Chin. Phys. B  Vol. 25, No. 2 (2016) 020203

Solving unsteady Schrodinger equation using
the improved element-free Galerkin method*

Rong-Jun Cheng(F£2£%%)! and Yu-Min Cheng(f2 £ [%)>*

1Faculty of Maritime and Transportation, Ningbo University, Ningbo 315211, China
2Shzmghai Institute of Applied Mathematics and Mechanics, Shanghai University, Shanghai 200072, China

(Received 9 July 2015; revised manuscript received 1 November 2015; published online 10 January 2016)

By employing the improved moving least-square (IMLS) approximation, the improved element-free Galerkin (IEFG)
method is presented for the unsteady Schrodinger equation. In the IEFG method, the two-dimensional (2D) trial function is
approximated by the IMLS approximation, the variation method is used to obtain the discrete equations, and the essential
boundary conditions are imposed by the penalty method. Because the number of coefficients in the IMLS approximation
is less than in the moving least-square (MLS) approximation, fewer nodes are needed in the entire domain when the IMLS
approximation is used than when the MLS approximation is adopted. Then the IEFG method has high computational
efficiency and accuracy. Several numerical examples are given to verify the accuracy and efficiency of the IEFG method in

this paper.
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1. Introduction

As a fundamental model to describe the nonlinear
phenomenon of nature, the nonlinear Schrodinger (NLS)
equation is widely used in kinds of fields, such as non-
linear optical medium,!'=3" photonics,* plasmas,’® Bose—

6,71

Einstein condensates, ! quantum mechanics, ¥ electro-

magnetic wave propagation,!”) underwater acoustics,!!%-1?]
etc.

The Schrodinger equation has been widely explored and
investigated in the last few years. The methods of numer-
ical modeling for Schrodinger equation have been put for-
ward by finite difference schemes, '3 a Crank—Nicolson im-
plicit scheme, ! higher-order compact scheme, (%! radial ba-
sis functions,!'® a fully implicit formula,!'”l meshless local
Petrov—Galerkin (MLPG) method,!'®! and the dual reciprocity
boundary element method (DRBEM), ! and so on.

As  important  numerical = methods, meshless
methods?*?!! have been used for solving many complicated
problems in science and engineering. It is important to de-
velop various meshless methods of solving linear and non-
linear problems accurately and efficiently.!*?>?*! The mov-
ing least-square (MLS) approximation was first used for data
fitting.!>>! The MLS technique has been applied to the anal-
ysis of solid mechanics and often used to construct shape
function in the element-free Galerkin (EFG) method.2Y! The
EFG method is one of the most important meshless meth-

ods that have attracted much attention of researchers. 2% This

DOI: 10.1088/1674-1056/25/2/020203

method does not require any element connectivity data, and
does not suffer much degradation in accuracy when nodal
arrangements are very irregular. The method has been suc-
cessfully applied to a lot of science and engineering problems,
such as elasticity, heat conduction, and crack growth. The
MLS technique is derived from the traditional least squares
method, which means that the least squares method is used
at each computing point in the actual process of calculation
procedure. Unfortunately, the algebraic equation system in the
MLS method is sometimes ill-conditioned. In order to solve
this problem, Cheng and Chen presented the improved moving
least-square (IMLS) approximation.*6! In the IMLS approxi-
mation, the basis function is chosen as an orthogonal function
system, and the resulting final algebraic equation system is
not ill-conditioned. Based on the IMLS approximation, the
boundary element-free method is used for studying the elas-
ticity, fracture, elastodynamics and potential problems.?’-30]
The improved element-free Galerkin (IEFG) method is a com-
In the
IEFG method, *1-34 fewer nodes are selected in the entire do-
main than in the conventional EFG method. Hence, the IEFG
method will definitely increase the computational efficiency.

bination of IMLS approximation and EFG method.

