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We propose an arbitrary controlled-unitary (CU) gate and a bidirectional transfer scheme of quantum information
(BTQI) for unknown photons. The proposed CU gate utilizes quantum non-demolition photon-number-resolving measure-
ment based on the weak cross-Kerr nonlinearities (XKNLs) and two quantum bus beams; the proposed CU gate consists
of consecutive operations of a controlled-path gate and a gathering-path gate. It is almost deterministic and is feasible
with current technology when a strong amplitude of the coherent state and weak XKNLs are employed. Compared with
the existing optical multi-qubit or controlled gates, which utilize XKNLs and homodyne detectors, the proposed CU gate
can increase experimental realization feasibility and enhance robustness against decoherence. According to the CU gate,
we present a BTQI scheme in which the two unknown states of photons between two parties (Alice and Bob) are mutually
swapped by transferring only a single photon. Consequently, by using the proposed CU gate, it is possible to experimentally
implement the BTQI scheme with a certain probability of success.
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1. Introduction

Quantum communication involves the transfer of in-
formation (quantum or classical) from one place to an-
other by using quantum phenomena such as quantum key
distribution,'"%! quantum teleportation,”¥] quantum secure
direct communication,®-'?! and quantum secret sharing.!!’]
Quantum operations play a very important role in the exper-
imental realization of optical quantum information process-
ing (QIP) with a certain success probability. Reliable quan-
tum operations can be performed by realizing the photonic
multi-qubit gates, such as the arbitrary controlled-unitary (CU)
gates.

Cross-Kerr nonlinearities (XKNLs) have been exten-
sively studied both theoretically and experimentally for im-
plementing feasible photonic multi-qubit gates.
ple, because the XKNL effect can induce efficient photon
interactions, the photonic multi-qubit gates can be imple-
mented by using far fewer physical resources than linear opti-

In princi-

cal schemes.[41%1 Nemoto and Munro proposed nearly de-
terministic controlled gates by using ancilla photons, linear
optical elements, and quantum non-demolition (QND) detec-
tors based on weak XKNLs, X-homodyne measurements, and
feed-forward schemes.!!”! In 2009, Lin and Li presented an
almost deterministic controlled-path (C-path) gate!'®! by us-
ing weak XKNLs and X-homodyne measurements. There-
after, similar schemes for implementing photonic multi-qubit
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gates!1%23 were developed for QIPs via weak XKNLs and
X-homodyne measurements. Further, photonic multi-qubit
gates,?*~?71 which can reduce the nonlinear phase shift or the
strength of coherent state via weak XKNLs, coherent super-
position states (CSSs), and P-homodyne measurements for the
same error probability, were investigated. These gates!?*>7]
not only increase the experimental realization feasibility but
also enhance the robustness against decoherence.

However, decoherence (by loss of photons) is unavoid-
able when a coherent state (probe beam) is transmitted through
a fiber in practice. Owing to decoherence, the state of pho-
tons (signal) evolves into a mixed state after the homodyne
measurements. 8311 Consequently, the fidelity of the opti-
cal multi-qubit gate will decrease. Fortunately, Jeong*! has
shown that decoherence can be made arbitrarily small sim-
ply by increasing the amplitude of the coherent state and by
applying the displacement operator D (—o) to the coherent
state and photon-number-resolving (PNR) measurements. In
2010, Wittmann et al.13% showed that the performance of a
displacement-controlled PNR measurement is better than that
of a homodyne receiver for discriminating the coherent states.
Furthermore, the optical multi-qubit or controlled gates, 3338
exploiting the QND (PNR) measurement via weak XKNLs
and two quantum bus (qubus) beams, were proposed so that
XKNL (coupling phase shift) of —8 and the displacement op-
erator D (—¢) on the probe beam can be removed.

As mentioned in the above descriptions, the development

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

020306-1


http://dx.doi.org/10.1088/1674-1056/25/2/020306
mailto:yangh@korea.ac.kr
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B  Vol. 25, No. 2 (2016) 020306

of multi-qubit gates, in which the XKNLs and various mea-
surement strategies were utilized for deterministic and fea-
sible realization,[!”-38! provides reliable performance and an
experimental implementation of optical QIP schemes, such as
the quantum communication scheme,!!%?327] the generation
of an entangled state, [22,24-26,39-41] {he deterministic Bell-state
measurement, [19:2142:43] the entanglement purification, [44-40]
and the entanglement concentration.*’=*%1 Thereafter, the op-
tical QIP schemes, based on the implementation of multi-qubit
gates via weak XKNLs, have been also investigated.

In this paper, first, we propose a deterministic and ex-
perimentally feasible CU gate, which is composed of consec-
utive operations of a C-path gate*3] and a gathering-path
(G-path) gate via weak XKNLs, the qubus beams, the QND
(PNR) measurements, and feed-forward schemes. Compared
with the existing multi-qubit gates!! 72" using XKNLs, coher-
ent states or CSSs and homodyne measurements, for the same
error probability, the nonlinear phase shift 6 or the amplitude
of coherent state & required in our CU gate will be shown to be
relatively small. In addition, motivated by Refs. [33]{38], we,
in our CU gate, utilize the qubus beams and the QND (PNR)
measurements without the displacement operator for reducing
decoherence (by loss of photons). Thus, when this CU gate is
experimentally implemented, the feasibility is improved and
decoherence is reduced. Subsequently, by using the proposed
CU gates, we present a bidirectional transfer of quantum in-
formation (BTQI) for two unknown states of photons that are
mutually exchanged between Alice and Bob, by transmitting
only one photon.

