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In this work, the behavior of the three-dimensional (3D) jet coiling based on the viscoelastic Oldroyd-B model is
investigated by a corrected particle scheme, which is named the smoothed particle hydrodynamics with corrected symmetric
kernel gradient and shifting particle technique (SPH_CS_SP) method. The accuracy and stability of SPH_CS_SP method is
first tested by solving Poiseuille flow and Taylor—Green flow. Then the capacity for the SPH_CS_SP method to solve the
viscoelastic fluid is verified by the polymer flow through a periodic array of cylinders. Moreover, the convergence of the
SPH_CS_SP method is also investigated. Finally, the proposed method is further applied to the 3D viscoelastic jet coiling
problem, and the influences of macroscopic parameters on the jet coiling are discussed. The numerical results show that
the SPH_CS_SP method has higher accuracy and better stability than the traditional SPH method and other corrected SPH

method, and can improve the tensile instability.
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1. Introduction

The complex jet coiling phenomena,!!! although they
play an important role in many industrial processes, such as
extrusion, and container filling with polymers, are still less
well understood in terms of fundamental fluid dynamics. In
order to predict the complex rheological phenomena in a real
three-dimensional (3D) viscoelastic jet buckling process, a
number of grid-based numerical methods have been proposed,
such as the finite difference method (FDM), finite element
method (FEM), finite volume method (FVM), etc. The mesh-
based methods mentioned above have been applied to many
fluid mechanic fields.

However, these grid-based methods also suffer numeri-
cal difficulties, such as severe mesh distortion, and the expen-
sive cost in the mesh generation process. As one may expect,

s[2-41

the various mesh-free method in a Lagrangian framework

have been proposed to solve the fluid dynamic problems, such
as the smoothed particle hydrodynamics (SPH) method, !+
element-free Galerkin (EFG) method,! reproducing kernel
particle method (RKPM),[6-81 and so on.

The SPH method! is a pure meshless method which
employs Lagrangian description of motion. Recently, the
SPH method has been extensively applied to the fluid dy-
namic areas due to its merits, such as viscous flows,®! free
surface flows, 1% incompressible fluids,!'>!3] multi-phase
flows,['* and non-Newtonian fluid flows.[!3-13] However, the
application of the SPH method to the viscoelastic fluid mainly

focuses on the two-dimensional (2D) viscoelastic jet buck-
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ling, and the application of the SPH method to the 3D vis-
coelastic jet coiling has received a little attention recently.
The reason is that the SPH method usually suffers two ma-
jor drawbacks, that is, the particle inconsistency!!®!7! for un-
informed particle distributions/near the boundary domain and

18] Iy order to restore the con-

the numerical/tensile instability.
sistency of the kernel and gradient particle approximations
of SPH, some improved SPH methods based on the Tay-
lor series expansion have been proposed, such as the cor-
rected smoothed particle hydrodynamics method (CSPM), 1]
finite particle method (FPM),[!129 the modified SPH (MSPH)
method,?! and the symmetric SPH (SSPH) method.!??! Al-
though these improved methods have higher accuracy than the
traditional SPH (TSPH) method, some disadvantages still ex-
ist and make it more difficult to be extended to the complex
fluid dynamic problems,[??! the choice of the kernel function
is limited for solving the partial differential equations (PDEs)
with higher derivatives; the local matrix is asymmetric, which
can cause numerical instability; its computational efficiency is
lower than that of TSPH, such as the MSPH method and SSPH
method. Therefore, a corrected kernel gradient scheme (23] has
been introduced into the TSPH method and extensively ap-
plied to Newtonian fluid®*>! in recent years. However, the
corrected kernel gradient scheme has been rarely extended to
simulate the viscoelastic jet buckling, especially the 3D simu-
lations of the viscoelastic jet coiling.

In the present paper, the 3D viscoelastic jet coiling pro-
cess based on the Oldroyd-B model is simulated and analyzed

*Project supported by the Natural Science Foundation of Jiangsu Province, China (Grant Nos. BK20130436 and BK20150436) and the Natural Science Foun-
dation of the Higher Education Institutions of Jiangsu Province, China (Grant No. 15KJB110025).

fCorresponding author. E-mail: 1jl20081223@ 126.com
© 2016 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

020204-1


http://dx.doi.org/10.1088/1674-1056/25/2/020204
mailto:rjl20081223@126.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 25, No. 2 (2016) 020204

by a parallel coupled corrected particle scheme named the
SPH_CS_SP (SPH with a corrected symmetric kernel gradient
scheme and shifting particle technique) method. Some special
phenomena of the 3D jet coiling are observed and the physical
explanations of these complex phenomena are also analyzed.
The proposed particle method combines three improved con-
cepts, that is, introducing the incompressible condition in the

26] extend-

momentum equation to achieve better robustness,|
ing the corrected symmetric kernel gradient scheme!?”! to fur-
ther improve the numerical accuracy and employing the shift-
ing particle technique to overcome the tensile instability. 8]
It should be noted that the main difference between the pro-
posed SPH_CS_SP method and other improved SPH methods
lies in the following respects: (i) the obtained discretized form
of momentum equation is different from those in Refs. [24]
and [25]; (ii) the shifting particle technique is first applied to
the viscoelastic fluid flows; (iii) the presented corrected SPH
method is different from the particle methods in Refs. [24]
and [29], which have not been extended to simulate the 3D
polymer free surface flow.

