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Tune-out wavelengths for the alkaline-metal atoms∗
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An approximation formula is developed to determine the tune-out wavelengths for the ground states of the alkaline-
metal atoms lithium, sodium and cesium from the existing relativistic reduced matrix elements and experimental energies.
The first longest tune-out wavelengths for Li, Na, and Cs are 670.971 nm, 589.557 nm, and 880.237 nm, respectively. This
is in good agreement with the previous high precise results of 670.971626 nm, 589.5565 nm, and 880.25 nm from the
relativistic all-order many-body perturbation theory (RMBPT) calculation [Phys. Rev. A 84 043401 (2011)].
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1. Introduction

The realization of mixture of trapped ultracold atomic
gases in optical lattice is one of the most important improve-
ments in the experimental side in recent years.[1–5] This opens
new paths toward the formation of ultracold diatomic molecule
and some other targets that the physicists have been seeking
for a couple of years.[6–10] The atom can be trapped in the op-
tical lattice by the optical dipole force and will experience an
energy shift due to the ac stark effect. Both effects are pro-
portional to the dynamic polarizability of the atom and can
be cancelled at certain wavelength where the dynamic polar-
izability of the atom goes to zero. This means that the atom
is unaffected by the presence of the electromagnetic field and
also can be released from the trap simply while the other atom
in the mixture are still strongly trapped. Such wavelength is
termed as the “tune-out wavelength”[11,12] and has attracted
much attention recently.

A number of experimental measurements on the determi-
nation of the tune-out wavelengths have been performed in the
past few years. Since the measurement is a null experiment,
it is not subject to the strength of an electric field or the in-
tensity of a laser field. The tune-out wavelengths for the Rb
and K atoms have been measured by different groups.[13–15]

Holmgren et al.[14] measured the longest tune-out wavelength
of potassium to an uncertainty of 1.5 pm by using an atom in-
terfermeter. This is more accurate than the uncertainty of 3 pm
which is performed by using state-of-the-art atomic theory.[12]

Some tune-out wavelengths for rubidium have also been mea-
sured through the diffraction of a Bose-Einstein condensate

off a sequence of standing wave pulses.[13] On the theoretical
side, the most reliable prediction of the tune-out wavelength
for the alkaline-metal atoms is the relativistic all-order many-
body perturbation theory (RMBPT) calculation.[12]

In this paper, we present an estimate of the longest
tune-out wavelengths for the alkaline-metal atoms: lithium,
sodium, and cesium using a formula which is obtained through
the analysis of an exact non-relativistic calculation of the tune-
out wavelengths for lithium and sodium. This non-relativistic
calculation of the tune-out wavelengths are computed using
the configuration interaction plus core polarization (CICP)
method in which a semiempirical potential is adopted to de-
scribe the polarization effect between the core and valence
electrons. This method has been successfully applied to the
description of many one- and two-electron atoms.[16–22] The
detailed analysis of the exact CICP calculation shows that the
tune-out wavelengths are determined by explicit calculation of
the dynamic polarizability at a series of ω values and they all
tend to be close to the transition energies of np states for the
alkaline-metal atoms. The fine structure split is not consid-
ered in CICP calculation and thus it cannot be used to give the
accurate values of tune-out wavelengths. However an approx-
imation formula can be built since that the CICP calculation
shows that the values of the tune-out wavelengths are mostly
determined by the data of only a few transitions. Using this
formula, one can use the existing experimental and theoretical
transition information to predict the tune-out wavelengths for
the alkaline-metal atom.

The present relativistic estimate of the three longest tune-
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out wavelengths for lithium and four longest wavelengths for
sodium are given in this paper along with the related non-
relativistic calculation as a validity. Due to the strong rela-
tivistic effect, we do not give the CICP calculation about Cs,
but only present the relativistic estimates of the five longest
tune-out wavelengths in Section 3.