The rest of this paper is organized as follows. In Sec-
tion 2, we present a CU gate obtained by consecutive opera-
tion of a C-path gate3>3%] and a G-path gate via weak XKNLs,
the qubus beams, the QND (PNR) measurements, and feed-
forward schemes. Furthermore, we show that when compared
with the existing multi-qubit gates!'’-2"! using the coherent
states or CSSs and homodyne measurements, our CU gate ex-
hibits improved feasibility of the experimental implementa-
tion and enhanced robustness against decoherence by using the
qubus beams and the QND (PNR) measurements. In Section 3,
we propose a BTQI scheme in which two unknown photons
between Alice and Bob are mutually transferred by transfer-
ring only a single photon via optical elements such as beam
splitters (BSs), spin flippers (SFs), polarizing beam splitters
(PBSs), 45-PBSs, photon detectors (PDs), and CU gates as
described in Section 2. Finally, in Section 4 we discuss the
success probability and experimental implementation of the
proposed CU gate and BTQI scheme.

2. CU gate with XKNLs, the qubus beams,
the QND (PNR) measurements and feed-
forwards

Now we consider two types of photon polarizations: cir-
cular polarization (|R) is right- and |L) is left-circular), and

linear polarization (|H) is horizontal and |V) is vertical). The
relationships between the two types are given by

= (0)= —— (H)—i — =4 i
IR)=10)=—7 (H)=i|v)), | =1) \@(|H>+ V),

Thus, the circularly polarized states correspond to
the eigenstates of oz: {|R)=[0),|L)=|1)}, and the lin-
early polarized states correspond to the eigenstates of Oy:
{|H) =1|+),|V) =1i|—)}. We introduce the XKNL for ex-
plaining the CU gate. The XKNL’s Hamiltonian is Hgerr =
hxN1N,, where N; is the photon number operator and ¥ is
the strength of nonlinearity in the Kerr medium. We assume
that |n); represents a signal state of n photons, and |a); is
a coherent state (the probe beam). After passing through
the Kerr medium, the signal-probe system state is changed
into Ugerr [n) 1 |@t), = ' ®M1M2 |n), @), = |n), |ace'"?),, where
0 = xt and ¢ is the interaction time.

Now, we propose a deterministic CU gate that is com-
posed of consecutively performing C-path gate, 33! an arbi-
trary unitary operator U, and a G-path gate using the XKNLs,
the qubus beams, the QND (PNR) measurements, the feed-
forwards, and linear optical elements such as 45-PBSs and
BSs, which is shown in Fig. 1. Suppose that the initial state of
two photons is

10)in=alR)¢ [R); +bIR)e L) +¢|L)g R +d L) L), (2)

where the superscripts describe photon paths and the sub-
scripts ¢ and ¢ represent the control and target photons, re-
spectively.

In the C-path gate!®*33! as shown in Fig. 1, the control
photon c passes through the 45-PBS, the target photon ¢ (sig-
nal photon) passes through the BS, and the probe beam |ct)
passes through another BS. Then, the state of the signal-probe
system is transformed into the following state:

0225 [a )2 ()74 ) +1R)? (117+107)

L)l (R +IR);)+a L (jL7 +1L)7)

o \“| o\’ 3
5 ) ©
When passing through the 45-PBS, |R) is transmitted and |L)
is reflected. The action of 50:50 BS is described by az —
(1/v/2) (aZ‘J —ﬁ—a};) and aI'T) — (1/v2) (azj - aTD),[SO] where aj
is the creation operator of a photon on path i (U is an Up path
and D is a Down path). The action of BS transforms the coher-
ent component |o)¢|B)? into |(a+ B)/v2)%|(a —B)/V2)".
Then, the two photons (¢ and ¢) interact with the two qubus
beams |o/v/2)%|a/+/2)? to induce the phase shifts 8 in Kerr
medium.

®
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Fig. 1. (color online) Schematic diagram of CU gate (black box), which is comprised of the consecutive operation of a C-path gate (red box
on the left)3*33! and a G-path gate (blue box on the right) using XKNLs, the qubus beams, the QND (PNR) measurements (dotted line black
box), and feed-forwards. The CU gate is composed of three parts: the C-path gate, the operator U, and the G-path gate. First, in the C-path
gate, the two photons ¢ and ¢ (dotted line blue box) in the input state (signal) induce controlled phase shifts 6 in the two qubus beams (probe)
by the XKNLs interaction. Then, the linear phase shifters —6 are operated on the two qubus beams. Subsequently, we measure the probe beam
on the path b via the QND (PNR) measurement, [*3-38] which can precisely discriminate the number of photons |1z)? in the probe beam on the
path b. According to the measurement outcome |n)? of the QND (PNR) measurement, we determine whether to operate the phase shifter &
and the path-switch S on the target photon ¢ by feed-forward. After passing the C-path gate, the target photon path is split according to the
control photon polarization. The target photon goes through path 3 (or 4) when the control photon is |R) (or |L)). In the second step, the unitary
operator U on path 4 is applied to the target photon. In the third step of the G-path gate, the XKNLs induce phase shifts 6 according to the
target photon ¢, and then the linear phase shifter —6 is performed on the qubus beam on path a. For gathering the target photon on the split path,
we finally apply the unitary operator —o7 to the control photon, and the path-switch S to the target photon via the feed-forward, depending on
the measurement outcome |n)? of the QND (PNR) measurement. Consequently, the CU gate performs a controlled-unitary (CU) operation on
the input state.

[me———————————

Subsequently, the linear phase shifters —8 are applied to
the qubus beams, and then the signal-probe system is transmit-
ted into 45-PBS (photon c¢) and BS (two qubus beams). The
transformed state | @), of the signal-probe system will be

\% [(a IR IR +b|R)! LY +c|L) |R)!