Furthermore, the IEFG method has greater computational ac-
curacy with the same nodes than the EFG method. None of
the shape functions of the MLS approximation and the IMLS
approximation satisfies the property of Kronecker § function.
In order to overcome the disadvantage, Ren et al. presented
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Lancaster’s improved IMLS method.!*! Based on the new
shape function of IMLS method, Ren and Cheng presented
interpolating element-free Galerkin (IEFG) method and in-
terpolating boundary element-free method for potential and
elasticity problems,?>381 and the corresponding mathemati-
cal theory was discussed.!*” Cheng and Liew presented the
IMLS Ritz and Kp Ritz method to solve heat conduction prob-
lem, wave problem and Sine-Gordon equation. ***3] Wang er
al. put forward the interpolating element-free method and the
interpolating boundary element-free method with nonsingular
weight function.[*46] Based on the complex variable mov-
ing least-square (CVMLS) approximation and the complex
variable reproducing kernel particle method (CVRKPM), the
meshless method with complex variable has been presented.
Chen et al. presented the complex variable reproducing ker-
nel particle method (CVRKPM) for two-dimensional (2D)
elastoplasticity, elastodynamics problems and the analysis of
Kirchhoff plates.*’#! Cheng et al. presented the complex
variable element-free Galerkin (CVEFG) method of investi-
gating the elasticity, elastoplasticity, viscoelasticity and large
deformation problems. >3 Based on an improved CVMLS
approximation, an improved complex variable element-free
Galerkin method has been developed to solve the 2D elasticity
problems and elastoplasticity.>*3>) Deng et al. presented an
interpolating complex variable element-free Galerkin method
of solving the temperature field problems. >

The improved element-free Galerkin (IEFG) method for
the 2D unsteady Schrodinger equation is developed in this
paper. In the IEFG method, the trial functions are approxi-
mated by the IMLS technique, the energy functional and the
final algebraic equation system that is gained via the Galerkin
method, the boundary conditions are imposed by penalty func-
tion. Numerical examples show that the present technique
leads to good accuracy and efficiency.

2. IEFG method for 2D unsteady Schrodinger
equation

2.1. Weak form of 2D unsteady Schrodinger equation

Consider the following 2D unsteady Schrodinger equa-

tion:
d t
20 )+ f el
(x,y) €Q,0<t<T, (la)

where u(x,y,t) is the wave function and f(x,y) is the potential
function. The Schrodinger equation has the following initial
and boundary conditions:

u(x,y,0) = @1 (x,y), (x,y) € Q, (1b)
u(x,y,t) = @2(x,y), (x,y) €I, (1c)
du(x,y,t)
T_Oa (xay)eria (ld)

where i = \/—1, T is the time, ¢;(x,y) and ¢, (x,y) are the
known functions, Q = {(x,y)|la <x < b,c <y <d}, T =
I1 UI; is the boundary of 2, and n is the outward normal
direction of the boundary I5.

By taking variation and the subsection integration of
Eq. (1a), the weak form of the unsteady Schrodinger equation
is obtained as

/ |:6(VM)TVM6M fu—idu® 3] dQ

d
/ SuT ”dr+ 6/ u—a) (u—a)dl =0, (2)
I
where « is the penalty factor.

2.2. IMLS shape function

In the IMLS approximation, we define the following local
approximation:

W'(w,2) =Y pj(®)a;(x) =p' (2)a(z). 3)
Define a functional as
J n

w(x—x7)| x (x,x7) —u()q)]Z, 4

I=1

where w(x —x;) are weight functions, x; are the nodes in influ-
enced domain of x. Equation (4) can be rewritten in the vector
form as

J = (pa—u)'"W(z)(pa—u), )
where
ut = (uy,ua, ... uy), (6)
pi(x1) p2(x1) -+ pm(x1)
pi(x2) pa(x2) -+ pm(x2)
p= : s : ’ 0
pl<wn) p2<wn) pm(wn)
and
w(x—x) 0 0
0 w(x—ax) - 0
W(x) = : : - : - ®
6 0 - w(x—x,)

By solving the extremum of J, we can find the coefficients
a(x) as follows:

97 _ A)a(a) - Ble)u =0, ©
A(z)a(z) = B(x)u. (10)

If pi(x),pa(x),...,pm(x) satisfy the following condi-

tions:

= Zn: wipk(x;)pj(z:)

i=1

(Prspj)
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_ [0, k#,
N Akvk:jv

then the weighted functions p;(x),pa(x),..