2. CICP calculations
2.1. Non-relativistic model

The details of the non-relativistic CICP method have been
given elsewhere[17,18] and here we only briefly outline this
method. The CICP method was a frozen-core procedure. The
core electron was represented by a Hartree–Fock wavefunction
that was calculated exactly using Slater-type orbitals (STOs).
The effective Hamiltonian for the valence electrons was essen-
tially a fixed core Hamiltonian with the addition of semiempir-
ical potentials to allow for the polarization interaction with the
core.[23] The direct and exchange interactions of the valence
with the Hartree–Fock core electrons were computed without
approximation. The semiempirical polarization potential was
tuned so that they reproduced the binding energies of the ns
ground state, the np and nd excited states.[23] The effective
Hamiltonian was diagonalized in a very large orbital basis of
Laguerre-type orbitals for each l value due to the superior lin-
ear dependence properties. The semiempirical core polariza-
tion potential Vp has the functional form:

Vp =−∑
l

αcoreg2
l (r)

2r4 |l〉〈l|, (1)

where the factor αcore is the static dipole polarizability of the
core,

g2
l (r) = 1− exp

(
− r6

ρ6
l

)
is a cutoff function, and ρl is the cutoff parameter.

A good test of the CICP method comes from the tabu-
lation of the energy in Table 1. The energy levels of ground
state and some of lower energy excited states for Li and Na
are given and compared with experiment. The experimental
one-electron binding energies were determined from the NIST
tabulation.[24] The agreement with experiment for the lowest
states of each symmetry is excellent since the polarization cut-
off parameters are tuned to reproduce the experimental bind-
ing energy of these states. The agreement level of the excited

states is also good which indicates the validity of the CICP

method.

Table 1. Theoretical and experimental energy levels (in Hartree
unit) for some of the low-lying states of alkaline-metal atoms. The
experimental data were taken from the NIST tabulation.[24] The
experimental energies for the doublet states are averages with the
usual (2J+1) weighting factors.

State Experiment CICP

Li

2s −0.1981419 −0.1981406
2p −0.1302348 −0.1302386
3p −0.05723547 −0.05723560
4p −0.03197438 −0.03197020
5p −0.02037390 −0.02037069
6p −0.01410766 −0.01392871

Na

3s −0.1888576 −0.1888549
3p −0.1115474 −0.1115629
4p −0.05093406 −0.05092652
5p −0.02919437 −0.02918916
6p −0.01891914 −0.01891165
7p −0.01325334 −0.01288284

The dynamic polarizability is defined as

α(ω) = ∑
n

f0n

ε2
0n−ω2 , (2)

where f0n is the oscillator strength for the dipole transition

from the ground state and ε0n is the transition energy. When

the frequency goes to zero, the polarizability is the static po-

larizability. As another validation of the CICP method, the

static dipole polarizabilities for the ground states of Li, Na

and Cs produced in the CICP calculation are listed in Table 2

and compared with the theoretical values from Refs. [25], [26],

[27], [28] and the experimental results.[29–32] All the static po-

larizabilities are computed using experimental energy differ-

ences for the lowest energy excited states and the core con-

tributions are also added. The value of 403.6(81) a.u. (The

unit a.u. is short for atomic unit) in Cs is weighted average of

experimental data from Refs. [31] and [32]. The CICP static

polarizabilities are in good agreement with the experimental

measurement except for Cs which is as expected since the rel-

ativistic effect is important for Cs.

Table 2. Static dipole polarizability for the ground states of the lithium, sodium and cesium atoms. Numbers in brackets represent the
uncertainties in the last digits. All values are in atomic units.

Present MBPT[25] Dirac model[26] DFCP[27] Ref. [28] Expt.