+d|L); L)) @ o) [0)”

[®)o1 =

+ (a R) IRV +5|R)! |L>;*) ®lotcos 6)* o sin @)’

+ (c|L>j, R} +d|L)! \L>,3)®\acos 6)"|+iasin e>b] ,
)

where the coherent states on the paths a and b are either
o) |0)” or |orcos 8)* |+iasinB)? in the two qubus beams.
Then, we employ the QND (PNR) measurement(33-38] ag
shown in the dotted line black box in Fig. 1, for precisely
measuring the number of photons |n)b in the qubus beam
(|0)’ or |[+asin8)”) on the path b. The measurement is

needed for properly operating the path-switch S and the phase

shifter @ by feed-forward. The QND (PNR) measurement op-
eration on the path b is

A A
0@ [v27)" 10/ 10} @ [v2r)” 10)”,
A
|:|:iasin9>b®‘ﬁ7> |0>B@>3|:I:iasin9>b

e\l

by NG 2 )

where ’ﬁ}/> is the coherent state and

L L, 2.5 = (FiosinB)"
|tiosin @) = exp {—2 |er|” sin 9} : Z i

n=0
By the QND operation, the state |@),;, evolves into the state
|@) o, of the signal-probe system and the probe system (path
A-B), as follows:

c

0, = 5 { [alRLIRT + 51RO + el )

020306-3



Chin. Phys. B  Vol. 25, No. 2 (2016) 020306

DL @l 0 VR 0)" |

{exp[ ~|af?sin 9}

7
I e G LR

+ (C|L> RY +d|L)! \L>?)}®|acose>“ In)?

T
oy

V2
l—m (1— cosngo)}

<y [Y<ei’1¢_1>/ﬁ}m|m>3.

m=0 \% m!

We detect the photon number of the state |m>B by using the

®

where

(e =1)1v2)" -

PNR detector which utilizes the positive-operator-value mea-
surement (POVM) elements.>!! The qubus beams on the path
B are coupled with the qubus beam [0)” or [n)” in Eq. (6).
Such PNR measurement outcomes of |}/(ei"¢ — 1) / ﬁ>B

the process of QND can distinguish the Fock state with |n)?
from that with [n+1)? (/ is not large enough) in |+iasin 8)”.
Thus, the QND (PNR) measurement, in which the measure-
of |y(ei? — 1)/\ﬁ>8 are detected by
POVM elements, !l will be implemented in the indirect mea-

ment outcomes |m)?

surement for |n>b in the qubus beam on the path b. In Fig. 2, we
show an example (PNR measurement using POVM elements)
for the Poisson distributions of |y(e!"? — 1)/v2)”, which are
induced by different [n)” (n=1,2,...) in the qubus beam on
the path b, when |y| = 100 and ¢ = 0.05.

0120
0.10 (\
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% oo ||
= 0.06 I \ /n:2
A e
n=
0-02} U \/ //-\\
0
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m
Fig. 2. (color online) The Poisson distributions of the coupled

ly(ein® — 1)/\5)3 with [n)? (n=1,2,...) in the qubus beam on path
b, in Eq. (6), by the process of QND, when |y| = 100 and ¢ = 0.05. m
is the photon number and p (m) is the probability to detect the photon

number m in the Poisson distribution of |7/ ing _ 1)/\[> by using
the PNR detector. In Eq. (5) with |y| = 100 and ¢ = 0.05, the overlaps
of Poisson distributions for different values of photon numbernare neg-

ligible; thus, reliable discrimination between |n)® (n=1,2,...) on the
path b is possible.
If the QND (PNR) measurement result is |0)%, the output
state |@)p of the C-path gate is the first term in Eq. (6) and is

given by
|9)cp = alR); IR)]+DIR) L) +c|L)¢ IR)+d|L)e L) . (D)

Otherwise, the output state can be transformed into the state
|@)cp, as in Eq. (7), by feed-forward operation of the phase
shifter @ and the path-switch S on the target photon ¢, ac-
cording to the |n)? (n=1,2,...) results of the QND (PNR)
measurement. The error probability of the C-path gate,
PEP| which is the probability to detect |0)?
lv(e —1)/v2) (n=0,1,2,..

is calculated from

PP — le’w“25ir126 [1 + |a)?sin®6 - e~ |7P(1=cos9)
2

err

(no photon) in
.) on the path B in Eq. (6),

21<|O‘| sin 9) o1 (1—cos29)
3i(|a| sin 6) 7‘7‘2(17Cos3¢)
%(Ial sn g)* o1 (1=emi0) ]

_ 7|a\2§1n29 Z
xexp[—|}’| (1—cosk¢)]
%exp[—|a|2sin26(l—exp{—%\}’\%z})}, ®)

(Ja|* sin® 6)F

Q

where
exp |~ I7P (1~ cosko) | ~exp[~3k1107)

When |y| = 100 and ¢ = 0.05 (exp [ — 1 |7 $?] < 107%) in
the process of QND (PNR) measurement, P$F is approximated
as (1/2)e 19578 When arsin@ ~ a8 > 4.5 (o € R), PP is
smaller than 10?; thus, the deterministic C-path gate is possi-
ble. It indicates that if we choose the amplitude ¢ of the coher-
ent state to be sufficiently large, the weak XKNL (6 < 1) can
be utilized for the C-path gate. Thus, by using weak XKNLs,
the qubus beams, and the QND (PNR) measurement with the
condition a6 > 4.5, this C-path gate is nearly deterministic
with a certain success probability (PSE. = 1). After passing
the C-path gate, the signal-probe system |y)p, in which the
target photon’s path is split as shown in Eq. (7), including the
unmeasured qubus beam |@)® or | cos 0)¢ on the path a, is
given by

