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A complete understanding of the bubble dynamics is deemed necessary in order to achieve their full potential appli-
cations in industry and medicine. For this purpose it is first needed to expand our knowledge of a single bubble behavior
under different possible conditions including the frequency and pressure variations of the sound field. In addition, stim-
ulated scattering of sound on a bubble is a special effect in sound field, and its characteristics are associated with bubble
oscillation mode. A bubble in liquid can be considered as a representative example of nonlinear dynamical system theory
with its resonance, and its dynamics characteristics can be described by the Keller–Miksis equation. The nonlinear dynam-
ics of an acoustically excited gas bubble in water is investigated by using theoretical and numerical analysis methods. Our
results show its strongly nonlinear behavior with respect to the pressure amplitude and excitation frequency as the control
parameters, and give an intuitive insight into stimulated sound scattering on a bubble. It is seen that the stimulated sound
scattering is different from common dynamical behaviors, such as bifurcation and chaos, which is the result of the nonlinear
resonance of a bubble under the excitation of a high amplitude acoustic sound wave essentially. The numerical analysis
results show that the threshold of stimulated sound scattering is smaller than those of bifurcation and chaos in the common
condition.
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1. Introduction

A single gas bubble can be driven to oscillate in a liq-
uid medium when it is exposed to a high-amplitude, high-
frequency acoustic wave. In the past, several bubble mod-
els were established by Rayleigh and Plesset, Noltingk and
Neppiras, Keller and Miksis[1] one after another, and vari-
ous methods were also developed to analyze these models.
The knowledge of bubbles and their behaviors is continu-
ally discussed.[2–4] It is seen that bubbles and cavitation are
closely connected and often both are discussed together. Most
papers on cavitation contain insight into bubbles and their
dynamics,[5,6] and point out bubble oscillations result in the
radiation of acoustic waves.

In recent years, the knowledge of the complex nonlin-
ear dynamics characteristics of bubble oscillation driven by
acoustic waves was continually argued. Yang et al. further
enriched the theoretical and experimental results of the sin-
gle cavitation bubble oscillation. The influences of acoustic
pressure, frequency, initial bubble radius, surface tension, vis-
cosity and other control parameters on the dynamics of a sin-
gle acoustically driven bubble were studied in detail.[7] Zhu et
al. discovered that the pulsing bubble, as a nonlinear oscilla-
tor, could be treated as a secondary radiation source, and the
acoustic field showed the characteristics of strong nonlinear-

ity and attenuation.[8] In fact, the second harmonic and higher
ones with arbitrary acoustic pressure amplitudes can be gen-
erated naturally, however, the sub-harmonics can only appear
when the acoustic pressure amplitude reaches or exceeds a cer-
tain suitable threshold.[9] The generation mechanism of bub-
ble sub-harmonic oscillation was illustrated in many previous
research results, and the acoustic chaos phenomenon caused
by the nonlinear bubble oscillations was studied.[10,11] Cheng
et al. studied the bubble dynamics in ultrasonic sonoporation
by constructing a model of cavitated bubbles and changing the
parameters, such as the ultrasonic signal frequency, acoustic
pressure, initial radius of bubbles and viscosity of the fluid.[12]

Considering liquid compressibility and regarding water as a
work medium, the effects of acoustic frequency, acoustic pres-
sure, initial radius of bubble, liquid surface tension, and vis-
cosity coefficient on bubble motion state were studied, and
further analysis of the relationship between cavitation treat-
ment effect and bubble motion state showed that the motion
bubbles in the chaotic state could improve the acoustic cavi-
tation degradation ability of organic pollutants.[13,14] Lauter-
born et al. further enriched the theoretical and experimental
results of the single cavitation bubble oscillation.[15] The in-
fluences of acoustic pressure, frequency, initial bubble radius,
surface tension, viscosity and other control parameters on the
dynamics of a single acoustically driven bubble were studied
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in detail.[16,17]