The rest of this paper is organized as follows. The gov-
erning equations and the viscoelastic constitutive model are
introduced in Section 2. In Section 3, the details of the pro-
posed SPH_CS_SP scheme for the viscoelastic fluid are de-
scribed. The accuracy and robustness of SPH_CS are tested
by simulating the Poiseuille flow in Section 4. Moreover, the
necessity of enforcing the shifting particles technique is also
investigated by simulating the Taylor—Green flow in Section 4.
In Section 5, the capacity for SPH_CS_SP to simulate the vis-
coelastic flow is verified by the polymer flow around a periodic
array of cylinders. In Section 6, the proposed particle method
with MPI parallelization technique is extended to simulate the
3D viscoelastic jet coiling problem in the filling process. Some
conclusions are drawn from the present study in Section 7.

2. Governing equations based on the Oldroyd-B
model

In the 3D Lagrangian frame, the governing equations of a
weakly compressible fluid can be described as follows:

dp
X _pVv. 1
ar pVv-v, (1)
dv 1

—=-V. F 2
i p o+ I, 2

where v = (u,v,w) is the velocity vector, p is the fluid den-
sity, 7 is the time, F' is the body force, and d/dr is the material
derivative d/dt = d/dt + v - V. The Cauchy stress tensor o in
Eq. (2) is decomposed into the ordinary isotropic pressure p
and extra stress tensor 1:

o=-pl+T,, 3)

where I refers to the identity matrix.

In this paper, we choose the Oldroyd-B model as the con-
stitutive equation, which represents the basic viscoelastic fluid
and shows complex rheological behavior of polymer flow. The
extra stress tensor Ty, for the Oldroyd-B model is usually de-
composed into viscous 2nsD and polymeric contributions 7:

T, =2nD+T, “)
%
T+ AT+ =21,D, )
where the rate of deformation tensor D = § (Vv + (Vo)T),
v

Aop is the relaxation time, and the symbol “-” represents the
following upper-convected derivative

X::%;A~T(Vv)f(vaﬁr. ©6)
Moreover, some parameters are introduced, that is, the
total viscosity 1) = 7)s + 7p, the ratio of Newtonian and poly-
meric viscosity By = ns/ (ns + np), the Reynolds number
Re = (pUL)/n, and the Weissenberg number We = (Ag,U) /L,
where U and L represent the characteristic velocity and length,
respectively.
Like many previous studies,'*°! here we also treat the in-
compressible flows as a slightly compressible fluid by a suit-
able equation of state, that is!!!

p(p)=c*(p—po), ©)

where c is the speed of sound, and pg is the reference density.
It can be shown that the density variation is proportional to
the Mach number M (M =V /¢, where V is a typical reference
velocity).[*?]

3. SPH_CS_SP method for viscoelastic fluid

In order to accurately simulate the viscoelastic fluid flow,
a new corrected particle scheme is proposed. It mainly com-
bines three different improvements, that is, introducing the in-
compressible condition in the momentum equation to achieve

5,126 applying the corrected symmetric kernel

better robustnes
gradient method®”! to the discrete form of the first derivative
to improve the numerical accuracy, and employing the shifting

particle technique to overcome the tensile instability.[>>-26-28]

3.1. Traditional SPH (TSPH) scheme

As is well known, in the traditional SPH method, the par-
ticle approximation for a function f and its first derivative at
particle i can be written as!*)

fi= XL ®)
J

O\ v, Wi

(8”) —;p—j(fj—f,) Ir ©)

where m; and p; are the mass and the density of the neigh-
bor particle j located in the support domain of particle i,
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respectively, W is the kernel function which usually satis-
VV,‘]' =W (|T,’*’I’j| 7h), 8W,<j/8rl- =
,h) /07, h being the smoothing length.

fies some properties, 4!
ow ("I‘,‘
The kernel function is related not only to the accuracy

but also to the efficiency and the stability of the resulting al-
gorithm. As shown in Ref. [29], the Wendland function can
produce more accurate results than the common spline kernel
functions. So the following quintic Wendland kernel function
is adopted:

Wij = W(r,h)
- WO{([)l,_(r/h)]4[(4r/h)+ 1], (r)/% ;/;IK L 10

where the r = |r,~—r j| and the normalization factor wq is
7/ (zh?).

According to Eq. (9), the discrete scheme of the continu-
ity equation (1) is

R
Considering the discrete gradient scheme
m; . OW;;
=L
and the following identity:
1906 9(c*/p) o ap
p oxP oxP p2 oxB’

we can obtain the conventional discretized scheme of the mo-
mentum equation (2), which is

B
dv“) o a7\ ow,
— ) =Y m | 5+ +F%  (12)
( dr /; Z," ’ ( p? P,z 3xf-3

where VP is the B-th component of the fluid velocity, o%b is

the (o, B)-th component of the total stress tensor, and xP is the
component of spatial coordinate.

The particle discretized scheme of total stress equation (3)
can be defined as

a’P ——p5’”’3+ﬁon(1< +Kﬁ°‘) (r"‘ﬁ)i, (13)
where
ap _ (VN v Ma_ a9V
K _<axﬁ>,»_;pj(vj V")a?’ (9

and the discretized scheme of the constitutive equation (5) is

(dfaﬁ ) — kW11 4 BT A%Tqﬁ

dr b
(1 —Bo)n
A

(K +Kﬁa) (15)