Li 164.205 164.05 164.19 164.0 164.2(11)[29]

Na 162.801 163.07 162.32 162.71 159.2 162.7(8)[30]

Cs 396.878 399.8 396.32 402.2 403.6(8.1)[31,32]
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Table 3 shows the four tune-out wavelengths for lithium
and sodium from the non-relativistic CICP calculation. The
contributions to the polarizability from individual transitions
are also listed. One can find that the tune-out wavelengths all
tend to occur close to the wavelengths for excitation of the np
excited states. Taking lithium as an example, the first tune-out
wavelength is located between the 2s–2p resonant transition
and the 2s–3p excitation energies and mainly dominated by
these two terms. The 3p term has the opposite sign and can-
cels out most of the 2p contribution. The remainder and core
terms make a small contribution to the total polarizability. In
other situations, the tune-out wavelengths all occur just be-

low the excitation energies of the 4p, 5p, and 6p states. This
is due to the fact that the polarizability is proportional to the
square of the reduced matrix elements. The magnitude of the
2s–2p matrix element is more than one order larger than the
2s–np (n = 4,5,6) matrix element, then these tune-out wave-
lengths must be very close the corresponding 2s–np excitation
energies so that the contribution to the total polarizability from
the 2s–np term can cancel the contribution from 2s–2p term.
From Table 3, one can also find another point that the remain-
der polarizability varies relatively slowly with wavelength in
the vicinity of the tune-out wavelength. The feature is com-
mon to the sodium atom.

Table 3. Breakdown of contributions to the static polarizability and the dynamic polarizabilities at different tune-out wavelengths, λto, for
lithium and sodium. The adopted experimental transition energies are also listed.

Li

2s–2p 2s–3p 2s–4p 2s–5p 2s–6p

∆E/a.u. 0.06790710 0.1409064 0.1661675 0.1777680 0.1840342

λto/nm ∞ 324.187 274.913 256.718 247.856
ωto/a.u. 0 0.140546 0.165737 0.177484 0.183830
2s–2p 162.107 −49.3688 −32.7044 −27.80074 −25.6163
2s–3p 0.236431 46.3279 −0.616512 −0.403081 −0.336773
2s–4p 0.153657 0.539898 29.7081 −1.09098 −0.686312
2s–5p 0.0804603 0.214604 0.615265 25.1926 −1.15993
2s–6p 0.0520669 0.124592 0.273269 0.725920 23.5180
Remainder 1.38197 1.96894 2.53124 3.18318 4.08814
αcore 0.192493 0.192860 0.193004 0.193079 0.193122
Total 164.205 0 0 0 0

Na

3s–3p 3s–4p 3s–5p 3s–6p 3s–7p

∆E/a.u. 0.07731023 0.1379235 0.1596632 0.1699385 0.1756043

λto/nm ∞ 331.881 285.576 268.175 259.495
ωto/a.u. 0 0.137288 0.159549 0.169901 0.175584
3s–3p 160.927 −74.7281 −49.3783 −42.0208 −38.7011
3s–4p 0.673277 73.2450 −1.99095 −1.30113 −1.08476
3s–5p 0.0715933 0.274683 50.0019 −0.540908 −0.341933
3s–6p 0.0186061 0.0535665 0.156965 42.5341 −0.275439
3s–7p 0.00883467 0.0225747 0.0496409 0.130237 39.1446
Remainder 0.111950 0.139843 0.167404 0.204663 0.264573
αcore 0.989999 0.992482 0.993355 0.993807 0.994067
Total 162.801 0 0 0 0

2.2. Approximation formula and its accurate level

As can be seen from Table 3, the tune-out wavelengths for
the alkaline-metal arise as a result of the interference between
the dynamic polarizabilities arising from a large background
polarizability and a transition near the tune-out wavelength.
The polarizability near the tune-out wavelength can be mod-
eled as