In addition, the stimulated sound scattering is a particular
effect, and its character is associated with the special oscilla-
tion mode (for example, the bubble oscillation mode in liq-
uids) in the interaction. When a bubble is driven periodically
by an acoustic wave, it responds to the driving with nonlin-
ear oscillations,[18,19] then it can be regarded as a generated
sound source. Such processes as sound scattering and even
stimulated sound scattering are possibly associated with it.
Zabolotskaya[20] and Butkovskii et al.[21] were the first ones
to do research on stimulated combination sound scattering in
a liquid with gas bubbles, and this effect could be analogous
to stimulated combination light scattering, and the natural fre-
quency of bubbles would shift, with the cubic nonlinearity of
bubble oscillations considered. During the experiment of this
effect, the amplification of Stokes component was also ob-
served. However, the work by Zabolotskaya et al. was only
in the framework of wave process theory, and the oscillation
characteristics of the bubble were not fully taken into consid-
eration. A further important question is what the relationship
between the bubble oscillations and stimulated sound scatter-
ing process is.

The purpose of this paper is to use the nonlinear dynamic
method to analyze bubble oscillation, such phenomena as bi-
furcation, chaos and even stimulated scattering process are
investigated. The concepts of scattering and stimulated scat-
tering are in the framework of wave process theory,[22] while
the concepts of bifurcation and chaos belong to dynamic cat-
egory. However, the bubble can also be regarded as a sound
source when it is driven by a sound wave. Then the oscilla-
tion properties will influence sound scattering and stimulated
sound scattering processes. Through studying the nonlinear
dynamics characteristics of bubbles, the scattering field can be
predicted.

In this paper, we consider the nonlinear dynamics and
stimulated scattering process of an acoustically excited spher-
ical gas bubble in water. The model used to describe the mo-
tion of the bubble radius is the Keller–Miksis equation. The
complex dynamics in this bubble oscillation system can be
analyzed by theoretical and numerical analysis. The thresh-
old value of chaotic motion are obtained by using Lyapunov
exponent and Melnikov’s method, and numerical simulations
not only show the consistence with the theoretical analysis but
also exhibit the bifurcation diagrams and frequency response
diagrams with more complex dynamical behaviors, including
bifurcation, chaos and even stimulated scattering process.

The rest of the paper is organized as follows. The model
of a single bubble oscillation is described in Section 2. The
theoretical analysis of bubble dynamics, including the calcula-
tion formula of Lyapunov exponent and the threshold analysis
used by Melnikov’s method is derived in Section 3. In Sec-

tion 4 presented are the numerical simulation results which
give support to the theoretical analysis and also reveal more
important phenomena in a bubble oscillation system. Finally,
some conclusions drawn from the present study are in Sec-
tion 5.

2. Model of a single bubble oscillation
In order to model large amplitude oscillations of a sin-

gle gas bubble in water, the compressibility of the liquid must
be taken into account. The Keller–Miksis equation is a most
accurate one,[1] which can be used to describe the evolution
of radius of the acoustically excited spherical gas bubble with
time (
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where R is the spherical bubble radius, whose variation with
time t, R(t), needs to be determined; Ṙ is the change rate of
the bubble radius; R̈ is the change rate of impulse speed; Rn

is the radius of the bubble at rest, and covers the range from
below a micrometer to several millimeters; κ is the polytropic
exponent of the gas in the bubble; ρ , η , σ , and c are the den-
sity, the viscosity, the surface tension of the liquid, and the
sound speed in the liquid, respectively; Pstat is the static pres-
sure of the environment; PV is the vapor pressure inside the
bubble; p(t) is the external pressure imposed on the bubble
wall. In the case of a single frequency sound excitation of the
bubble, it can be written in the form varying sinusoidally with
frequency va and having a pressure amplitude Pa. The driving
frequency va typically takes values from a few hertz to a few
megahertz, and the driving pressure amplitude Pa may reach
several megapascal.[10]

The Keller–Miksis equation can be reformulated as a set
of autonomous differential equations of first order:
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θ̇ = va, (6)
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where the third variable θ is introduced for eliminating vari-
able t. The complex dynamics in this bubble oscillation sys-
tem can be analyzed by theoretical and numerical analysis in
the next section.

