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This paper presents a semi-analytical solution for the vibration and sound radiation of a semi-infinite plate covered by
a decoupling layer consisting of locally resonant acoustic metamaterial. Formulations are derived based on a combination
use of effective medium theory and the theory of elasticity for the decoupling material. Theoretical results show good agree-
ments between the method developed in this paper and the conventional finite element method (FEM), but the method of
this paper is more efficient than FEM. Numerical results also show that system with acoustic metamaterial decoupling layer
exhibits significant noise reduction performance at the local resonance frequency of the acoustic metamaterial, and such
performance can be ascribed to the vibration suppression of the base plate. It is demonstrated that the effective density of
acoustic metamaterial decoupling layer has a great influence on the mechanical impedance of the system. Furthermore, the
resonance frequency of locally resonant structure can be effectively predicted by a simple model, and it can be significantly
affected by the material properties of the locally resonant structure.

Keywords: locally resonant, decoupling mechanism, underwater sound radiation

PACS: 43.20.+g, 43.30.Jx

1. Introduction

Attaching an elastic decoupling layer to a vibrating struc-
ture immersed in water represents a common way to reduce
the sound radiation of the vibrating structure. This treatment
is effective to isolate the fluid from vibrations of the structure
by reason of mismatching between water and decoupling layer
and mismatching between decoupling layer and the plate.

Sung has explored the use of air-voided elastomer de-
coupling layer in reducing noise of flexible plate.!!! His re-
search ensures that the amount of noise reduction increases as
the thickness of the decoupling layer, the speed of dilatational
wave, and dilatational wave’s loss factor increases, while the
effects of shear wave speed are insignificant.

Berry and Foin have investigated the forced response
and the sound radiation of decoupled plates with three-
dimensional elasticity model. Their research shows that shear
wave components in the decoupling material usually have little
effect on the sound radiation in a heavy fluid.[?) Wang’s exper-
iment shows that calculation result of three-dimensional elas-
ticity model and test results coincide well with each other. !

In order to increase the effectivity of noise reduction, cav-
ities with different shapes have always been embedded into
decoupling layer with the increase of impedance mismatch-
ing. Tao et al. have investigated a sound radiation model of
an infinite plate coved with a void decoupling layer.*! Their
analysis indicates that primary mechanism of the noise reduc-
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tion in their model is the vibration isolation in the decoupling
layer. Zhu et al. make an experimental and numerical investi-
gation about the sound radiation of the floating structures cov-
ered with chiral layer.!>! Their results show that chiral layer
can effectively reduce underwater sound radiated by the struc-
ture. Huang er al. have investigated decoupling mechanism
of a viscoelastic decoupling layer with horizontal cylindri-
cal cavities.[® Their study shows that the decoupling layer
with horizontal cavities can greatly enhance the mechanical
impedance and suppress the mean square velocity of vibrat-
ing structure. On the other hand, the decoupling layer with
horizontal cavities has larger impedance mismatch with water
than the decoupling layer without them, thus it brings more
vibration transmission loss.

Although traditional decoupling layer has an excellent
performance on noise attenuation at high frequencies, it should
be mentioned that they have little effect at low frequencies. In
some cases, noise radiated by structure with decoupling layer
may increase at low frequencies. !

Locally resonant metamaterials (LRM) have been intro-
duced by Liu et al. as a conceptual realization of an acous-
tic metamateria.[”*! LRM has been used as an effective way
to control subwavelength waves at low frequencies. In recent
years, localized resonances in phononic crystals have been in-
troduced to improve the low-frequency acoustic absorption of
viscoelastic materials.[!%!!1 Zhao et al. investigated the acous-
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tic absorption of viscoelastic slabs embedded with resonant

(121 Their theoretical and experimental stud-

sonic materials.
ies indicate that locally resonant sonic materials have an out-
standing performance of sound absorption. Wen et al. later
used finite element method (FEM) to reveal the absorption
mechanism. 3] Their study presents that localized resonance
leads to the absorption peak. Jiang et al. introduced wood-
pile structure into LRM, and used it in underwater acoustic
absorbing material. Their structure shows an excellent per-
formance on acoustic absorbing in their research.!'*! Duan et
al.'') demonstrate that perfect absorption of elastic wave can
be achieved by ultra-thin elastic meta-films when the bound-
ary is a free space or a hard wall. And the pure imaginary
effective mass density condition which is used for perfect ab-
sorption can be achieved by elastic metamaterials with large
damping.