α = α0 +
f

∆E2−ω2 , (3)

where α0 is the background polarizability arising from all tran-
sitions except the transition most close to the tune-out wave-
length. Then the background polarizability α0 is dominated

by contribution from the resonant transition and can be repre-
sented as

α0 =
fresonant

∆E2
resonant−ω2 +αrest, (4)

where αrest is the rest polarizability, only accounts for a few
percent of the resonance transition, and varies slowly with the
tune-out frequency. Therefore, we assume that αrest has the
same value at ω = 0 and ωto. Then the value of αrest can be
calculated as

αrest = αd−
fresonant

∆E2
resonant

− f
∆E2 , (5)

023101-3



Chin. Phys. B Vol. 25, No. 2 (2016) 023101

where αd is the static polarizability of the ground states.
fresonant, f , ∆Eresonant, and ∆E are the oscillator strengths and
transition energies of the resonant transition and the transi-
tion near the tune-out wavelength respectively. Using Eq. (3),
one can give a non-relativistic estimate of the tune-out wave-
lengths. The detailed calculations employing the approxi-
mation formula are listed in Tables 4 and 5. In our cal-
culations, the transition energies are taken from the NIST
tabulation[24] and oscillator strengths come from the CICP cal-
culation. Table 4 shows that the tune-out wavelengths for the
lithium atom are 324.167 nm, 274.889 nm, 256.709 nm, and

247.855 nm respectively and the differences with the values

obtained from the exact CICP calculation are only 0.02 nm,

0.024 nm, 0.009 nm, and 0.001 nm respectively. Similarly, the

tune-out wavelengths for sodium are listed in Table 5. The four

tune-out wavelengths for sodium are 331.875 nm, 285.587 nm,

268.179 nm, and 259.497 nm. The differences with the ex-

act CICP calculations are 0.006 nm, 0.011 nm, 0.004 nm, and

0.002 nm. There is a general degree of consistency between

the estimated tune-out wavelengths and the exact CICP calcu-

lations.

Table 4. Tune-out frequencies, ωto, and wavelengths, λto, for the four tune-out wavelengths of Li from a non-relativistic CICP
calculation. The contribution to the polarizability at the tune-out frequency due to the resonance transition is given. The transition
energies are taken from the NIST tabulation.[24] The adopted CICP values of Sresonant, fresonant, and αd are 16.5124, 0.747538, and
164.205 a.u. respectively.

Property n = 3 n = 4 n = 5 n = 6

αrest/a.u. 1.86065 1.94342 2.01662 2.04496
[ fresonant/(∆E2

resonant−ω2
to)]/a.u. −55.1142 −32.6974 −27.7984 −25.6161

∆E(2s→ np)/a.u. 0.1409064 0.16616750 0.1777680 0.1981419
f (2s→ np) 0.00469425 0.00424271 0.00254266 0.00190046
ωto/a.u. 0.140555 0.165752 0.17749 0.183831
λto/nm 324.167 274.889 256.709 247.855
λ exact

to 324.187 274.913 256.718 247.856

Table 5. Tune-out frequencies, ωto, and wavelengths, λto, for the four tune-out wavelengths of Na from a non-relativistic CICP
calculation. The contribution to the polarizability at the tune-out frequency due to the resonance transition is given. The transition
energies are taken from the NIST tabulation.[24] The adopted CICP values of Sresonant, fresonant, and αd are 18.6619, 0.961838, and
162.801 a.u. respectively.

Property n = 4 n = 5 n = 6 n = 7

αrest/a.u. 1.20098 1.80267 1.85565 1.86541
[ fresonant/(∆E2

resonant−ω2
to)]/a.u. −74.7243 −80.8915 −42.0222 −38.7018

∆E(3s→ np)/a.u. 0.1379235 0.1596632 0.1699385 0.1888576
f (3s→ np) 0.0128077 0.00182508 0.000537328 0.000293613
ωto/a.u. 0.137291 0.159543 0.169899 0.175583
λto/nm 331.875 285.587 268.179 259.497
λ exact

to 331.881 285.576 268.175 259.495

3. Relativistic estimation for Li, Na, and Cs

3.1. Model for the relativistic formula

Based on the analysis of the non-relativistic calculation
and the fact that the fine structure split of the energy lev-
els is not considered, the present non-relativistic calculational
methodology cannot be applied to the determination of the ac-
curate tune-out wavelengths. However, equation (3) can be
used to make an initial estimate of their longest tune-out wave-
lengths from the existing experimental energies and the previ-
ous relativistic reduced matrix elements. Considering the fine
structure split of the energy levels, equation (3) is changed into
the following form