3. Theoretical analysis of bubble dynamics
3.1. Lyapunov exponent analysis

Lyapunov exponent (LE) is an important quantity of non-
linear dynamics analysis, and the LE of the dynamical system
is a quantity that characterizes the separation rate of infinites-
imally close trajectories. It plays a crucial role in identifying
the dynamic behavior and chaotic degree of strange attractor.
In this paper, the Jacobian matrix algorithm is used to calcu-
late the Lyapunov exponent of the chaotic system. The au-
tonomous equations (4)–(6) are shown as follows.

Ṙ = f1(R,U,θ) =U,
U̇ = f2(R,U,θ) = u/v,
θ̇ = f3(R,U,θ) = va,
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A system may have more than one LE. In this bubble os-
cillation system, there are three LEs. Then, to detect the onset
of chaos, only the largest Lyapunov exponent λmax needs to
be calculated. The intermediate situation of λmax=0 signifies
a neutrally stable orbit. If λmax<0, the disturbed trajectory is
attracted eventually to a stable periodic. By contrast, λmax>0
denotes an unstable and chaotic trajectory.

3.2. Melnikov analysis

The threshold value of chaotic motion under the periodic
perturbation is obtained by using Melnikov’s method. By uti-
lizing the relationship between bubble volume V and bubble
radius R, V = 4

3 πR3, the equation of bubble volume vibration
can be described as[22]
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0 is the equilibrium volume of a sin-
gle bubble, δ = R0/c0ω2

0 is the dissipative coefficient, χ =

4πR0/ρ0 is the external excitation coefficient, and ω0 is the
resonance frequency of bubble oscillation.

When the frequency of the acoustic pressure is close to
the natural frequency of the bubble oscillation, equation (17)
can be simplified into

V̈ +δV̇ +ω
2
0V +

(
3βω

2
0 −α

)
V 2+υ1V 3 = χ p. (18)

Let X =V , its canonical form is{
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When neither external excitation nor dissipation effect ex-
ists, i.e., δ = χ = 0, the bubble oscillation system is a con-
served, Hamiltonian system with Hamiltonian function
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In this system, there are three singularities:
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and
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.

Then the Melnikov’s method can be used to obtain the
conditions for the existence of chaotic motion:
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The Melnikov function of stable or unstable manifold is
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2) When υ1 < 0, the equation of the heteroclinic orbit is
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The Melnikov function of the heteroclinic orbit is

M(ξ0) =
∫ +∞
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So, the cross section of stable manifold and unstable man-

ifold exists when Pa/δ > I0/I1. It is seen that the threshold
value of chaotic motion should achieve a certain acoustic pres-
sure amplitude Pa.

3.3. Stimulated scattering in a liquid with gas bubble

On the one hand, the problem of acoustic radiation from
a single, slightly pulsating bubble is well understood. The ef-
fect of liquid compressibility on the motion is not important
in the near field, but it will be properly considered below.[22]

For an incompressible liquid, the velocity potential ϕ and the
velocity v = ∂ϕ/∂ r of the radial sound field in the liquid are
described by

φ(r, t) =−ṘR2/r and v(r, t) = ṘR2/r2, (26)

which provides the theoretical foundation of analyzing the ra-
diation and scattering of sound on a bubble. The problems of
radiation and scattering of sound on a single bubble are dis-
cussed in many studies.

On the other hand, let all the bubbles have an identical
radius R0 and quality factor Q near the resonant frequency ω0,
which case is similar to Raman scattering where light inter-
acts with molecular vibration having a specified resonant fre-
quency. The problem of stimulated scattering is reduced to the
solution of the wave equation,[23]

∂ 2 p
∂x2 −

1
c2

0

∂ 2 p
∂ t2 =−ρ0N

∂ 2V
∂ t2 . (27)

Through studying the nonlinear dynamic characteristics
of a bubble, we can investigate the scattering of the external
acoustic field in the next stage. The oscillatory behavior of a
single bubble offers a valuable insight into the acoustic radi-
ation and has an important foundation for understanding the
principle of stimulated sound scattering. That is why it is im-
portant to understand the causes and conditions. In the fol-
lowing, the topics briefly mentioned before will be discussed
in more depth. Emphasis is placed on numerical analysis and
experimental results, where available.