3.2. SPH_CS_SP method

The TSPH discretized formulas (11)—(15) for the vis-
coelastic Oldroyd-B fluid are directly derived from the TSPH
discrete formula for the viscous fluid.!" As is well known,

the TSPH formula for the viscous flow suffers low numerical
accuracy and instability, especially for the non-uniform dis-
tributed particles and boundary particles (see Refs. [4], [11],
and [16]). Moreover, the influence of elastic stress on the nu-
merical simulations of viscoelastic fluid flow is also signifi-
cant, which easily leads to the instability of numerical schemes
for the viscoelastic flow. Therefore, in order to obtain a parti-
cle method that possesses higher accuracy and better stability,
we introduce three improvements!?’-?8 into the TSPH formu-
las (11)—(15). The improvements are described in detail as
follows.
Firstly, introducing the incompressible condition into mo-
mentum equation (2) leads to
dv 1

dr :_EVp+p

(nsV?v+V-7)+F, (16)

and considering the discrete scheme of the Laplace
operator,!3! the following discretized scheme of the momen-
tum equation (16) is obtained

dv o j 8Wl/
(), (33 5

4m;Bo (ni + ;) vi; g OWi
- 2 2 2 xij 9 B
7 (pi-+p,)” ([l +0.0112) " oaf

aﬁ ‘?‘ﬁ W,
+ZmJ ( 2) AV
/

P, ox;

where r;j =7r; — ;.

Secondly, the corrected symmetric kernel gradient
scheme!?’! and the Taylor expansion concept!'®! are also ap-
plied to the first-order derivative and the elastic stress part of
Eq. (12) to restore the particle approximation and consistency
and improve the numerical accuracy and stability of TSPH
method, respectively. Thus the following corrected symmetric
SPH (SPH_CS) scheme for the viscoelastic Oldroyd-B fluid is

obtained:

dp) mj, g QWCS
A S IO . , (18)
(d’ i pZPj( 2 Qx?

v - Y i\ I
dt /; ; p, p} ox}

4m;Bo (M +nj) vi:
: 2 2 2\ 5.8
T (pi+p;) (yr,»j| +0.01h) f

¥7CS
5 Wi

Z L (P 1) W Fe o)
+ Y L (e - eP) e
pip;j X;
ov? m; OWSS
KB — TIpe oy 4 20
R ) R Vrrl Al w B
where .
8WCS/8x,- x;iWij
WCS/ayl = (AS)71 Yszvz] )
Wcs/az, ZiWij
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j=
N m; N
A= Y p.leyjl”lj Yy
j=1"7 j=1

N N
LTV v /A8 mn
Z ?jszzjtmj Z bi
J=1 J=1

It should be noted that the discretized form Eq. (19) for
the momentum equation is different from that in Ref. [27],
especially the corrected discretized form of polymer elastic
stress in accordance with the Taylor series concept in Eq. (19).
Also, the local matrix equation (21) is different from those in
Refs. [24] and [25].

At the end of each time-step, the position of each particle

is updated by
o _ o
— = 22
a @2)
Finally, a shifting particle technique, [*8! which is applied

only to the viscous fluid now, is extended to the viscoelastic
fluid to obtain a uniform particle distribution and further im-
prove the tensile instability. Next, we describe the shifting
particle technique in detail.

After each time-step, the position of particle i is shifted
according to the following formula:

vl = 1r; + EUnax AlT;, (23a)

where 7/ is the particle position after shifting, & is a constant
that ranges from 0.01 to 0.1, Upax is the maximum particle ve-
locity or the characteristic velocity of flow, Az is the time-step,
and the shifting vector is defined as

M;

=Y (/) (rij i), (23b)

J

where M; is the number of neighboring particles of the parti-

i
= ) r;j is the average particle spacing

cle i, rij =

in the neighborhood of i. "lj"he shifting vector 7; = 0 when the
fluid particles near the particle i are uniformly distributed.

For simplicity, the method that combines the three differ-
ent improvements is named the SPH_CS_SP method.

3.3. Boundary treatment

In the SPH simulations, the boundary treatment is an im-
portant problem. Next, we will describe the boundary treat-
ment used in this paper.

For the solid boundary, the approach of two types of vir-
tual particles(?”] is extended to simulating the viscoelastic fluid
flows in this paper. The first type of particle is placed on the
solid wall, namely “wall particle”. The pressure and the com-

N N
m;j m
S ox W
'Zl p; NI jgl p

. N
CYiikiWip o X ik jiWig

m; ¥ om;
pj,)’jiyjiWij X pf‘l.zjiyjiWij . 21

. N
;)’jiZjivVij X ?;ZjiZjimj

ponents of the velocity of the wall particle i are calculated ac-
cording to the following formula:

si=) 8;(2h—rij)/} (2h—rij), 24)
J J

where s = (Py,u{;,Tw), j represents the indices of the fluid
particles within the influence domain of the boundary particle
i

The second type of particle, called “dummy particle”, is
placed just outside the solid wall, in a way which is similar
to how the wall particle is located. In general, three layers of
dummy particles are chosen. The pressure, velocity and ex-
tra stress tensor on the dummy particles are computed by the
following formula:

d
Sp—Sp+ (”f) (Sw— Si), 25)
F

where S represents the vector of variables (pD,ug, Tgﬁ ), dp
and dr are the normal distances of the dummy particles D and
the fluid particle F to solid wall, respectively. To specify the
values of Sr, the interpolation formula (24) is applied again.
For the periodic boundary, we adopt an established molecu-
lar dynamics routine with SPH particles crossing the bound-
ary being re-inserted on the opposite side of the simulation
box. 1]

3.4. Time integration scheme

In order to solve the system of ordinary differential equa-
tions (15), (18), (19), and (22), we choose the predictor—
corrector scheme,?”) which has second-order accuracy and
better stability. The predictor step consists of a Eulerian ex-
plicit evaluation of all quantities for each particle

- At

K" =K'+ — 5 ry, (26a)
where K,- represents the vector of the unknown variables
(pi,uf*, T, x¥) and I} denotes the vector of the right-hand side
of each of Eqs. (15), (18), (19), and (22). In the corrected step,

the updated value of at the end of each time step is given by
Kn+1 _ Kn At Fn 1:111+1 26b
R S 5 (rr+ 1. (26b)

As is well known, the time-step and space-step must
satisfy the well-known Courant-Friedrichs—Lewy (CFL) con-
dition for ensuring the numerical stability. According to
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Refs. [14] and [30], we may choose the following stability
condition:

. h h?
At <min [0.25—-,0.125— |, (26¢)
Cc Vo

where vy = 1/py is the kinematic viscosity.