Wicra = [alR)E IR +bIR)! L) +e|L)! IR) +d|L) ! L)

® |o)?, (9a)
Wler e = [alR)IR4bIR) L) e LY R) +d1)! 1)
® |acos0)“. (9b)

If the QND measurement outcome of the coherent state on the
path B in the C-path gate is |0)%,
a of the state |y)qp is |)“,
outcome is [n)® (n=1,2,...), the qubus beam is |t cos 0)“, as
in Eq. (9b). Subsequently, the qubus beams |a)® or |t cos 0)¢

the qubus beam on the path
as in Eq. (9a). If the measurement

in the state |y)p will be recycled in the G-path gate.
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In the second step, the target photon in the state |y) p, in
Eq. (9a) or (9b), passes through an arbitrary unitary operator
U on path 4. The transformed state |y); is

W)y = (U) 1W)ep
—alR!IR) +bIR)ILY +eln)! (UIR);)

+d|L)! (U |L>f) . (10)

For example, if U is ox, 0z or i0y, the state |y), will be
given by
W)y = (0x)] W) p

=alR)} [R);+b|R), L)) +c|L)} |L)} +d |L); R);
V)6, =(02)! W) cp

=alR)}[R);+b|R); L)) +c|L)|R)} —d|L)} |L)
W’>icy (IGY) W) cp

=alR)!|R); +b[R): |L); —c|L)} L), +d |L)} R)} . (11)

These are the output states of the unitary operation of CNOT,
controlled-o7 (CZ) or controlled-oy (CY) on the initial state
of the two photons (Eq. (2)), respectively. Since the target pho-
ton path is divided into two paths 3 and 4 in Eq. (11), we use
the G-path gate for merging the target photon split path to a
single path.

In the G-path gate of the third step as described in Fig. 1,
the qubus beams |ot)? or |orcos0)”
C-path gate, pass through the BS, and the target photon ¢

, which were used in the

in the state |y),, passes through another BS. After passing
the BS, the qubus beams |o)® or |occos6)? are split into
’a/ﬂ>“|(x/ﬁ>h or |ocos 0/v/2)" |acos 9/ﬁ>b, and their
phase is shifted through the XKNLs interaction in which the
target photon ¢ induces a controlled phase shift 8 on a qubus
beam. Subsequently, the linear phase shifter —8 is applied
to the qubus beam on the path a, and the two qubus beams
are transmitted to the BS. The transformed state |y),, of the
signal-probe system will be

¥)o1.0= (|GP+> ®|a)*]0)”
+ |GP—>L,, ®acos6) |-iasing)’),  (12)
Worae= 75 (1671} & laccose) o)
+|6P7);, @ lacos? 6)° Hiasinf cos 6)) , (12b)
where

(GP%)1 = £alR)LR) £ b RILY + el (UIR))
+d|L)! (U |L>f’) .

Then, we employ the QND (PNR) measurement, as shown in
the dotted line black box in Fig. 1, for precisely measuring the

outcomes of the qubus beams on the path . The measure-
ment is needed for properly operating the path-switch S and
Pauli operator —o; by feed-forward. The QND (PNR) mea-
surement operation is

e |var) 0f 28 0P e |Var) o),
’\[7/> |0>BQ == |—iasin6)”

Y(e'"¢+1) > y(em‘i’— 1)>87

|—ictsin@)”

®

V2 V2
—iatsinBcos6)? ’\[}/> 0)8 \ iasin 6 cos 6)°
_ B
®y(e;§+1)> }/(e\;—l)> .

where
1
|+iocsinOcosO) = exp(—i |ct|* sin? 6 cos? 9)

= (+iosinfcos )"
)y ).

X
n=0 \/I’F

After the operation of QND, the output state |y), is given by

‘\M> 0) }
L {| 3, L) 163
® |otcos 6)¢ |n)®

‘y(ei"“? + 1) >A

V2

Wi a=5{ [I6P9)4] @li®l0

®

(e 1) >B L (4

V2
o var)' o)

+L e—%m\zsinzecosze.i (—iasinBOcosH)"
\/E n=0 \/’?
UGP > }®|occos 0)" n)”

‘y(emm) y y(ein¢1)>3

V2 V2

|W>02,ac:% {[|GP+> } ® |acos 6)”

®

(14b)

Subsequently, we detect the photon number of the state |m)®
by using the PNR detector using POVM elements. The qubus
beam states on the path B are coupled with the qubus beams
10)? or |n>b in Eq. (14a) or (14b). Such PNR measurement
outcomes of |y(e"? —1)/ ﬁ>B in the process of QND can
distinguish the Fock state with |n)” from that with [n+1)” (/
is not large enough) in |—ictsin@)” or |—iorsin @ cos6)?. If
the result of QND (PNR) measurement is |O>B , the final state
|y) p of the G-path gate is the first term in Eq. (14a) or (14b)
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and is given by

W)er=|GP),,
=alR)! R +bIR) L) +elL)! (U IR);)

+d|L)! (U |L>f) . (15)

Otherwise, the output state \GP’)Z can be transformed into
the final state |y)gp (|GPT)%), as in Eq. (15), by operat-
ing the path-switch S on the target photon ¢, and —oz on
the control photon ¢ via the feed-forward scheme, accord-
ing to the |n)” (n=1,2,...) results of the QND (PNR) mea-
surement. After passing the G-path gate, the error probabil-
ity PSP of this gate according to the state [¥)g, o (V)02 o)
is (1/2)elofsin [(1/2)e*|°“2““29°°s29]. When the weak
XKNL (6 < 1) is employed in this gate, (1/2) ¢~ laf*sin’ fcos’6
is almost identical to (1/2)e~ 1%l sin?0. thus, the error prob-
ability PSP is also the same as the error probability of the
C-path gate; thus, PSP = PSP, Consequently, the total error
probability PSY of the single CU gate, which is composed of
consecutive operations of C- and G-path gates, is given by