4. Dynamics and stimulated sound scattering
properties of bubble
This section is for the numerical simulations to support

the theoretical results obtained in the previous section and to
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find other complex dynamics. Equations (4)–(6) can be solved
by the Runge–Kutta method easily. For the Keller–Miksis dy-
namical systems, chaotic bubble oscillations come into exis-
tence via repeated period doubling. When a control parameter
of the system is changed, the way via repeated period doubling
will be observed by numerical analysis.

4.1. Acoustic pressure amplitude bifurcation diagrams
and Lyapunov exponent curves

To show the richness of the dynamical behavior of an
acoustically excited bubble, several bifurcation diagrams with
different parameters are made. The computation of Lyapunov
exponent confirms the dynamical behaviors. For this bubble
oscillation model, the main parameters of interest are the bub-
ble radius at rest, Rn, acoustic frequency, va, and acoustic
pressure amplitude, Pa. The other parameters are connected
with the properties of the liquid outside the bubble and the
gas and vapour of the liquid inside the bubble. The typical

values of the parameters for a bubble in water as used in the
calculations with the Keller–Miksis model, are R|t=0 = Rn,
dR/dt = 0, ρ = 998 kg/m3, σ = 0.0725 N/m, η = 0.001 Pa ·s,
Pstat = 1×105 Pa, PV = 2.33 kPa, c = 1500 m/s, and κ = 4/3.
For example, for a bubble with a radius at rest Rn = 100 µm,
the linear resonance frequency f0 described by the Keller–
Miksis equation is

f0 =
1

2πRn
√

ρ

√
3κ

(
Pstat +

2σ

Rn
−PV

)
− 2σ

Rn
− 4η2

ρR2
n

≈ 35.45 kHz. (28)

Figure 1 gives a typical bubble oscillation example with
the acoustic frequencies of va = f0, va = 0.5 f0 and va = 2 f0

respectively. The acoustic pressure amplitude Pa in this exam-
ple varies from 10kPa to 1000kPa (sound pressure level ranges
from 200 dB to 240 dB).
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Fig. 1. (color online) Acoustic pressure amplitude bifurcation diagrams and Lyapunov exponent curves in the cases of (a) driving
frequency va = 0.5 f0, (b) va = f0, and (c) va = 2 f0.
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Two different representations of the same oscillation are
given in a row. There are, from left to right, acoustic pressure
amplitude bifurcation diagrams, Lyapunov exponent curves.
In the left row, there are the bifurcation diagrams with a fully
developed period doubling cascading to chaotic oscillation for
different acoustic frequencies. In the right row, there are the
associated largest Lyapunov exponent λmax curves. The maxi-
mum Lyapunov exponent λmax is lower than zero for periodic
oscillations, being zero at period doubling bifurcation points,
and larger than zero for chaotic oscillation.
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Fig. 2. Power spectrum with send-receive distance of 0.3 m (a) without
and (b) with bubbles.

In the condition of typical bubble radius at rest Rn =

100 µm, it is shown that the dynamic characteristics of the sys-

tem are more and more complex with the increasing of acous-
tic pressure amplitude. When acoustic pressure amplitude is
above 100 kPa (220 dB), bifurcation appears, which represents
that the system is in an unstable state. When acoustic pres-
sure amplitude is between 600 kPa and 800 kPa (235.6 dB and
238.1 dB), the system is in chaotic state stably. Fixing the bub-
ble radius at rest (resonance frequency is fixed), the acoustic
pressure amplitude threshold of bifurcation is minimum when
va = 2 f0 (Pa = 20 kPa).

An experiment is conducted in a water tank with dimen-
sions of 1.5 m×1.2 m×1 m. The bubbles are generated by
the method of water electrolysis, and its resonance frequency
is about 80 kHz. When the bubble oscillations are driven by
high-intensity single-frequency acoustic wave (acoustic pres-
sure level achieves 200 dB), sub-harmonics in nonlinear sys-
tem should appear. It is verified that sub-harmonics can appear
when the excited acoustic pressure is not too high (as shown
in Fig. 2). However, the power of generated sub-harmonic is
far smaller than the power of fundamental harmonic, which
implies that the system status is still in a primary stage of bi-
furcation.