4. Valid test for the SPH_CS_SP method
4.1. Accuracy and the stability of SPH_CS_CP method

In this section, the Poiseuille flow of Oldroyd-B fluid is
simulated by SPH_CS_CP method to test the capacity for the
proposed SPH_CS method to solve the transient viscoelastic
fluid, and the numerical results are compared with those ob-
tained by TSPH method and the analytical solutions. It should
be noted that the tensile instability does not exist in the simula-
tions of the Poiseuille flow, and the shifting particle technique
is not considered in this subsection.

Figure 1 shows the velocity u and the stress T profiles
at different times for the Poiseuille flow of Oldroyd-B fluid.
Here the uniformed particle distribution is used. The em-
ployed non-dimensional parameters are as follows: two par-
allels are located at y = 0 and y = 1, the density pp = 1, the
characteristic velocity U = F L% /81, the ratio of viscosity
Bo = 0.3, the kinematic viscosity vy = 2, the body force F =1,
Re =~ 0.03, the relaxation time, A, = 0.2, 4 which correspond
to We =0.012, 0.25, respectively, the sound speed ¢ = 10Upux,
the time-step Az = 10~4, the smoothing length /1 = 2.5dy (dy is
the initial distance between two particles), the number of fluid
particles is 31 x 61.

Table 1 gives the relative Li-error norms of the velocity
profiles in Fig. 1(a). The relative L;-error norm is defined as

b= (L) /().

where N, denotes the particle number along the y axis, if; and
u; are the numerical and the analytical solution at position x;,
respectively.

1.0

L analytical
- ——»—-SPH_CS
- - -+e--TSPH
0.8 (a)
- a
+ 0.02
0.6 - 0.6
> 3 1 0.2
0.4
0.2
O ) 1 1
0 0.04 0.08 0.12
u
0.3 [sN\04 analytical
L SPH_CS
02k -—<-- TSPH
B (b)
0.1f
. L
T O_-
—0.1F
—0.21
—-0.3F
0 0.2 0.4 0.6 0.8 1.0
Yy

Fig. 1. (color online) Results for the Oldroyd-B fluid at different times
with Re =~ 0.03: () u(y); (b) T ().

From Fig. 1 and Table 1, we can observe that the SPH_CS
results are much closer to the analytical solutions than the
TSPH results, and the SPH_CS method has faster numerical
convergence than the TSPH method for solving the viscoelas-
tic fluid flow under the uniformed particle distributions. It is
worth noting that the shear elastic stress obtained by the TSPH
method has small oscillation near the boundary, which leads
to the numerical instability varying with time. Meanwhile, the
overshooting phenomenon can be observed in the Oldroyd-B
fluid flow.

Table 1. Relative L;-error norm of the velocity profiles for the case of Fig. 1(a).

Time ¢ Particle number Ny L;-error norm (TSPH) L;-error norm (SPH_CS)
0.05 21 0.0321623 0.0240623
41 0.01222612 0.00822612
81 0.00811651 0.000923651
0.5 21 0.0873986 0.0275686
41 0.01316113 0.00921113
81 0.00872631 0.00258731
1 21 0.7921751 0.0387751
41 0.11231073 0.03041073
81 0.00922073 0.00401073
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0.30
e — SPH_CS
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1.0 analytical

——___SPH.CS
% -+~ TSPH
0.8

0.6

0.4

0.2

0 0.05 0.10 0.15 0.20 0.25

Fig. 2. (color online) Velocity profiles for the Poiseuille flow of Oldroyd-B fluid with different values of We and Re: (a) Re = 0.03,

u(y=0.5); (b) Re =1, u(y).

Figure 2 shows the velocity profiles for the Poiseuille
flow of Oldroyd-B fluid with different values of We and Re.
In Fig. 2(a), the parameters are the same as those in Fig. 1.
In Fig. 2(b), the parameters are the same as those in Fig. 1
except that vg = 0.25, F = 0.5, Re = 1, Ay, = 0.04, and
We = 0.01. From Fig. 2, it can be observed that the velocity
overshooting behavior becomes more evident and the accuracy
of SPH_CS results becomes higher than that of TSPH results
with increasing Weissenberg number (Fig. 2(a)). With increas-
ing Reynolds number, the TSPH solutions are much further
from the analytical ones with time going by and they appear
unstable near boundary domain about r = 0.6 (see Fig. 2(b)).

}?’7-‘,',": 53
{\
'a\

i

\

The numerical results in Figs. 1 and 2 show that the
SPH_CS has higher accuracy and better robustness than the
TSPH for simulating the viscoelastic fluid flow, especially
with the larger Weissenberg number or Reynolds number,
and the overshooting phenomenon of velocity obtained by the
SPH_CS method is more accurate than that obtained by the
TSPH method, especially for the larger Weissenberg number.

4.2. Necessity of the shifting particle technique

In this subsection, the 2D Taylor—Green flow?®! of the
Newtonian fluid is simulated to show the necessity of the shift-
ing particle technique.