Much work has been conducted to investigate the sound
absorption of the LRM, but little has been done about the noise
reducing capability of the LRM when it is attached to the sur-
face of vibrational underwater structure. In this paper, a semi-
analytical formulation of the sound radiation from an under-
water semi-infinite plate covered by a decoupling layer embed-
ded with LRM is investigated. In the formulations, effective
medium theory is adopted to obtain the equivalent properties
of the decoupling layer with LRM, thereby elastic theory can
be applied to the decoupling layer. In addition, the base plate
in this work is dealt with classic plate theory. A solution of
the vibration and sound radiation is derived from the compos-
ite system with simply supported boundary conditions. The
proposed method is verified by the consistency between the
predictions by FEM and the method in this paper. By using
the mechanical impedance and modality theory, the vibration
and sound radiation characteristics of the decoupling system
are further examined.

2. Model and method
2.1. Effective material properties

Figure 1 shows the model of a viscoelastic polymeter
layer embedded with singly periodic columniform locally res-
onant scatterer (LRS) under normal incidence of plane wave
in the water. The radius of scatter’s core is r, and the radius
of scatter’s coating is 1. The cycle length of the periodic scat-
terers is d. The thickness of the slab is /.

For brevity, the time-harmonic dependence of the form

e'?" is assumed. The acoustic pressure of incident wave can

be expressed as!!®!

Pin(x,2) = poe'*oT, (1

where pg is the amplitude of the incident wave, r is the posi-
tion vector, and kg is the wave vector in the fluid.

Dis Ui J [ Dy Vs R

Fig. 1. The model of plane wave transmission through an slab embedded
with periodic LRS.

According to Bloch theorem for periodic systems, the dis-
crete translational symmetry with period d in the x direction
means the physical fields y(x,z) satisfying the Bloch condi-
tion:

x(x+d,z) = x(x,z) e, 2

where k, is the wave vector in the x direction.
In the incident acoustic field, the wave zone includes in-
cident wave and reflected wave:

p1(x,z) :pin(xvz)err(va)a 3)

where p; is total sound pressure in incident acoustic field, pj,
is the sound pressure of the incident wave, and p; is the sound
pressure of the reflected wave.

The sound pressure of the reflected wave can be expressed
as:

Foo _
Pr(x,Z) _ Z R, 61[7kz,lz+(2n7r/d+kx)x]’ )
Nn——o0
where R, is amplitude of the n-th expansion coefficient of the
reflected wave.
The sound pressure of transmitted wave can be expressed
as:

P (x)y) _ Z Tnei[kmz+(2n7l:/a’+kx)x]7 5)
n=—co
where T}, is amplitude of the n-th expansion coefficient of the
transmitted wave.

Using the FEM and Bloch theorem, the model of infinite
structure with periodic cell can be constructed by just one cell
with periodic boundary, and the equation of the acoustic-fluid-
structure coupling can be expressed as!!”]

RT K, — 0> M, p F,

Kp—Cq:.—COzMP —poa)zR ] x {u} - [Co] ’ ©)
where py is the density of the fluid, Mp is the mass matrix of
fluid, R is the matrix of fluid-solid interaction, M is the mass
matrix of the solid, Kp is the stiffness matrix of the fluid, Kj
is the stiffness matrix of the solid, p is the vector of the sound
pressure, u is the vector of the displacement, F}, is the vec-
tor of the node load, and Cj, C'¢ are the vectors of equivalent
node load on the boundary.

It can be noted that the velocity v in systems satisfies the
relation: v = imu, so the amplitude of the sound pressure py,
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the velocity v; on the intersection plane of the viscoelastic
polymeter slab with the incident acoustic field, and the ampli-
tude of the sound pressure p;, the velocity v, on the intersec-
tion plane of the viscoelastic polymeter slab with the transmis-
sion field and can be solved in Eq. (6). According to equivalent
theory, the relation between p1, vi, and p;, v» can be expressed
with effective properties as:

o]
_ [ cos (kequh2)

_ iZequ Sin(kequhz) D2 )
—1 Sin(kequhz)/zequ 1%} ’

cos (kequh2)

where Z., is the effective acoustic impedance of the slab, it
can be expressed as:

. i Sin(kCQuh2)p2
vi —v2c08(kequita)’

Zequ = ()
kequ 18 the effective wave vector of the slab, it can be expressed
as:

pava+ pivi } )

1
kequ = — arccos
M hy {(sz +piv2)

and effective density Peqy is given by Pequ = Zequkequ /.