4.2. Lyapunov exponent maps

In this section, we present a summary of single bubble
dynamics by means of Lyapunov exponent maps with respect
to the driving pressure and frequency. This is to outline the
critical role of the control parameters in bubble dynamics and
to represent an outlook of the bubble dynamics complexity.
The Lyapunov exponent map of an acoustically driven bubble
is depicted in Fig. 3. It is clearly seen that the two control
parameters are scaled together. The threshold value of chaotic
motion can be obtained in this map clearly. The parameters are
shown as follows: the bubble radius at rest is Rn = 100 µm, the
range of the studied frequency is from 0.1 f0 to 10 f0, and the
pressure varies from 10 kPa to 1000 kPa.
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Fig. 3. (color online) Lyapunov exponent map of an acoustically driven bubble. The bubble radius at rest is Rn = 100 µm. The range
of the studied frequency is from 0.1 f0 to 10 f0, and the pressure varies from 10 kPa to 1000 kPa.
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The map can be divided into two parts by a red color
curve in the left of the figure. It is clearly shown that it is
difficult to achieve the chaotic status when the normalized
frequency is higher than 5. The system becomes extremely
chaotic which maintains the whole remaining pressure inter-
val between 750 kPa and 1000 kPa, where the normalized
frequency va/v0 is between 2.5 to 5. In particular, there is a
complex region in the left of the figure, where the the stable
oscillation transforms into a chaotic one periodically. There
are five gaps, which mean the stable oscillations between the
regions of chaotic oscillations.

4.3. Frequency response diagrams

Oscillators are often described by frequency response
curves, in which the frequency change is indicated. As is
well known, the frequency response in a nonlinear system is
much more complex than in a linear system. The frequency
response curves for different bubble radii at rest driven by
acoustic frequency va = 50 kHz, va = 100 kHz, va = 200 kHz,
and va = 400 kHz are shown respectively in Figs. 4–7. The
acoustic pressure amplitude Pa is in a range from 1 kPa to
2000 kPa. There are acoustic pressure amplitude bifurcation
diagrams and associated frequency response diagrams in the

left and right row respectively. The frequency response di-
agrams represent the acoustic pressure amplitude-normalized
frequency plane (Pa, v/va), in which the color map represents
the normalized amplitude (the maximum amplitude value in
the diagram is normalized to 0 dB). For example, in the case of
Rn = 400 µm, the normalized frequency of driving frequency
equals 1, and the normalized frequency of linear resonance
frequency of a bubble is about 0.1. In the common situation,
the maximum normalized amplitude responds to the one of
driving frequency, which is 0 dB.

When the linear resonance frequency of a bubble, f0, is
much smaller than the driving frequency va, there exists a spe-
cial frequency response, including bubble linear resonance fre-
quency f0, excitation frequency va, Stokes frequency va− f0,
and anti-Stokes frequency va+ f0. This phenomenon is similar
to the stimulated Raman scattering process in optics.

Frequency response diagrams can provide more details
about the change of frequency component during the change
of control parameter. With the increasing of acoustic pres-
sure amplitude, more complex dynamics characteristics will
arise, such as stimulated scattering, period-2, period-3, period-
4, period-5, . . . , chaos, etc.
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Fig. 4. (color online) Acoustic pressure amplitude bifurcation diagrams and frequency response diagrams versus acoustic pressure amplitude
when driving frequency va = 50 kHz for (a) Rn = 400 µm ( f0 = 8.823 kHz, and responding normalized frequency is 0.1764), (b) Rn = 200 µm
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024304-7



Chin. Phys. B Vol. 25, No. 2 (2016) 024304

5

4

3

2

1

0
200 600 1000 1400 1800

Pa/kPa

Rn=400 mm, va=100 kHz

R
/
R

n

(a)

5

4

3

2

1

0
200 600 1000 1400 1800

Pa/kPa

Rn=200 mm, va=100 kHz

R
/
R

n

(b)

5

4

3

2

1

0
200 600 1000 1400 1800

Pa/kPa

Rn=100 mm, va=100 kHz

R
/
R

n

(c)