(d)
0.4F

0.2F

—0.2} :

—0.4f =

Fig. 3. (color online) Particle distributions obtained using different numerical methods with Re = 100, t = 0.2 s: (a) TSPH with cubic spline kernel; (b)
TSPH with quintic Wendland kernel; (c) SPH_CS with quintic Wendland kernel; (d) SPH_CS_SP with quintic Wendland kernel.
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The Taylor—Green flow is a periodic array of decaying
vortices in the plane, and its velocity components are given

u=—Ue"” cos(2mx)sin(27my),
v =Ue" sin(27x) cos(2my), 27

where the velocity scale U = 1 m/s, the computational pe-
riodic domain [0,1] x [0,1], the kinematic viscosity vy =
0.01 m? /s, Reynolds number Re = UL/vy = 100, and the de-
cay rate of the velocity field b = —87%/Re.

Figure 3 shows the particle distributions for the Taylor—
Green flow obtained by different numerical methods. It can be
observed that the tensile instability in the TSPH results is more
serious than that in other numerical results. The quintic Wend-
land kernel function has better stability than the conventional
cubic spline kernel (Figs. 3(a) and 3(b)). The particle distribu-
tions obtained by SPH_CS_SP method are more uniform than
those obtained by the TSPH method and SPH_CS method due
to the effect of shifting particle technique combining with the
corrected symmetric kernel gradient scheme and the quintic
Wendland kernel function. Moreover, the tensile instability is
much improved by the SPH_CS_SP method (Fig. 3(d)).

Figure 4 shows the velocity profiles at x/L = 0.0 with
Re =100, r = 0.2 s. The SPH_CS_SP results of velocity com-
ponent u(y) are much closer to the analytical solutions than
the other numerical results, and small oscillations appear in
the TSPH results.

1.0 -
analytical
- —9—.— TSPH
—e=o—-TSPH_SP
***** SPH_CS
0.5F SPH_CS_SP
®
¥
)
2 ot X i
S 7
Y% Vi
@ V4
&g V.4
) v
—0.5F v /4
Ko s
SNy ¥ %
RS NA/],;»
%, o
—1.0 L L 1 L AN

—0.4

Fig. 4. (color online) Velocity profiles at x/L = 0.0 m with Re = 100,
t=02s
The numerical results show that the proposed
SPH_CS_SP method indeed has higher accuracy and better
stability than the TSPH, TSPH_SP and SPH_CS method, and
it is necessary to combine the shifting particles technique with
the corrected symmetric kernel gradient scheme.

S. The reliability and the convergence of the
SPH_CS_SP method

The polymer fluid flow around a periodic array of

S [30-32]

cylinder is usually regarded as a challenging test for

the particle method. Here, we use it to test the reliability of
the proposed SPH_CS_SP method to simulate the viscoelastic
fluid.

Figure 5 shows the geometric configuration of flow past a
periodic array of cylinders and the analog configuration of sin-
gle cylinder within a periodic lattice. The relevant parameters
are as follows: F is an effective body force, r. is the cylin-
der radius, Ly is the half height of two parallel channels, L. is
the distance between two neighbor cylinders, and x; is the dis-
tance from the positive direction of x axis to the center of ref-
erence cylinder (see Fig. 5(b)). Some non-dimensional param-
eters are introduced: Ro=x./rc, L, = Lc/re, Re = (pUr)/n
and We = (AgpU) /1, U' = u/107%m ¢/%B — 7B /10—km p/ —
p/107%" (where km and kn are the integers of scientific com-
puting, km = 4, kn = 3 in these simulations), the first normal
stress difference N| = 7" — 7.

F
—_— Ly
Y e e e
e, g .

2Ly

Fig. 5. (color online) Geometric configuration of flow past a periodic
array of cylinders: (a) periodic array of cylinders; (b) analog configura-
tion of a single cylinder.

5.1. Reliability test of numerical simulations

In order to test the reliability of the SPH_CS_SP method
of simulating the flow past cylinders, the same example of
Newtonian fluid as that in Ref. [9] is first simulated by the
SPH_CS_SP method. All the physical parameters are the
same as those in Ref. [9], i.e., Ly = 0.05 m, r. = 0.02 m,
F=5x10"m-s 2 p=100kg-m 3 n=01Pa-s, U=
1.5x10* m-s', ¢c=0.01 m-s~!, and Re = 0.03; the fluid
particles are uniformly distributed in the whole domain, and
the particle number Ny = 81 along the y axis. The time step
At =5 x 1073 s, smoothing length / = 2.7dj.
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SPH in Ref. [12]

~—e~-FEM in Ref. [12]

Fig. 6. (color online) Numerical results for the flow at stable state along

different paths: (a) U; (b) pressure.

2.5X1073
1.25x1073
0
—1.25X10-3
—2.5%x1073

Figure 6 shows the curves of velocity U and the pres-
sure at stable state along different paths (see Fig. 5(b)). It is
worth noting that the fluid domain is not confined in Fig. 6,
and the Newman boundary condition is enforced at the up and
down boundary of the fluid domain. The SPH_CS_SP results
are much closer to the FEM results than the TSPH and SPH
results in Ref. [9], the pressure oscillation is more serious for
the TSPH and SPH results in Ref. [9] than for the SPH_CS_CS
results, which implies that the pressure oscillation can be well
controlled by the SPH_CS_SP method.

Figure 7 shows the contours of velocity U and pressure
obtained by the SPH_CS_SP method for the flow at the stable
state under different boundary conditions (i.e., the flow is con-
fined or not confined in a channel which corresponds to the
Newman boundary condition or non-slip wall boundary con-
dition, respectively). Comparing Fig. 7 with Fig. 12, Fig. 14
in Ref. [9] and Fig. 4 in Ref. [33], we can find that the numer-
ical solutions obtained by the SPH_CS_SP method are always
accurate and reliable.