2.2. Vibration and sound radiation in the water

Figure 2 shows the model of sound radiation from a
coated plate excited by a line force. The decoupling layer is a
viscoelastic polymeter embedded with singly periodic colum-
niform LRS as figure 1 shows. The thickness of base layer is
hi, and the length of base layer in the x direction is L,. The
length of system in the direction perpendicular to x—z plane
is infinite. Ej, ¥, and p; are the Young modulus, the Pois-
son ratio, and the density of the base layer respectively. The
boundaries of system on the lateral edges of the plate satisfy
simply supported conditions. The line force is located on the
base plate. The outer surface of the decoupling layer is in-
serted in an infinite rigid baffle with water on one side and air
on the other side.

line force

z air
.=
3 . —

y infinite

Fig. 2. The model of sound radiation from a coated plate.

After decoupling layer is treated as effective homoge-
neous material, the dynamical equation of decoupled plate
could be expressed with elastic theory as:

u=VP+VxW, (10)

where @ represents longitudinal wave and ¥ represents trans-

[2,18]

verse wave. According to some theories in literature,

transverse wave in homogenous decoupling layer has little in-
fluence on sound radiation of system, and decoupling layer is
equivalent to a homogenous layer in this paper. Therefore, we
omit transverse wave in the calculation. The equation of lon-
gitudinal wave in decoupling layer can be expressed as

1 9%

Vo — 2
CL2 01?2

=0, an
where c, is equivalent longitudinal wave velocity. The equa-
tion of the base layer which is described with the classical plate
theory can be expressed as
2 4
pm 2D Y = a0, a2

where w is the displacement of the base plate in the z direction,
Dy = E1h*/[12(1 — ¥))], f(x) is the line force, and o.(x,0)
is the stress exerted by the decoupling layer on the plate in the
z direction.

The boundary conditions for the base plate which is sim-
ply supported on the lateral sides are:

w=0, at x=0,L,,
%w (13)
W:O, atxZO,Lx.

Equation (13) allows the displacement of the base plate w
to be expressed as trigonometric functions

w(x) = i Gy sin ("Z”x) (14)
m=1 X

where a,, is unknown coefficient of base plate’s displacement.
The boundary conditions for decoupling layer on the lateral
sides are:
u, =0, at x=0,L,,
uy =0, at x=0,Ly, (15)
0, =0, at x=0,L,.
The scalar potential of the decoupling layer can also be
expressed in terms of similar trigonometric functions

B(x2) = ¥ bu(2)sin ('Z’%) (16)
m=1 x

Substituting Eq. (16) into Eq. (11) gives the following re-
lation

O (2) = by cos(04nz) + o sin(04,2), 17

where b,, and ¢, are undetermined coefficients, and o, =

kequ® — (mm/ Ly)?. Therefore, the equation of displacement
of the decoupling layer can be expressed as

ue(x,2) =Y, %ﬂ(])m(z) cos <rzn’x>’ (18)

m=1 —X

162) = X ten(@sin (25). (19

m=1 x
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where

P (2)
oz

Uzm (x, Z) =

Considering the relation of Lame constants in effective mate-
rial: A > 2y, the expression for the stress of decoupling layer
in z direction could be written in the following form

du, duy

Zequkequ® Z} 0m(2) sin <"Z”x> 20)

‘X

Q

0;(x,2)

The boundary conditions at the plate/decoupling layer in-
terface can be expressed as

w(x) = uy(x,0). 21

The boundary conditions at the decoupling/water inter-
face are

0;(x, —h) = —p(x,—ha). (22)

This boundary conditions express the continuity of the
stress between the plate and the decoupling layer. The acoustic
pressure in the fluid half-space can be calculated by Rayleigh
integral

plx,—hy) = —poa)z/ u (x', —ho)G(x,x')dx’, (23)
L

where G is the acoustic Green function that satisfies a Neu-

mann’s condition at z = —hy in two-dimensional space
G(x,x) = %H()@) (kolx' —x|), 24)
where HE)Z) is the zero-order Hankel function of the second

kind, and py is the density of the fluid.