PCU :Pecrf_‘_PGP _ (PCP'PGP)

err err err err

2
=2pP5F — (PSP, (for PSF=PSF), (16)

where PSP = PSP = (I/Z)e"o“zsmze for the weak XKNL
(6 < 1), and the strong amplitude of coherent state (& > 1).
Thus, the CU gate is nearly deterministic (PSY < 107%) for
asin® ~ af > 4.5. Furthermore, our multi-qubit gate, us-
ing two qubus beams and the QND (PNR) measurement, is
more experimentally efficient than both the existing multi-

qubit gates using coherent states and X-homodynes,[!”->31 or

those using CSS and P-homodynes.**-2") Compared with our
C-path gate, the existing C-path gates using coherent states
and X-homodynes,!?*! or using CSS and P-homodynes,*”]
have the following error probabilities:

2
Pecrf(x) = l [1 —erf(a6 )] ,
2 2V2

crp) 3 2046)}
P =1 —erf( =2 )], 17
4[ “ (2\5 4

where Pecrf X) and Peclf ) are the error probabilities of the C-
path gates using coherent state and X-homodyne(?}! and using

CSS and P-homodyne,!?’! respectively.

Table 1 presents the comparison between our proposed
C-path gate and the existing C-path gates.?>?’] If we choose
the same error probability (P$F < 1072), the proposed method
using two qubus beams and QND (PNR) measurements can re-
duce the nonlinear phase shift (if & = 1000, then 6 > 0.0033)
or the strength of the coherent state (if 6 ~ 1072, then o >
370). Thus, compared with the existing C-path gates!>3>”]
employing the measurement strategy involving homodynes (X
and P), the proposed CU gate increases the feasibility of exper-
imental realization in terms of the resources consumed, owing
to the PNR measurement. Moreover, the decoherence in the
C-path gate reported in Ref. [27], which uses the probe beam
by CSS (macroscopic system), is far larger than that in our
proposed gate employing the coherent state. Consequently,
the proposed CU gate not only increases the feasibility of ex-
perimental realization but also enhances the robustness against
decoherence.

Table 1. Comparison of the C-path gates proposed in this paper with the gates reported in Refs. [23] and [27]. We compare the
used probe beam, measurement strategy, and error probability of the gates. The requirements (¢, 6) are calculated for the same error

probability: PSP < 1073,

C-path gate in this paper

C-path gate in Ref. [23]

C-path gate in Ref. [27]

Probe beam |@) coherent state

Measurement strategy photon number resolving

Error probability of

C-path gate (PSF) =0/2
PSP <1073 af >3.5

a = 1000 (PSP < 1079) 6 > 0.0033
6~ 1072 (PSP < 1079) a > 370

PSP inEq. (17)

(o) +]—@))/v2

o) coherent state o
coherent superposition state (CSS)

X-homodyne P-homodyne

PEP®) in Eq. (17)

af?>9 b > 4.5
6 > 0.094 6 > 0.0045
o > 106000 o > 490

3. Bidirectional transfer of quantum informa-
tion (BTQI) via CU gates using XKNLs, the
qubus beams, and the QND (PNR) measure-
ments

The BTQI scheme as described in Fig. 3, achieves the mu-
tual transfer of two unknown states of photon between Alice

and Bob by transferring only a single photon 7'. The unknown

states are prepared as

Q)4 = alH)4+B|V), (Alice=Bob), for |at|*+|B[*=1,
|W) = x|H) ,+8|V), (Bob= Alice), for |x|*+]8|*=1, (18)

where the polarizations {|H),|V)}, {|R),|L)} are defined by
Eq. (1). Suppose that Alice prepares a photon A in an unknown
state | @), and a photon T in the state |H) . After the photon T
(on the path P) passes through the BS, Alice operates optical
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devices SF, WPs, CNOT, and CZ gates between the photons 7
and A. The output state |P) ;.. of the photon system (T ® A)
is obtained as

|H>;® l@)a(=a|H)y+B(V)4)

BS+sF_ 1 < P Q)
— |\ |H)7 +|V ®
V2 H)r+1V)T ) @19)4
CNOT + WPs +CZ + WPs 1 AP
L v G AL I A

+B (VG A+ BT V),) - (19)

where the photon T acts as a control photon and the photon

surements, and feed-forwards, as described in Section 2. Sub-
sequently, Alice transmits the photon 7 of the state |®) ;.. tO
Bob, while the photon A remains on Alice’s side.

On Bob’s side, after the photon 7' of the state |®) jice
passes through the BS, Bob performs the SF-1 (Usg_;) as de-
scribed in Fig. 3, and the first CNOT gate between the pho-
ton T (control) and |R), (target) for reconstructing Alice’s un-
known state |@),. This resulting state |®);,, of photons is
achieved as