In order to demonstrate the capacity of the SPH_CS_SP
approach for simulating the viscoelastic flow past a periodic
array of cylinders, the Oldroyd-B fluid flow past a periodic ar-
ray of cylinders is simulated and the particle distribution at sta-
ble state is shown in Fig. 8. The employed physical quantities
are as follows: L, =6, Ly =0.04m, U=12x10"*m-s~!,
c=0.02m-s"!, Re =0.024, We =0.9. N, =71, and h =
2.7dy. The other parameters are the same as those in Fig. 6.

-

B 1.5x104
1.225X10~4

0.95x104
0.675x10~4
0.4%x10~%

<)

Fig. 7. (color online) Contour distributions of velocity U [(al) and (b1)] and pressure [(a2) and (b2)] with different boundary condi-
tions: (al) and (a2) without confining a channel; (b1) and (b2) confined in a channel.
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Moreover, the following drag!*?! for the viscoelastic fluid
flow past a cylinder is introduced, which is

2
Fp = 2/ [(—p+2nsDxx+Txx)cos9
0

+ (200" + ) sin e}

r.do, (28)

and the drag coefficient Cp = Fp/(nU).

It can be seen that the so-called tensile instability appears
near the cylinder in the SPH results (Fig. 8(a)), and can be
improved by the SPH_CS_SP method (Fig. 8(b)).

From Figs. 6-8, we can conclude that the SPH_CS_SP
method can credibly simulate the polymer flow around a pe-
riodic array of cylinders, and has higher accuracy and better
stability than the TSPH method or SPH methods in Refs. [9]
and [16].

(a) e (b)ir;r_‘.i:%;" ;;%’;,,_,_i_i
; s i
e

el
li } i}

it

R q
S

Fig. 8. (color online) Particle distributions at stable state for Oldroyd-B
fluid flow past a periodic array of cylinders with L, = 6, We = 0.9: (a)
SPH in Ref. [22]; (b) SPH_CS_SP.

5.2. Numerical convergence analysis and drag coefficient
calculation

According to Ref. [17], the numerical convergence of
SPH scheme not only depends on the particle numbers, but
also relies on the smoothing length. Next, the simple numeri-
cal convergence is investigated by increasing the particle num-
ber N, with different values of smoothing length 4.

Figure 9 shows the curves of velocity, shear elastic stress
and first normal stress difference along different paths with in-
creasing the particle number N, at L, = 6, We = 0.06, and L,
represents the path over the cylinder centerline with the path
being at 45° with respect to the horizontal line. It can be found
that U, 7, and N| have good consistency with the increasing
particle numbers, showing that the SPH_CS_SP method is con-
vergent.

Figure 10 shows the shear elastic stresses along the path
Ro = 2 with different values of smoothing length & = 2.0d),
2.4dy, 2.8dy, L, = 6, We = 0.8, By = 0.2. It can be found that
the numerical results have good convergences at & > 2.0dj in

our numerical simulations. Meanwhile, the tensile instability
at h = 2.4d, is more serious than that at 1 = 2.8d,. The anal-
ysis has shown good convergence for the proposed method at
h>2.4dy.

0.8

(a)
Ro=0 No—a7
0.6 | --.-.N:_77
----- N, =107
S 04t
0.2
Ro=3 ]
H i
0 |\
0 0.04 0.08
)

—0.06
y Ly

—0.02

Fig. 9. (color online) Curves of velocity (a), shear elastic stress (b), and first normal stress difference (c) along different paths with increasing the particle

number at L, = 6 and We = 0.06.

30 30 30
i - = N=47 (b) g
200 ¥ 20 % 20
10k 10F 10}
g g g
S0 s 0 S0
—10F —10 —10F
—20t —20t —20F
_30' 1 ! 1 1 1 1 1 _30: 1 1 1 Il Il 1 _30: ! 1 1 1 1 1 I
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
Y Y Y

Fig. 10. (color online) Shear elastic stresses along the path Ro = 2 with different values of smoothing length & (L, = 6, We = 0.8, By = 0.2): (a) h = 2.0dp;

(b) h = 2.4dy; (¢) h = 2.8dy.

020204-9



Chin. Phys. B  Vol. 25, No. 2 (2016) 020204

Figures 11(a) and 11(b) show the variations of drag co-
efficient with the increasing particle number and Weissenberg
number respectively. From Fig. 11(a), it can be seen that the
drag coefficient for the Newtonian or Oldroyd-B fluidat L, = 6
reaches a stable value with increasing Ny. The values of drag
coefficient for the Newtonian fluid are nicely consistent with
those in Refs. [31] and [32], the values of drag coefficient for
the Oldroyd-B fluid are smaller than those for the Newtonian
fluid. The change of the drag coefficient with L, = 6 is more
complex than that with L, = 2.5 with increasing Weissenberg
number (Fig. 11(b)), which is in agreement with the conclu-
sion in Ref. [31]. In a word, the proposed SPH_CS_SP ap-
proach has desirable numerical convergence for simulating the
problem of flow past a cylinder at low Reynolds number.

120
i (a) L,=6
L e, A
100 e
L /
/
L /
/
Q 80 /I
QO L
_/I _________ <
X e_——’—‘o——
60 ’
7
7 - - A- - Newtonian fluid
40 & ’ - = &- - 0Oldroyd-B fluid
l . . 1 . . 1
50 100 150
N,
100 F (b) Ny=77 _#%
L R
80} Lo
h .7
\ P
_& >
S O fa--L,=6
< ----L.,=25
40 |
c Ao -4
205&’_——A__
L 1 1
0.5 1.0

Fig. 11. (color online) Variations of drag coefficient with (a) Ny and (b)
We.