Substituting Eqgs. (14), (19), and (20) into Egs. (12),
(21), and (22), multiplying the sin(m7mx/Lx) on both sides of
Egs. (12) and (22), and integrating the equation in the range of
[0,L,], the following equations can be obtained:

mm\4
0.5L; [Dl (f) — p1h1w2} am — O.Sprequwzbm = —fm,
x .
% B 0.5LxPequsin( 04, hp) + Yp—1P00p (cp/em)cos(Qpha)Zm,p
cm  0.5LxPequcos(Qmhy) — X 1 P00y (bp/bp) sin(0pha) Zy p ’

am = OpCm,s

(25)
where
s Ly Ly
Zm,p = 71/ / sin <mx) sin (pﬂxl)
’ 2Jo Jo L, Ly
x HY? (ko|x' — x|) dxd, (26)
Ly
fu= | f(x)sin ('"”x> dx. 27)
0 Lx

Therefore, a,,, b, and ¢, can be solved from Eq. (295),
and the mean square velocity of base plate can be expressed as

(Vi)
(28)

The mean square velocity of the outer surface of decou-
pling layer is defined by

2
V) = 5 ¥ lun(—ho) .

m=1

(29)

The sound power radiated by outer surface of the system
in the water is

1 Ly
W,y = ERe {(](o) plx,—hp)u;* (x,—hy)dx
(D2
= > Z Zuzﬁm(—hz)Re(ipoa)ZmJ,)uz (—hy). (30)
m=1p=1

3. Numerical results
3.1. The effect of noise reduction

In order to confirm the validity of the proposed method
in this paper, the result calculated by FEM (calculated by
Comsol4.4) is compared with the present method, as shown
in Fig. 3. The base layer in Fig. 3 is made by steel
(p1 = 7800 kg/m3, E; = 210 Gpa, ¥ = 0.28) with dimen-
sions Ly = 1.05 m, 71 = 30 mm. The decoupling layer has
a thickness of h#; = 20 mm with main material’s longitudi-
nal wave velocity ¢; main = 1500 m/s, transverse wave velocity
Cs.main = 200 m/s, density density Pmain = 1050 kg/m3, and a
loss factor Nman = 0.15. The coating of the scatterers have
a radius of r| = 8.5 mm, with ¢; oo = 1000 m/s, transverse
wave velocity!'”) ¢, coae = 6 m/s, density peoar =1050 kg/m?,
and a loss factor 1¢ear = 0.05. The core of the scatterers have
a radius of r, = 5 mm, with Lame constants Acore = 42.3 Gpa,
Ucore = 14.9 Gpa, and peore = 11600 kg/m>. The amplitude of
line force is 1 N/m.

Figure 3 shows sound power of the system calculated by
paper’s method and Comsol4.4b. The results calculated by the
two methods are matched perfectly below 900 Hz in Fig. 3(a)
where the excited position is located at 0.5L,.

In Fig. 3(b), there are some differences between two cal-
culation results when the excited position is located at 0.1L,
and the excited frequencies are above 600 Hz. The reason for
this phenomenon can be attributed to the boundary conditions
of FEM which are simulated to simply supported conditions
by fixing a point on the neutral plane of the model on each
side, and the excited position which is too close to the bound-
ary. With the excited frequency increasing and the wavelength
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being shorter, it is too hard to keep the boundary of the FEM
model to the simply support conditions for the reason of the lo-
cal stress in the coat layer which is near to the excited position.
Although there are some differences between the calculation
results when the excited position is near to the boundaries, it
doesn’t affect investigating the decoupling mechanism of the
layer with paper’s method.