α = αresonant +αclose +αrest. (6)

For the first longest tune-out wavelength of lithium, the dy-
namic polarizability is dominated by the 2s→2p1/2 resonant
transition and the transition 2s→2p3/2 that is most close to the
tune-out wavelength,

αresonant =
f(2s→2p1/2)

∆E2
(2s→2p1/2)

−ω2 , (7)

αclose =
f(2s→2p3/2)

∆E2
(2s→2p3/2)

−ω2 , (8)

while for other tune-out wavelengths,

αresonant =
f(2s→2p1/2)

∆E2
(2s→2p1/2)

−ω2 +
f(2s→2p3/2)

∆E2
(2s→2p3/2)

−ω2 , (9)

αclose =
f(2s→ np1/2)

∆E2
(2s→ np1/2)−ω2 +

f(2s→ np3/2)

∆E2
(2s→ np3/2)−ω2 , (10)
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for n≥ 3.
Similar form is adopted for the sodium atom with the 2p j

state replaced by the 3p j state, and for cesium with the 2p j

state replaced by the 6p j state.

3.2. Estimated analysis

All the fundamental information adopted here to make
an estimate of the tune-out wavelength for lithium, sodium
and cesium is listed in Table 6. The oscillator strengths used
here are calculated from the CCSD(T) matrix elements,[33]

SD matrix elements,[25] and experimental transition energies
of NIST tabulation.[24] The longest tune-out wavelengths for
lithium and sodium with the CCSD(T) matrix elements and
the experimental energies[24] are listed in Tables 7 and 8, re-
spectively. The three longest tune-out wavelengths for lithium
are 670.971 nm, 324.161 nm, and 274.883 nm. Compared
with the all-order RMBPT calculation,[12] the differences are
6.2× 10−4 nm, 1.9× 10−2 nm, and 2.8× 10−2 nm. The
predicted four longest tune-out wavelengths for sodium are
589.557 nm, 331.839 nm, 330.372 nm, and 285.581 nm. One
can note that our values for the first longest tune-out wave-
lengths compared with the Arora et al.[12] calculations achieve
an accuracy of 0.001-nm level.

Table 6. The experimental transition energies[24] and oscillator
strengths used in the calculation. The oscillator strengths are calcu-
lated using the reduced matrix elements from the CCSD(T)[33] and
SD[25] calculation.

Li

Transition ∆E/a.u. fCCSD(T)

2s→ 2p1/2 0.06790607 0.249195448
2s→ 2p3/2 0.06790762 0.498325673
2s→ 3p1/2 0.1409064 0.001555795
2s→ 3p3/2 0.1409064 0.003102242
2s→ 4p1/2 0.1661675 0.001400293
2s→ 4p3/2 0.1661675 0.002804076

Na

Transition ∆E/a.u. fCCSD(T)

3s→ 3p1/2 0.07725710 0.323634390
3s→ 3p3/2 0.07733635 0.647566722
3s→ 4p1/2 0.1379066 0.004248257
3s→ 4p3/2 0.1379320 0.008660108
3s→ 5p1/2 0.1596557 0.000609299
3s→ 5p3/2 0.1596670 0.001245881

Cs

Transition ∆E/a.u. fSD

6s→ 6p1/2 0.050931937 0.341045753
6s→ 6p3/2 0.053456324 0.708125524
6s→ 7p1/2 0.099170223 0.002915902
6s→ 7p3/2 0.099995143 0.012039448
6s→ 8p1/2 0.117138073 0.00032334
6s→ 8p3/2 0.117514757 0.002108371