6. Application of the SPH_CS_SP method to 3D
viscoelastic free surface flows

In order to demonstrate the ability of the proposed parti-
cle method to capture the complex free surface in the true flow,
the 3D viscoelastic jet bulking problem of filling process in a
rectangle container is simulated by the SPH_CS_SP method
with the MPI parallelization technique. In this section, the in-
stability phenomenon of jet coiling based on the Oldroyd-B

fluid is mainly simulated and predicted.

The geometry of 3D jet bulking is shown in Fig. 12. In
this problem, the inflow boundary condition should be con-
sidered, which lies in the initial distribution of fluid particles
before entering the container and the treatment of inlet veloc-
ity near the inflow boundary (Fig. 12). Here, the following
inflow boundary treatment is adopted: (i) at the first time-
step, many reserved fluid particles are uniformly distributed
and away from the nozzle entry, and their injection velocity is
equal to the inlet velocity; (ii) the profile sketch of reserving
fluid particles takes on a disc shape for the injection process
in a rectangle container (Fig. 12). In the simulations, the ra-
dius of inlet jet nozzle is r, and the entry speed at the nozzle is
U. The length, width and height of the rectangular container
denote L,, L, and L., respectively. Re =2Upr./n is related
to the viscosity of the fluid, and high value of Re corresponds
to fluid with low viscosity. We = AgpU /(2r¢) is related to the
viscoelasticity of the fluid.

inflow boudnary

[
profile of fluid particles
distribution

Fig. 12. (color online) Sketch of 3D jet bulking.

Figure 13 illustrates the instability phenomenon of jet
coiling and w-velocity contour, and the jet coiling phe-
nomenon of the Newtonian fluid is also shown for comparison.
The parameters are as follows: the jet width D =5 mm(D =
2re),Ly=Ly,=5cm, L, =6cm,U = —1 m-s~!, L. /D =12,
the reference density py = 1.1 x 10> k-gm™3, the gravita-
tional acceleration g, = —9.81 m-s~2, kinematic viscosity
vy =0.02 m?-s7!, speed of sound ¢ = 8 m-s~ !, Bo =04,
Aob = 0.005 s (We = 1), Agp = 0.5 s (We = 100), Re = 0.25,
and the time-step At = 107 s.

According to previous research, **33! the phenomenon of
jet coiling based on the Newtonian fluid will occur, if Re < 0.5
and L;/D > 10 or Re < 1.2 and L,/D > 7 are satisfied. From
Fig. 13, we can see that the jet coiling indeed occurs for the
Newtonian fluid with Re = 0.25 and L;/D = 12, the reason
can be explained as follows. On the one hand, the effect of
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the viscous force on flow is much bigger than that of iner-
tia force after the fluid has touched the solid plate, thereby
leading to the slow flow of the fluid. On the other hand, the

t=0.027
S L

-1.06 -1.04 -1.02 -1

t=0.054s

Il =

-1 -08-06-04-02 0 -1 -08-06-04-02 0

t=0.20s

-1 08-06-04-02 0

T n
1 08060402 0 |
- N
»
T .
-1 -08-06-0402 0 |
.

Fig. 13. (color online) The flow and w-velocity contours of the jet bulking
based on the Newtonian (first column) and Oldroyd-B (second column) fluid
with Re = 0.25 and We = 1.

t=0.30s

-1 -08-06-04-02 0

fluid is continuously injected from the nozzle. The results of
instability phenomenon of jet coiling based on the Oldroyd-
B fluid basically are consistent with those obtained by FDM
with MAC method in Refs. [30] and [35]. Also, the absolute
value of w-velocity near the front of jet fluid is bigger than
that of the inlet velocity before the jet fluid reaches the bot-
tom of rectangle container (t = 0.027 s). Thus the required
time for Oldroyd-B fluid to arrive at the bottom of the rect-
angular container is shorter than that for Newtonian fluid, and
the jet coiling phenomenon of the Oldroyd-B fluid lags be-
hind that of Newtonian fluid due to the shear thinning behav-
ior of the Oldroyd-B fluid, which reduces the viscosity when
subjected to shear strain and is the unique characteristic of
the non-Newtonian fluid. The w-velocity of the front of the
jet fluid increases then decreases with time going by. Com-
paring Fig. 13 with the numerical results in Refs. [30], [34],
and [35], we can obtain the conclusion that it is credible for
the SPH_CS_SP method to simulate the 3D viscoelastic free
surface flows.

In order to clearly show the instability phenomenon of
jet coiling, figure 14 displays the deformation processes of
the center line of the jet based on the Newtonian fluid and
Oldroyd-B fluid, which correspond to the results in Fig. 13
except for the results with We = 100. It can be seen that the
jet coiling phenomenon indeed occurs which is more obvious

than that in Fig. 13.
z
x
z g—
C f H;f /
xr xX

Fig. 14. (color online) Deformation processes of the center line of jet with
Re = 0.25: Newtonian fluid (first column); Oldroyd-B fluid with We = 1
(second column), and We = 100 (third column).

t

8

Next, the influences of macroscopic rheological parame-
ters on the fluid deformation of filling process are predicted
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and discussed to further illustrate the complex phenomenon in
the 3D viscoelastic filling process.

6.1. Influence of We

Observing Fig. 14, we can easily find that We has an im-
portant effect on the deformation process of viscoelastic jet
fluid, and the phenomenon of jet coiling may occur for higher
We at lower Reynolds number (We=100 in Fig. 14).

