thermal
expansion coefficients α under high pressure are shown in

Fig. 11. In the low temperature region (T < 300 K), the coef-
ficient increases rapidly with increasing temperature and then
increases smoothly and slowly at high temperatures. The ther-
mal expansion becomes slower with the increase of pressure
and keeps unchanged basically at high temperature. Figure 11
also shows the calculated values of specific heat capacity CP of
Al3Tm and Al3Lu. At 0 GPa, the values of CP are proportional
to T3 in the low temperature range and become linear with the
increase of temperature in the high temperature range. At high
pressure, CP keeps unchanged with increasing temperature.
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Fig. 9. (color online) Temperature dependences of Gibbs free energy
for Tm, Lu, Al3Tm, and Al3Lu at 0 GPa.

0 200 400 600 800 1000
-10

-5

0

5

10

15

20

25

H
/
k
J
Sm

o
l-

1
H

/
k
J
Sm

o
l-

1

Exp. Lu
Exp. Tm

Temperature/K

Lu
Tm

0 200 400 600 800 1000

-40

0

40

80

120

Temperature/K

 Al3Tm

 Al3Lu

(a)

(b)

Fig. 10. (color online) Temperature dependences of enthalpy for Tm,
Lu (a), Al3Tm and Al3Lu (b).
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Fig. 11. (color online) Temperature dependences of thermal parameters for Al3Tm and Al3Lu.

It indicates that the increasing of pressure influences the in-
crease of CP. The curves of entropy S at different pressures
are shown in Fig. 11. The curves indicate that the entropy
decreases with the increase of pressure at a given tempera-
ture. Unlike the constant pressure heat capacity CP, the high
temperature dependence of entropy S is nearly insensitive to
pressure. These results indicate that the effects of increasing
pressure and reducing temperature on Al3Tm and Al3Lu are
the same.

4. Conclusions
In this work, the dynamic stabilities, elastic and thermo-

dynamic properties of Al3Tm and Al3Lu under high pressure
are investigated by using first-principles calculations. Accord-
ing to the vibrational properties, we can predict that Al3Tm
and Al3Lu will keep the lattice stable up to 100 GPa. The elas-
tic constants and elastic moduli for Al3Tm and Al3Lu indicate
that the two compounds keep mechanically stable and possess
a brittle nature in the considered pressure range. The calcu-
lated anisotropic constants AG, AU, and AZ and 3D curved
surface of Young’s modulus show that Al3Tm and Al3Lu are
both isotropic at 0 GPa and are anisotropic under high pres-
sure. The sound velocities in different directions and Debye
temperatures under high pressure are also calculated for both
phases. We also calculate the thermodynamics properties by

the QHA method and discuss the relationships between these
thermal parameters and pressure as well.
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