The element Cs has been the subject of various theoretical
calculations and experiments in atomic clock research.[34,35]

The value of tune-out wavelength for Cs could be very use-
ful for experimentalist. The measurements of tune-out wave-
lengths are also used to test the precision of the excited-state
matrix elements which are difficult to measure or calculate.
Due to the large correlation corrections, the transition matrix
elements are hard to calculate accurately. The measurement
of 6s–7p j transition in Cs has been performed in Ref. [36]
The longest tune-out wavelengths and the contributions to
the polarizability at the tune-out frequency for Cs are given
in Table 9. The five longest tune-out wavelengths for Cs
are 880.237 nm, 460.444 nm, 457.411 nm, 391.435 nm, and
388.637 nm, respectively. There is a reasonable consistency
compared with the RMBPT results.[12]

Table 7. Tune-out frequencies, ω rel
to , and wavelengths, λ rel

to , for the longest
tune-out wavelengths of Li. The contributions to the polarizability at the
tune-out frequency due to the resonance transition, the close transition and
the rest transition are given. The adopted value of αd is 164.2 a.u.[29]

Property Values

αresonant/a.u. −3550981.355 −49.3571 −32.6949
αclose/a.u. 3550979.259 47.4954 30.7509
αrest/a.u. 2.09624 1.86164 1.94398
ω rel

to /a.u. 0.0679066 0.140558 0.165756
λ rel

to /nm 670.971 324.161 274.883
λ RMBPT [12]/nm 670.971626 324.18 274.911

Table 8. Tune-out frequencies, ω rel
to , and wavelengths, λ rel

to , for the longest
tune-out wavelengths of Na. The contributions to the polarizability at the
tune-out frequency due to the resonance transition, the close transition and
the rest transition are given. The adopted value of αd is 162.7 a.u.[30]

Property Values

αresonant/a.u. −80181.1 −75.4277 −74.4574 −49.8612
αclose/a.u. 80180.9 75.8996 74.9293 49.7273
αrest/a.u. 0.206704 −0.471865 −0.471865 0.13393
ω rel

to /a.u. 0.0772841 0.137305 0.137915 0.159546
λ rel

to /nm 589.557 331.839 330.372 285.581
λ RMBPT [12]/nm 589.5565 331.905 330.3723 285.5817

Table 9. Tune-out frequencies, ω rel
to , and wavelengths, λ rel

to , for the longest
tune-out wavelengths of Cs. The contributions to the polarizability at the
tune-out frequency due to the resonance transition, the close transition
and the rest transition are given. The adopted value of αd = 403.6 a.u.
is weighted average of experimental data from Refs. [31] and [32].

Property Values

αresonant/a.u. −3997.88 −149.495 −146.77 −97.363 −95.6257

αclose/a.u. 3973.55 126.674 123.948 74.3164 72.5791

αrest/a.u. 24.3222 22.8216 22.8216 23.0466 23.0466

ω rel
to /a.u. 0.0517626 0.0989553 0.0996114 0.116401 0.117239

λ rel
to /nm 880.237 460.444 457.411 391.435 388.637

λ RMBPT [12]/nm 880.25 460.22 457.31 389.029

3.3. Uncertainties

An estimate of the uncertainties for the first longest tune-
out wavelength of Li, Na, and Cs can be made through Eq. (3)
and by examination of the difference of polarizabilities and
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transition matrix elements between existing experiment and
theoretical data. We set α = 0, then equation (3) is given as

ωto ≈ ∆E
(

1+
f

2α0∆E2

)
. (11)

Then equation (11) can be used for an uncertainty analysis.
Setting Xshift = f/(2α0∆E2), one has

∆ωto = ∆E∆Xshift. (12)