(k7]: 1327"'am)a

(1)

., pm(x) are

called an orthogonal function set. The orthogonal function set

p = (p;) can be obtained by using Schmidt method as

pi=1 _ .
pi:ri_l_lil Mpkv l:2731 (12)
k=1 (Pks Px)
Equation (10) can be rewritten as
[(p1,p1) O - 0 ai(z)
0  (p2,p2) -+ O ax(x)
L 0 0 : (pmapm) am(m)
[ (p1,ur)
(PZ,MI)
= : . (13)
_([)m,ul)
The coefficients a;(x) can be obtained as
ai(x) = EZ;’; (i=12....m), (14)
i.e.,
a(z) = A(z)B(z)u, (15)
where
1 . ;
(p1,p1) |
_ 0 0
Az) = (p2,p2) (16)
1
0 0
L (Pms Pm)
From Eq. (15), u”(x) can be written as
uh(:v) =& (z)u Z Dy (x)uy, a7
=1
where
P(x) = (Pi(x), P2(), ..., Pu(x))
= p'(z)A(z)B(z) (18)

By differentiate Eq. (18), we will obtain the derivatives of
shape function () as

Pi(x Z pji(AB)ji+pj(A;B+AB,;)j]. (19)

The cubic spline weight function is chosen as

wr = w(x—x) =w(r)

2 1
§—4r2+4r3, r< ok
= 4 4 1
- 574r+4727§r3, §<r§1, (20)
0, r>1,
where
d
r=—_ 21
dmI
dr = |lx—x, (22)
dm; = dmaxCI, (23)

and dmayx 1s a scaling parameter, c; is the distance and chosen
so that matrix M () is not singular. The first and second order
derivatives of the weight functions can be easily obtained by
chain rule as

dw;  dwydr

dx  dr dx
sign(x —xy) 1
—8r+12r7) =2 r< -
(<sre 1) R e
- ign(x — 24
(~atsr—ap)Ebmm) L,y CY
dm, 2
0, r>1,
d?w; d dw,
dx2  dx
1
(—8+24r), r< X
= 1
) (8—8r), 3 <r<l, (25)
0, r>1.

2.3. Discretization procedure

From Eq. (17), we obtain the approximation of trial func-
tion as follows:

(26)
I=1
du(x,t) _ 0 & _ aT; (1)
o= e L @0 =Y w0
=& (x)U;, 27
where
P(x) = (P1(x), P2(T), ..., Pu()), (28)
U= (T1(1),12(t),.... T(0)", (29)
dT\(t) OT AT,(O\T

Ut = ( alt(t) ) 551) gty 81‘(t)> 9 (30)
x=(x,y). (3D

Substituting Egs. (26)—(31) into Eq. (2), we obtain the vector
form as follows:

iCU+ KU =Q, (32)
where

c= /QsﬁT(w)@(x)dQ

(33)
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Cy = /qu,T(a;)cpJ(a:)d.Q, (34)
K = /Q F (@) (2)B(x)dQ — /Q Vo (2)Vd(z)dQ
+ / &' (z)a®(z)dr, (35)
r

Ky — /Q F(2) B (2) D) (z)dQ — /Q VO! (2)Vd, (2)dQ

+ / & (2)0d;(z)dr, (36)
Jr
0 = / ad;(x)adl. (37)
Jr
Since U and @ are complex numbers, we let
U=V +iW, (38)
Q=R+iS, 39)

where V' and W are the real and imaginary part of U; R and
S are the real and imaginary parts of Q.
Substituting Eqs. (38) and (39) into Eq. (32), we obtain

iC(V+iW),+K(V+iW)=R+iS.  (40)

Separate the real part from the imaginary part of Eq. (40),
we derive

{—C’VV,—l—KV:R,

CV,+ KW = 8. D

By using the center difference method, we make the dis-
cretization of Eq. (41) as

Wn+1 —Wwn Vn+1 +yn Rn+1 + R"
-C + = ,
At 2 2
+1 +1 +1 42)
C Vl’l _ Vﬂ + K W’I’l _|_ W}’l _ Sl’l + Sl’l
At 2 N 2
Equation (42) is equivalent to
MK 20 [ vl
2C MK | | wrtl
Rn+1 +Rn
| -AaK -2C vn 2
= [ e, —AIK} [W"]+ gy gn |- @)
2

The numerical results of 2D Schrédinger equation by the
IEFG method can be obtained through solving Eq. (43).