-3
ot

55 K

Radiated sound power/(dB ref.10™"> W)

b
45 |
I
.
35 ] ——-bare plate |
——calculated by Comsol
. calculated by paper’s method
100 300 500 700 900
Frequency/Hz
75 T T - -
: o |
b A ¥
h \ A
651 s

55

T —r— e —

45

35" bare plate

—— calculated by Comsol

T ——e T — T

. calculated by paper’s method

100 300 500 700 900

Radiated sound power/(dB ref.107"* W)

Frequency /Hz

Fig. 3. (color online) Sound power stimulated by line force at (a) 0.5L,
and (b) 0.1L,.

Furthermore, the calculation time of paper’s method is
much shorter than the FEM. The finite structure’s sound ra-
diation which is calculated by FEM directly must build up
the model with all the cells in the structure. And the model
should also contain fluid field which must be big enough to
simulate semi-infinite sound field. In paper’s method, the cal-
culation of the transmission model which is used for getting
effective properties just need only one cell with the periodic
boundaries being set. And the sound radiation is calculated by
theory method of which the calculation time can be neglected.

3.2. The mechanism of noise reduction

The calculation results also show that radiation power
of the decoupling system has an obvious reduction at about

490 Hz which has little relation with the exciting position.

(6201 the reduction

According to the decoupling mechanism,
of the radiation power can mostly be ascribed to the isolation
of vibration or restraining base plate’s vibration by attaching
decoupling layer.

Figure 4 shows that the velocity of base plate’s outer sur-
face which is the interface between the base plate and decou-
pling layer has a clear decrease around 490 Hz compared to
base plate without decoupling layer, but the velocity of the wet
surface has barely reduction compared to dry surface in the
decoupling system. It means that decoupling layer with local-
ized resonance in paper has strongly restrained the base plate’s
vibration but has little effect on bating the spread of vibra-
tion around 490 Hz. Consequently, the decoupling layer with
localized resonance reduces system’s radiation power mainly
through restraining the vibration of the base layer.

50} —— wet surface of the coating |
© dry surface of the coating
—=- bare plate

Mean square velocity/(dB ref.107"* W)

100 300 500 700 900
Frequency/Hz

Fig. 4. (color online) Mean square velocity of the dry/wet surface.

The base layer’s velocity of order m without decoupling
layer can be expressed as:

f—”’ —zim 4z, 31)
Im

From Eq. (25), the model velocity of the base layer with de-
coupling layer can also be expressed as

In_ 7 4 7m) (32)
Vom
where
4
m) . Lx mm
z" =i1= |pihjo— =D ==
0 ) prmw 1( Lx) )
ng) =i l:Zpl pOme,pap:| s (33)
P
L b
Zém) _ 1?xpequ0) m

In Eqgs. (31) and (32), Z(()m) is the base plate’s mechanical

impedance which is only decided by base plate itself. Z§m> and

Zém) are system’s additional mechanical impedance which is
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decided by water and decoupling layer. Figure 5(a) shows the
change of the impedance by calculating |Z{™ /Z\™|. The cal-
culation result indicates that decoupling layer greatly increases
system’s additional mechanical impedance which causes the
suppressing of system’s vibrations around 490 Hz compared
to bare plate.

In Egs. (25) and (33), we can observe that the change
of additional mechanical impedance of system is directly re-
lated to effective density pequ. Figure 5(b) shows the change
of effective density of the decoupling layer. The result in-
dicates that peqy has an obvious break around 490 Hz cor-
responding to the change of system’s velocity, and pequ also
shows a distinct characteristic of metamaterial around 490 Hz
with real part’s change from 1.58 x 104 kg/cm? to —1.09 x
104 kg/cm?® and large imaginary part’s peak near —2.67 x
104 kg/cm?®. This characteristic is always related to the res-
onance of metamaterial which often leads to transformation in

acoustic properties. [>1:2%]

— 1st order (a)
o 2nd order i
3rd order /
——-4th order /

|2,/ 2,

0 100 300 500 700 900

Effective mass density/10" (kg/m?)

—9} J
——real part
----- imaginary part
-3 ! ! ! !
0 100 300 500 700 900

Frequency/Hz
Fig. 5. (color online) The change of (a) the mechanical impedance and (b)

effective mass density of the decoupling layer.