Pa/106 kPa

2.0

1.6

1.2

0.8

0.4

0.2 0.6 1.0 1.4 1.8

F
re

q
u
e
n
c
y
/
k
H

z

0

-20

-40

-60

-80

-100

Pa/106 kPa

2.0

1.6

1.2

0.8

0.4

0.2 0.6 1.0 1.4 1.8

F
re

q
u
e
n
c
y
/
k
H

z

0

-20

-40

-60

-80

-100

Pa/106 kPa

2.0

1.6

1.2

0.8

0.4

0.2 0.6 1.0 1.4 1.8

F
re

q
u
e
n
c
y
/
k
H

z

0

-20

-40

-60

-80

-100

Fig. 5. (color online) Acoustic pressure amplitude bifurcation diagrams and frequency response diagrams versus acoustic pressure amplitude when
driving frequency va = 100 kHz for (a) Rn = 400 µm ( f0 = 8.823kHz, and responding normalized frequency is 0.0882), (b) Rn = 200 µm ( f0 =
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Fig. 6. (color online) Acoustic pressure amplitude bifurcation diagrams and frequency response diagrams versus acoustic pressure amplitude
when driving frequency va = 200 kHz for (a) Rn = 400 µm ( f0 = 8.823 kHz, and responding normalized frequency is 0.0441), (b) Rn = 200 µm
( f0 = 17.673 kHz, and responding normalized frequency is 0.0884), and (c) Rn = 100 µm ( f0 = 35.450 kHz, and normalized to 0.1772).
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Fig. 7. (color online) Acoustic pressure amplitude bifurcation diagrams and frequency response diagrams versus acoustic pressure amplitude when
driving frequency va = 400 kHz for (a) Rn = 400 µm ( f0 = 8.823 kHz, and responding normalized frequency is 0.0221), (b) Rn = 200 µm ( f0 =
17.673 kHz, and responding normalized frequency is 0.0442), and (c) Rn = 100 µm ( f0 = 35.450 kHz, and normalized to 0.0886).

It is shown that the stimulated sound scattering process

happens much more easily when the linear resonance fre-

quency of a bubble f0 is much smaller than the driving fre-

quency va. There exist two additional frequency components

increasing or decreasing near the driving frequency va sta-

bly. These are special phenomena in the process of stimu-

lated sound scattering on a bubble due to the nonlinear in-

teraction between linear resonance frequency and driving fre-

quency. The two frequency components are Stokes component

(its frequency f− = va− f0) and anti-Stokes component (its

frequency f+ = va + f0), respectively.

With the increasing of the linear resonance frequency of

a bubble f0, it is much more difficult for the stimulated sound

scattering to occur. The bifurcation and chaos may play an

important role in the bubble oscillation.

4.4. Threshold of stimulated sound scattering

Examples of the phenomenon of stimulated sound scatter-

ing are given above. The threshold of stimulated sound scatter-

ing is associated with three major parameters, i.e., the bubble

radius at rest (linear resonance frequency of bubble), acoustic

frequency, and acoustic pressure amplitude. The threshold is

much smaller when the ratio f0/va is not close to 1, meanwhile

the Pa is not too big. On the one hand, when the f0 is close to

va, the bifurcation may arise easily. On the other hand, with

the increasing of Pa, the nonlinear resonance of a bubble may

be destroyed by the state of chaos.

It is shown that the threshold of stimulated sound scat-

tering is smaller than the ones of bifurcation and chaos in the

common condition. When the bubble radius at rest decreases

from Rn = 400 µm to Rn = 100 µm, the phenomenon of stim-

ulated sound scattering gradually disappears as acoustic pres-

sure amplitude increases. The interesting phenomenon shows

that the bigger the bubble radius at rest, the larger the range of

stimulated sound scattering is. For example, the phenomenon

stimulated sound scattering will exist until Pa = 2000 kPa

for Rn = 400 µm, but the phenomenon can only exist till

Rn = 100 µm. On the other hand, it is easy to find out that

the smaller the bubble radius at rest, the lower the acoustic

pressure amplitude threshold from the bifurcation diagrams

is. The system is not chaotic even when the driving ampli-

tude achieves Pa = 200 kPa when the bubble radius at rest
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Rn = 400 µm. The threshold of chaos for Rn = 200 µm is
about 100 kPa. However, in the condition of Rn = 100 µm, the
system gradually comes into bifurcation only at Pa = 20 kPa.