At the present level of accuracy, the uncertainty in the transi-
tion energy does not have to be considered. Xshift makes an
estimate of the relative difference between the transition fre-
quency and tune-out frequency. The uncertainty in Xshift only
considers the uncertainties in oscillator strengths and back-
ground polarizabilities, one can have

δXshift

Xshift
=

δ f
f
+

δα0

α0
. (13)

Then the uncertainty in tune-out wavelength can be obtained

δλto =−2πβ
∆ωto

ω2
to

. (14)

The constant β = 137.035999 a.u. is the velocity of light in
atomic units. The uncertainties of the oscillator strengths and
polarizabilities are made by examination of the adopted data
and existing experimental and theoretical information.

Another useful parameter for the measurement of tune-
out wavelength is the energy window ∆ω . We suppose that the
condition for determination of the tune-out wavelength is that
the polarizability be set to zero with an uncertainty of±0.1 a.u.
The photon energy range at which the dynamic polarizability
is 0±0.1 a.u. is termed as the energy window ∆ω ,

∆ω =
0.1 f

2∆Eα2
0
. (15)

The energy window for Li is ∆ω = 1.95×10−14 a.u. and Xshift

is 1.51× 10−5. The uncertainty of the first longest tune-out
wavelength for lithium is δλto = 4.74× 10−6 nm. Similarly,
for sodium, the energy window is ∆ω = 4.35× 10−11 a.u.,
Xshift is 6.76× 10−4, and the uncertainty of the first longest
tune-out wavelength is δλto = 0.0937 nm. For Cs, the en-
ergy window is ∆ω = 2.80× 10−8 a.u., Xshift is 0.0312, and
the uncertainty of the first longest tune-out wavelength is
δλto = 0.388 nm. The energy windows for lithium and sodium
are too narrow and difficult to achieve with existing technol-
ogy, while the energy window for cesium is relatively larger
and more feasible.

Using a similar method, we could also obtain the un-
certainties for other longest tune-out wavelengths. The un-
certainties for the second and third longest tune-out wave-
lengths of lithium are 0.013 nm and 0.009 nm, respectively.

The corresponding energy windows are 1.49× 10−6 a.u. and
2.71×10−6 a.u. For sodium, the uncertainties for the second,
the third, and the fourth tune-out wavelengths are 0.063 nm,
0.0001 nm, and 0.013 nm. The corresponding energy windows
are 1.74× 10−6 a.u., 6.26× 10−10 a.u., and 5.22× 10−7 a.u.
For the cesium atom, the uncertainties for the second and third
longest wavelengths are 0.559 nm and 0.748 nm which are
relatively larger since the matrix elements are more difficult
to calculate precisely. The corresponding energy windows are
7.49×10−8 a.u. and 1.16×10−7 a.u.

4. Conclusion
The longest tune-out wavelengths for the lithium, sodium

and cesium atoms are computed by an approximation formula.
The accuracy of the calculation is tested by comparing with
the all-order RMBPT calculation.[12] The first longest tune-out
wavelengths for Li, Na, and Cs are 670.971 nm, 589.557 nm,
and 880.237 nm, respectively. The agreement of the first
longest tune-out wavelength is at the 0.001-nm level. Some
other longest tune-out wavelengths are also calculated, and
there is a reasonable agreement with the RMBPT results.[12]

The wavelengths near some resonances which are in the ultra-
violet are not calculated, since they are difficultly detected in
most laboratories. The uncertainties of the predicted tune-out
wavelengths are derived from the difference among the exist-
ing transition matrix elements. An parameter termed as the
energy window of tune-out wavelength is developed as an in-
dication of the technology required to measure these wave-
lengths. The longest tune-out wavelengths for lithium and
sodium are difficult to measure with existing technology due to
their too narrow energy windows while the first three tune-out
wavelengths for atomic cesium and the tune-out wavelengths
for lithium positioned at 324.161 nm and 274.883 nm and for
sodium positioned at 331.839 nm are more feasible choices.
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