BS +SF-1+CNOT

. . . ‘¢>Alice
A is used as a target photon in CNOT and CZ gates, as in 1
Eq. (11). The operations Uwp of WP and Usr of SF are de- | @) ran = Wi {(1 HYP |V, + V)2 ], + |H)E |H),
scribed in Fig. 3. 0
In Fig. 4, the CU operations which Alice and Bob use for +ilV)r |V>A) ®(BH)y—a[V)y)
transferring unknown photons in the BTQI scheme are per- + (‘ H>P H), —i |V>P V), +il H>Q V),
T T T
formed by the CU gates consisting of a C-path gate and a G-
path gate via XKNLs, the qubus beams, the QND (PNR) mea- — )¢ |H>A) @ (a|H), + B |V>z)} ; (20)
B o)
o TTTTTTTE T e PP R 1
! ) a Vige| 1>~ |R), V)5 i H
: + WP WP : 1 \l/ y Dy, :
V(W 3h ' p i b :
P
i P CNOT C7Z i H CNOT CNOT D i
! {0} {0} i ! {o.} {o.} i
1 1 T Dg 1
1 Q : Q Q1 Q 1
! WP WP | 1SF-1 SF i
I i I Dy Dy !
] 1 1 1
i R N T H
1 : ————————— DR
A e o w2 B2k

|:| WP: Uwp = (1/2)(|R) (R[+|R)(L|+|L)(R|—|L)(L|)

|R) = [H), (L|=i[V), (H|=(R], [V)=i|L)

|:| SF: Ugp = | H) (VI +|V) (H]

I SF-1: Ugpa = V) (H[+[H) (V]

Fig. 3. (color online) The BTQI scheme, which consists of a BS, an SF, wave-plates (WPs), a CNOT gate, and a CZ gate on Alice’s side. On
Bob’s side, it has an SF-1, an SE, a BS, PBSs, a 45-PBS, PDs (D), and two CNOT gates. The state |@), (|y)g) is an unknown state of the
photon that Alice (Bob) wants to send to Bob (Alice). The state |@), (|y)p) is recovered by Bob (Alice) by using proper unitary operation
Ug (Uy ). The suitable operation is determined by the information about the initial polarization of the transferred photon 7' (1 bit), the measured
path and polarization of the transferred photon 7', and the measured polarization of photon B in PDs (3 bits). Subsequently, the state of Alice’s
photon A is reconstructed at the final destination of Bob’s photon 2, (|@), — |R),), and the state of Bob’s photon B is reconstructed at the final

destination of Alice’s photon A, (|y)g — |9),)-

==
It
L] e 1L £ -
a a a
c_P P . |
Ccu i C-path gate "4 —————— G-path gate == ——7
|
e O L R E N
L] 3 i
IV
L] ‘e Q 1

|c: control photon, t¢: target phot0n|

CU (C-path+G-path) gate

Fig. 4. (color online) Photon 7 is used as a control qubit, and the photons A , 2, and B are used as target qubits in the CU operations. These CU
operations are implemented by the CU gates, in which the C-path and G-path gates are consecutively performed by XKNLs, the qubus beams,
the QND (PNR) measurements, and feed-forwards, as described in Section 2. If the unitary operator U in the middle between the C-path and
G-path gates is oy the CU gate will become a CNOT, whereas if the operator is 6z the CU gate will become a CZ. For the BTQI scheme, the

details of this CU gate are presented in Appendix A.
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where the expansion coefficients o and 8 of Alice’s unknown
photon A appear in Bob’s photon state 2. After this state
|®@) 4, passes through the SF, the second CNOT gate be-
tween the photon 7 (control) and B (target) is applied for
X|H)p+6|V)p) to
Then, the photon T passes through the BS. Conse-

transferring Bob’s unknown state |y) z (=
Alice.
quently, when Alice prepares the initial state of photon |H)
in Eq. (19), the final state |®)y,,  of the photon system
(T®AR®B®?2)1is given by

|P) 742

|(D>B0bﬁ

SF+CNOT +BS

5 f {7 G V)0~ 81H),) IR)g
+ (X V)a+8 H))ID g+ V)7 {(X |H)4+i8|V) )R 5
+ (W H) 4, =18 V) )ID g} @ (B[H), —a[V),)
[0 (el A8 1)) R +Cc B — 181V),0) L5}
— IVFG2IV) A= [H)2) R s+ (i |V) 4+ H) 4) L) s}
® (a|H),+BV),)}- 2D
If Alice transfers the polarization |V) of the prepared photon
to Bob along path P, |V>I;, and if Alice (Bob) wants to send

|0) 4 (JW)p), as described in Eq. (18), to Bob (Alice), the final
state | D),y Would be expressed as follows:

Py = 375 { [, +i81V)) )
+ (L H)A = 18]V),) 1L)g)
*|V>1T3{(i%|V>A*5|H>A)|R>B
+ G V)a+81H) ) IL)5}| @ (alH)y +BIV),)
+ (I 1V)a — 81H)4) IR)
+ (2 IV)a+8|H),) [L)g)

+VIZ LG [H)a+181V)2) IR}
+ (2 |H), =18 1V)4) )5}
® (BIH), —a[V)y) }. @)

where the photon B in Egs. (21) and (22) is circularly polarized
{IR).IL)}.

To measure the paths and polarizations of the photons,
Bob transmits the photon 7' to the PBSs and the photon B to
the 45-PBS. Because |H) (|R)) is transmitted and |V) (|L)) is
reflected by the PBS (45-PBS), Bob can measure both the path
and the polarization of photon 7 in the {|H),|V);} basis by
using PDs (DZ,D{;,D%,D%) and the polarization of photon
Binthe {|R)g,|L)z} basis by using PDs (Dg,Dy). However,
Bob does not measure the polarization of photon 2. After these
measurements, the photon state 2 is collapsed into one of two
possible states and the photon state A is also collapsed into
one of eight possible states. Subsequently, Alice announces
to Bob the initial polarization information (1 bit) of the trans-
ferred photon 7', and Bob communicates to Alice the measured
path and polarization information (3 bits) of photons 7 and B,
via the public channel. By performing proper operations Uy
on Alice’s target photon A and by performing Up on Bob’s
target photon 2, both can recover the other’s unknown states
of photons, x |H),+ 0|V), and a|H), + |V),. In Table 2
summarized are all possible states of Alice and Bob’s target
photons (photons A and 2) and the suitable unitary operators
(U4 and Ug), which depend on the initial polarization infor-
mation of the transferred photon 7" and the measured path and
polarizations of photons 7' and B. Furthermore, the security
against Eve’s intercept-resend attack of the BQTI scheme is
guaranteed if Alice (Bob) uses a secure classical channel (in-
stead of public channel) to notify the initial polarization of the

Table 2. Collapsed states of the photons (photons A and 2) and the suitable unitary operations (Uya,Ug), depending on Alice’s initial

polarization and Bob’s measurement outcomes.