Stimulated sound scattering is a special phenomenon
which is associated with bubble nonlinear oscillation. Stimu-
lated sound scattering is different from bifurcation and chaos,
which is the result of the nonlinear resonance of a bubble un-
der the excitation of high-amplitude acoustic sound wave es-
sentially.

4.5. Frequency response curve

There is no doubt that the frequency responses of the sys-
tem are complex versus acoustic pressure amplitude. The fur-

ther research will focus on the variation of driving frequency,

then we can obtain more detailed information about the evolu-

tion of this bubble oscillation system.
From the acoustic pressure amplitude-normalized fre-

quency plane in frequency response diagrams, it is obvious
that the frequency response of the system relies on the acous-
tic pressure amplitude. The power spectrum is a common
method to characterize a nonlinear oscillation by its spectral
content. Figure 8 gives a set of power spectrum diagrams
of the oscillation system response versus acoustic pressure
amplitude. There simulation results have taken the bubble
radius at rest Rn = 200 µm ( f0 = 17.73 kHz) and acoustic
frequencyva = 100 kHz as example.
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Fig. 8. (color online) Power spectrum diagrams of the oscillation system response versus acoustic pressure amplitude at (a) Pa = 10 kPa (200 dB), (b)
Pa = 100 kPa (220 dB), (c) Pa = 180 kPa (225 dB), (d) Pa = 350 kPa (230 dB), (e) Pa = 700 kPa (237 dB), (f) Pa = 750 kPa (237.5 dB), (g) Pa = 1000 kPa
(240 dB), (k) Pa = 1400 kPa (242 dB), (i) Pa = 2000 kPa (246 dB), and (j) Pa = 2500 kPa (248 dB).
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When the acoustic pressure amplitude Pa = 200 dB, be-
sides the driving frequency and its harmonics, there is only
linear frequency response component in the system. When the
driving amplitude reaches 220 dB, the special components,
i.e., Stokes component and the anti-Stokes component arise,
and the amplitudes of all the components increase as acoustic
pressure amplitude increases. In the case of driving amplitude
Pa = 237 dB, the system comes into period 5. Subharmonic
components arise till Pa = 240 dB in the system, which shows
that the system comes into bifurcation. With further increas-
ing Pa, the frequency response of the system becomes more
and more complex. When the amplitude achieves 248dB, the
system is already chaotic. It looks like a noise spectrum. With
the same excitation frequency, the oscillation can reach dif-
ferent states, such as stimulated scattering, period-2, period-4,
period-5, . . . , chaos, etc.

5. Conclusions
In this article, the nonlinear dynamics of an acoustically

excited gas bubble in water is investigated by theoretical and
numerical analysis methods. The evolution of the bubble ra-
dius with time is modeled by using the Keller–Miksis equa-
tion, which takes into account the compressibility of the liq-
uid. Our results show the bubble radius has strongly nonlinear
behavior with respect to the pressure amplitude and excitation
frequency as the control parameters, and give an intuitive in-
sight into stimulated sound scattering on a bubble.

On the one hand, the Jacobian matrix is derived for calcu-
lating Lyapunov exponent, and the threshold values of chaotic
motion under the periodic perturbation are obtained by using
Melnikov’s method. The numerical simulations not only show
the consistence with the theoretical analysis but also exhibit
the bifurcation diagrams and Lyapunov exponent maps, which
help to determine the chaotic states under many control pa-
rameters.

On the other hand, stimulated sound scattering is a spe-
cial phenomenon which is associated with bubble nonlinear
oscillation. Based on the Keller–Miksis equation, the phe-

nomenon and threshold of stimulated sound scattering can
be obtained by using a numerical analysis method and fre-
quency response diagrams. The stimulated sound scattering
is different from common dynamical behaviors, such as bifur-
cation and chaos, which is the consequence of the nonlinear
resonance of a bubble under the excitation of high-amplitude
acoustic sound wave essentially. The numerical analysis re-
sults show that the threshold of stimulated sound scattering is
smaller than the ones of bifurcation and chaos in the common
condition.
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