3.3. The characteristic of resonant model

Figures 6(a) and 6(b) show the model of plane wave
transmission and the model of sound radiation of systems at
490 Hz. The result indicates that locally resonant structure in
two models possesses similar resonant modality in which the

core and coating of the resonant constitute vibration mode as
spring oscillator and the base material almost keeps still com-
pared to the coating. The parts of the coating which are beside
the core has an effect like shear springs. The top and bot-
tom parts have an effect like compressing-extension springs.
This resonant mode could greatly restrain base plate’s vibra-
tion like dynamic vibration absorber’s effect at resonant fre-
quency. While system’s noise reduction is the special proper-
ties of decoupling layer and has little relation with the base
plate, so the noise reduction of decoupling layer should be
suitable to different base plates. Figure 7 shows mean square
velocity of plates in different sizes which are covered with de-
coupling layer mentioned above. The result indicates that all
the covered plates’ velocities have an obvious valley around
490 Hz.

Now that system’s vibration can be restrained by decou-
pling layer with periodic LRS, the noise reduction’s frequency
could also be regulated on the basis of the LRS’s characteristic.
Figure 6(c) show the model which is used for quickly calculat-
ing the resonant frequency of LRS. This model is a cell of the
decoupling layer with the top and bottom’ z-direction veloc-
ity limited to zero. So this simple model could reflect LRS’s
resonant mode in z direction by calculating the model’s nature
frequency.

(c)

Fig. 6. (color online) The displacement amplitude fields at resonant fre-
quency (a) transmission coefficient model, (b) radiation model, (c) natural
frequencies model.
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Fig. 7. (color online) Mean square velocity of dry surface of the system with (a) different thicknesses and (b) different lengths.

Figure 8 shows the resonant frequency of the three mod-
els in Fig. 6 with different material properties of the LRS. The
results indicate the frequencies calculated by three methods
coincide well with each other. But the estimate for resonant
frequency by simple model is more convenient than the oth-
ers since it just needs calculating the modality’s correspond-

1200 T T T T :
——- calculated by transmission coefficient
N o calculated by natural frequencies
E 1000 } ¥ calculated by radiation model .
g
5}
3
g 800F \ _
& *
g
g 600f *, :
g O
3 Cog
~ ©° (a)
400 %O% J
0 eko-o
5 10 15 20 25 30

Density/10* (kg/m?)

ing frequencies directly, while the others need calculating the
transmission coefficient or radiation power of the models with
and without LRS in a wide range of the frequencies. And the
results indicate that the resonant frequency decreases as the
density of the core increases and it increases as the transverse
wave velocity of the coating increases.

3000 - T , : . .

——- calculated by transmission coefficient
< 2500t o calculated by natural frequencies
s % calculated by radiation model
~
>
¢ 2000} % 3
E *--" o0
g 1500} 5500°°° "]
& _#500°
0] *,6 (©]
2 6
g 1000 O*o’ E
o ,o,i(o/
¢ 500 K ]
g *° (b)

o
o
0 1 1 1 1 1
5 10 15 20 25 30

Transverse sound speed/(m/s)

Fig. 8. (color online) Resonance frequency with different (a) density and (b) transverse wave velocity.

4. Conclusions

This paper presents an analysis of vibration and sound ra-
diation influence of the decoupling layer with periodic LRS.
A theoretical calculation model for the decoupled plate with
periodic LRS has been developed based on the use of effec-
tive medium theory and elastodynamics theory. Such a model
is more efficient than conventional finite element model and
shows adequate accuracy for acoustic analysis in preliminary
design. The numerical analysis gives the following findings:

(i) Decoupling layer with LRSs can significantly reduce
the sound radiation of underwater plates around the LRS’s res-
onance frequency. The performance of sound radiation reduc-
tion is mostly caused by the suppression of base plate vibra-
tion.

(i1) The additional mechanical impedance of the system is
directly dependent on the effective density of decoupling layer.
The shake-up of effective density around local resonance fre-
quency greatly effects system’s mechanical impedance and
thus suppresses the vibration of base plate. The vibration sup-
pression properties of decoupling layer could be guaranteed
for different sizes of base plate.

(iii) The locally resonant structures involved in the radia-
tion prediction model and transmission prediction model, have
similar vibration modalities. A simple model can be adopted
to predict the local resonance frequency of the decoupling
layer with LRS. The local resonance frequency decreases as
the density of the core increases and increases as the trans-
verse wave velocity of the coating increases.
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