Alice’s initial Bob’s measured

Transferred

Alice’s Uy Transferred stae Bob’s Up

g??}iioztit;o; patho?gigggr%agons Bob — Alice for photon A Alice — Bob for photon 2
H)2|R) 5 VA= 8IH),  —|V)(H|—i[H)V|
Py Vi SIH),  V(H|— (H)Y] BiH—alVy  VIEI— V]
V)ZIR) 5 XIH) +18|V),  [H)H| V)V ? ?
)y V)2IL)s X, —i8V),  [H)H|+iV)(V|
H)?IR) 5 X |H), +i6|V), |H><H\fl|v>< |
H)P|L) 3 X|H), —i81V) \H)(H]| + [V )(V]
VIEIR)s AV sl - SRV HHEE VW
V)2IL)s IV)IA+8IH),  V)(H|—i[H)(V]
H)}IR) 5 X, +i8V),  [H)H|-iV)V|
H)P|L)g Z|H), —i8|V) \H)(H| +i[V) (V|
VIER)S T A
Vi V)2IL) s V), +8IH),  V)(H|—iH)(V]
[H)7IR)s i V)s —8H), —|v><H|—.1\H><vw
DL A DR e v
V)2IL)8 XIH), —i8V),  [H)H|+iV)V|
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transferred photon 7 (the measured path and polarization of
photons 7 and B). This is because Eve cannot reconstruct
the quantum states of unknown photons without knowing in-
formation (1, 3 bits) about the path and polarizations of pho-
tons 7 and B. When Eve, impersonating Bob, intercepts the
photon T being transferred from Alice to Bob and measures
the path of this photon and the polarization of photon B, like
Bob, photon 2 is collapsed into one of four possible states, as
shown in Table 2. She cannot determine which of these col-
lapsed states is without the information about the initial polar-
ization. If Eve impersonates Alice, Eve cannot recover Bob’s
unknown state of photon B from the information about photon
A without Bob’s measurement outcomes. Thus, Alice and Bob
can achieve the secure quantum transmission of unknown pho-
tons with the secure classical channel. Accordingly, the secure
BTQI scheme involves the bidirectional quantum transmission
of unknown photons by transferring only a single photon T
and using CU gates as described in Section 2.

4. Conclusions

In this paper, we propose a BTQI scheme, which achieves
mutual transmission of two unknown states |@) , , | )z of pho-
tons between Alice and Bob, which do not directly send un-
known states of photons (A, B) but instead use a classical chan-
nel to send the information about the states of photons and then
utilize the information to reconstruct the unknown states. In
our protocol, both Alice’s unknown state |@), and Bob’s un-
known state | y) 5 are simultaneously transmitted to the other’s
site. Thus, the two participants in our protocol simultaneously
become both message senders and message receivers by di-
rectly transferring only a single photon 7'.

Because the BTQI scheme is based on the CU gate, the
success probability and feasibility of realization of the pro-
posed scheme (BTQI) strongly depend on the nearly deter-
ministic performance and the experimental implementation
of the CU gate, which can be operated by the consecutive
performances of C-path and G-path gates via weak XKNLs,
the qubus beams, the QND (PNR) measurements, and feed-
forwards, as described in Section 2. The total error probability
of the single CU gate is PSY = 2PSF — (ng )2, where PSP =
(1/2) e 1o sin0 5 given by Eq. (16). For asin® ~ o6 > 4.5,
the CU gate has PSU < 107% and thus is nearly deterministic.
Further, the XKNL is not necessarily very large (6 < 1) be-
cause it can be compensated for by using the coherent state |ct)
with very large amplitude. From this point of view (a weak
XKNL and a large amplitude of coherent state), our CU gate
uses weaker XKNL or smaller amplitude of the probe beam
than the existing multi-qubit gates based on the coherent state
and X-homodyne!'’~23 or CSS and P-homodyne. ?*->7]

In Fig. 5, for the same error probabilities as Peyy < 1076,
if the amplitude of the probe beam in the multi-qubit gate
is o = 1000, the amplitude of XKNLs in our C-path gate
is 6 > 0.0033, smaller than that of the existing C-path gate
based on the coherent state and X-homodyne!?*! (6 > 0.094)
or CSS and P-homodyne!?”! (8 > 0.0045). Although the natu-

ral XKNLs are extremely weak, 6 ~ 107181521

it has been sug-
gested that the amplitude of the nonlinearity could be signif-
icantly improved by using electromagnetically induced trans-
parency (EIT), say 0 ~ 1072,153>41 which is effectively em-
ployed in the multi-qubit gates. When the nonlinear phase
shift @ is 1072, the amplitudes of probe beams in our CU
gate should be o > 360, as indicated in Eq. (8), in the ex-
isting multi-qubit gates using X-homodyne it should be o >
95000,?% and in the gates using P-homodyne it should be
o > 480,1*7! as indicated in Eq. (17), for the same error prob-
abilities as Peror < 107°.