To further demonstrate the influence of We on the defor-
mation process of jet coiling, we investigate the fluid deforma-
tions and the jet lengths of the jet buckling for the Oldroyd-B
fluid with different Weissenberg numbers at Re=0.6. Here the
jet length is defined as the distance from the jet front to the
nozzle. The employed parameters are as follows: D = 6 mm,
L= Ly=6cm,L,=5cm(L,/D=83),U=-0.5m-s!,
At =5x107% s, v9 = 1/py=0.005 m?-s~! (Re = 0.6),
Aogp = 0.006 s (We = 1), Ag, = 0.03s (We = 5), Agp = 0.6s
(We = 100), and the other parameters are the same as those in
Fig. 13. The results are shown in Fig. 15.

Fig. 15. (color online) Filling deformation processes based on the Oldroyd-
B fluid with Re = 0.6, We = 1 (first column) and 100 (second column) at
different times.

From Fig. 15, we can find that the instability phenomenon

of jet coiling appears with We=1 at t = 0.5s, but it does not
occur when We changes from 1 to 100 due to the effect of
elastic stress and shear thinning. The reason is that moreover,
the forefront of the jet fluid is warped as the jet coiling hap-
pens, which may be obviously observed from Fig. 15 at the
initial stage of jet fluid impacting on the container bottom (at
t = 0.09 s). The warped distortion of jet fluid may be another
reason for generating the instability phenomenon of jet coil-
ing, which was not mentioned in previous studies. %343

Figure 16 shows the variations of jet length of the jet bulk-
ing with time for different values of Weissenberg numbers. It
can be observed that a longer jet length is achieved at a higher
Weissenberg number. The reason is explained as follows. The
increasing of We indicates that the relaxation time of the fluid
increases, now the shear thinning character of the fluid instead
of the elasticity dominates the flow in a short time before the
fluid retracts. The conclusion is consistent with the remarks in
Refs. [30] and [35].

0.051 r
I \//- ¢
0.04} { ;
E ' -
=
< 0.03} #
o0
g -
<
+ 0.02F
2 | We=1
——* = We=5
0.01} cmeremm W — 20
i et We =100
0 e
0 5 10 15

Diemnsionless time

Fig. 16. (color online) Variations of jet length of jet bulking with time for
different values of We.

6.2. Influence of Re

Another macroscopic parameter which has an important
influence on the deformation of jet fluid is the Reynolds num-
ber. Comparing Fig. 13 with Fig. 15, it is easy to find that
the jet coiling phenomenon is weak as the Reynolds number
increases.

In order to further show the effect of the Reynolds num-
ber on the viscoelastic flow, figure 17 displays the deforma-
tion processes of the jet buckling for the Oldroyd-B fluid with
Re=1, 5, and 10. The parameters are as follows: D = 8 mm,
Ly=L,=8cm,L;=6cm (L;,/D=7.5),U=-05m-s,
Aob = 0.006 s (We = 1), vp = 0.004 m?>-s~! (Re=1), vy =
0.0008 m?-s~! (Re =5), vy = 0.0004 m?>-s~! (Re = 10), and
the other parameters are the same as those in Fig. 15.
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09-06-03

(al)

Fig. 17. (color online) Deformation processes of jet buckling of the Oldroyd-B fluid at different times (r = 0.09 s, = 0.21 s, t = 0.039 s) with different

Reynolds numbers: Re =1 ((al)—(a3)), 5 ((b1)—(b3)), and 10 ((c1)—(c3)).

From Fig. 17, we can find that the filling processes are
stable at Re=1 (Figs. 17(al)-17(a3)), which is required in the
industrial manufacture. The phenomenon of jet coiling disap-
pears as the Reynolds number continues to increase untilRe >
1. As the Reynolds number increases up to 5 or 10, the con-
cave phenomenon of forefront fluid appears as the jet fluid im-
pacts on the container bottom (Figs. 17(b3)—17(c3)). The more
serious concave tendency is achieved as the Reynolds number
increases (Figs. 17(b3)—17(c3)). The concave phenomenon of
jet fluid is unstable, which will generate some gas bubbles in
the filling process.

7. Conclusions

In this work, the flow behavior of 3D jet buckling prob-
lem based on the Oldroyd-B model is simulated and predicted
by a corrected particle scheme (SPH_CS_SP) method. The
accuracy of the SPH_CS_SP method and the necessity of the
shifting particle technique are first verified by two benchmark
problems, that is, the Poiseuille flow and Taylor—Green flow,
respectively. Then, the validity of the proposed SPH_CS_SP
method to simulate the viscoelastic free surface is shown by

the polymeric fluid flow around a periodic array of cylinders.
Finally, the present method with MPI parallelization technique
is further used to simulate the 3D jet coiling problem of filling
process. The influences of macroscopic parameters on the in-
stability phenomena are also investigated. Some conclusions
can be drawn from the numerical results below.

(I) The SPH_CS_SP method has better robustness and
higher accuracy than the TSPH, the particle clustering phe-
nomenon can be well eliminated by the SPH_CS_SP method.
The pressure distributions obtained by the SPH_.CS_SP are
much smoother than those obtained by TSPH method and
other SPH methods.

(II) The SPH_CS_SP method can effectively and accu-
rately simulate the 3D viscoelastic free surface flows.

(IIT) The jet coiling problem for the Oldroyd-B fluid is
more complex than that for the Newtonian fluid. The macro-
scopic parameters We and Re have an important influence on
the deformation process of polymer jet coiling. The phe-
nomenon of jet coiling is weakened as We or Re increases,
more serious concave phenomenon of jet fluid occurs as Re

increases.
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