0.5

0.4

0.3

P, err

0.2

0.1

0 1.0 1.5 2.0 2.5 3.0 3.5
0/1073

Fig. 5. (color online)Plots of the error probabilities of the C-path
gates based on coherent state and X-homodyne (red line(upper)),?3!
CSS and P-homodyne (black curve (middle)),(?”) and the qubus beams
and the QND (PNR) detection (blue curve (lower)), each as a func-
tion of O (the XKNL’s phase shift), for probe beam amplitude & =
1000. The red (upper), black (middle), and blue (lower) plots
are the functions of RS/ = (1/2)[1 —erf(aB?/2+/2)], PErP) —
(3/4)[1 —erf(2a6/2+/2)], and PSP = (1/2)6““‘2“"29 respectively, as
indicated in Eq. (19). For example, when 6 = 0.003 and o« = 1000, the

error probabilities are PST ™ & 1/2, PSF® ~ 1072, and PSP ~ 104,

In experimental implementation of multi-qubit gates, the

sI17=27] with using the homodyne

fidelity of multi-qubit gate
measurement strategy will be reduced, [*-3!! owing to the pho-
ton loss-related decoherence. However, the proposed CU gate
can reduce the decoherence by increasing the coherent state
amplitude and using the PNR measurements.?8-38 Further-
more, our CU gate based on the qubus beams does not need
to perform the displacement operator D (—a), and XKNL

_p 13338

(coupling phase shift) of ! The minus conditional

phase shift in XKNL is known to be difficult to implement

1331 Another advantage of the devised CU gate,

practically.
which is composed of consecutive operations of C-path and
G-path, is that the qubus beam |o)“ that is employed in the

C-path gate can be recycled (Ja)? or |acos0)“) in the G-
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path gate. In practice, the strength of the XKNL can be am-
plified by using EIT,5*# whispering-gallery mode micro-
resonators,[0-571 optical fibers, 58! and cavity QED.[59’6O]
These methods can also reduce the absorption or losses of sig-
nal photons and the probe beam (coherent state) under a weak
XKNL (6 < 1). Moreover, references [61] and [62] show the
feasibility of the large nonlocal nonlinear interactions in a Ry-
dberg EIT system. For generating a large XKNL between co-
propagating weak pulses in 8’Rb, Wang et al.®3) proposed the
use of double EIT. Thus, the sufficient strength of the XKNL
for optical QIP is expected in the implementation of the real-
ization.

Consequently, the proposed CU gate, in which used
are the weak XKNLs, two qubus beams, QND (PNR) mea-
surements and feed-forwards, is almost deterministic with
PEY < 1078 for a® > 4.5, and can reduce the nonlinear
phase shift 6 or the strength of the probe beam ¢ compared
with the existing multi-qubit gates based on the coherent state
and X-homodyne!!”-23! or those based on the CSSs and P-

homodyne.**?"! In addition, by employing the strategy of
PNR measurements, our CU gate can reduce the decoherence
effect, and by employing the qubus beams we can recycle the
qubus beam in the G-path gate. Thus, the designed CU gate
can improve the feasibility and efficiency of experimental real-
ization and augment the robustness against decoherence by us-
ing the proposed techniques. In conclusion, our BTQI scheme

is experimentally applicable with a certain success probability.

Appendix A: CU gates in the BTQI scheme

In Section 2, both the control photon and the target pho-
ton in the initial state are in a single path of the CU gate as
shown in Eq. (2). However, on Alice’s and Bob’s side of the
BTQI scheme, the path of the control photon T is divided into
two paths, P and Q, as shown in Fig. 3. In our BTQI scheme,
we use a modified CU gate, such as the one in Fig. 4, contain-
ing a split-path of the control photon 7. The details are shown
in Fig. A.

P,
P Py P P
c c
o) == 2 foHoHeo 0 a a
b il y A g Iy b ND, eed{forward pd
q A
IR
'
S EI 171 T T
)
It 3 ; i
I ' 1
I () v 1
1 1
H 4 @) 3 4 .
L ] o o -1
®
2 T
e s Q i
Qs
C-path gate G-path gate
c P Jid c
o) & a
p=m====d C-path gate el G-path gate |=md=m== CU gate in BTQI
I U I
H "3 . I
H 3 t1
A AR e . - I -
c c
Q Q

Fig. A. (color online) Schematic diagram of CU gates in the BTQI scheme (Figs. 3 and 4). The split-path (P and Q) of the control photon
c and the single path of the target photon ¢, the multi-qubit gates perform the interactions of XKNLs between the qubus beams and two
photons (¢ and 7) according to the path (P and Q), respectively. If the unitary operator U in the middle of the C-path and G-path gates is

oy or 0z, the CU gate becomes a CNOT or a CZ gate.
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For example, assume that the control photon is in the state
(1/v2)(|R)E +|L)2) and the target photon is in the state |L);,
then the initial state | )i, will be given by

1
V2

where the target photon ¢ is in path 3. After the two photons

9= —5 (IR0 +ID¢olL)). @D

(c and ) are injected into the C-path gate, the state |@); is
changed into ) p:

C-path gate

1
(@ )ine = |9)ep=—7

| ¢ >CP \ﬁ
After applying the unitary operator U and the G-path gate, the

(RE @l +IngelLy). @2

state |@)p is finally transformed into |¢), as follows:

Upath4) 1
—) E—
9her =

G-path gate
—|

(R)? @)} +In2e (UL

_ L

=5 (R @y +102e (uin?)].

(A3)
If the unitary operator U is ox or oz, the CU gate becomes a

CNOT gate or a CZ gate as follows:

1

U =o0x =0} = —= |IRL 210 + L@ R

V2
CNOT gate,
1
U=0,=10)im= 75 [N @I} - In2o L]

CZ gate, (A4)

where the initial state is
1

|¢>im = \@

(IRF @ L)) + ¢ ey

in Eq. (Al).
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