3. Numerical examples

3.1. Example 1

Consider Eq. (1) on 2 = [0, 1] x [0, 1] with

i

o I 44
u(x,y,0) = @1(x,) coshxcoshy’ @
iexp(ir)
L) — LX) =1,0<y<1, (45
u(1,y,t) cosh1coshy’ =hosystho @)
iexp (if)
)= —237  y—1,0<x<1, (46
u(x,1,1) coshxcoshl’ » = U =T=0 o
J t
Qusrt) o 0 0<y<1, @7
on
d t
Q) oo 0<x<, @9
on
and
f(x,y) =3 —2tanh®x — 2tanh®y. (49)
The analytical solution is
iexp (if)
oo dexp(in) 50
u(x,y,1) coshxcoshy C

The IEFG method is used to solve the above equation
with penalty factor ¢ = 10° and dpax = 2.3 in time steps of
At =0.01. Figure 1 shows the numerical and solutions for real
part of u(x,y,t) att = 0.5, 1, 2, 3, 4, and 6, respectively. Fig-
ure 2 describes the numerical solution and exact solution for
imaginary part of u(x,y,7) when t = 0.5, 1, 2, 3, 4, and 6, re-
spectively. In Figs. 3, 4, and 5, the surfaces of real part and
imaginary part of u(x,y,r) are plotted when t = 3, 4, and 6, re-
spectively. Table 1 presents the relative errors for the real part
and imaginary part of the solution and the CPU time at r = 2.
As can seen from Table 1, the smaller time step is chosen, the
smaller relative error is obtained. Table 2 shows the relation-
ship between the relative error and number of nodes for the
IEFG method at time ¢ = 1. Tables 1 and 2 show that the error
norm decreases with the increase of the number of nodes and
decrease of time step.

Table 1. Relative errors and CPU times for the IEFG method at the time

In this section, three numerical examples are demon- 1=2
strated to verify the efficiency and accuracy of the IEFG At Real part Imaginary part CPU time
method. The implementation of the IEFG method is also pre- 0.1 8.7895 x 10~4 7.8986 x 10~ 3.5
sented. In all numerical examples, cubic spline function is 0.01 3.1875x 10 3.2848 x 107 7.6
chosen as a weight function, and the linear basis function is 0.001 2.1079x 107 1.9846 x 107 114
used. 0.0001 1.3195 x 1073 8.5743 x 1076 26.5
Table 2. Dependences of relative error on node number for the IEFG method at 7 = 1.
Number of nodes 225 144 100 70
relative error norm 5.7479 x 1076 3.2745x 1073 6.3679 x 1073 1.8794 x 1074
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1.0 T T T T T T T T T -3
B t=050 t=1 ] 10
0.8 A t=2 & t=3 7 (a) § 3
i ¢ t=4 *x t=6 ] .
0.6 exact solution
0.4 7
TO02F e e ] ’
3 e =
& or e e e e e T £
= ——————0—¢—¢+—909% > A
-2y ._.___.___.—4_-—*—‘"“"._—- ]
) 1
—0.4f M i
—0.6 i
1 1 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1.0 0
xT
Fig. 1. Real parts of exact solution and numerical solution of u(x,y,t). x107*
3
T T T T T T T T T T T
0.61 ‘—H\‘\‘\’\\,\‘\‘ |
il .‘H\—‘*"\—\_\‘\—\’\- ] —0.2
"W\. —03 2
02F m ¢t=05e ¢t =1 7 S
—0.4 o
oy A t=2 v t=3 0 z
2 OF & t=4 * t=6 . —0.54" =
& exact solution —0.6 4" i
h —0.2f M 7 : '
. —0.7 4L s .
—0.4r M B . < g .
0.6 < > :
—0.6 / i 0.8 0.2 0
1 N 1 N 1 N 1 N 1 N 1 T 1.0 0 Y
0 0.2 0.4 0.6 0.8 1.0
x

Fig. 4. (color online) Surfaces of (a) real part and (b) imaginary part of

i 1 1 3 [Rs) i = 4
Fig. 2. Imaginary parts of exact solution and numerical solution of u(x,y,) at time ¢

u(x,y,1).

xX107%
3.5

3.0

Error

Error
Error

0.8

Fig. 5. (color online) Surfaces of (a) real part and (b) imaginary part of

Fig. 3. (color online) Surfaces of (a) real part and (b) imaginary part of u(x,y, 1) at time £ = 6.

u(x,y,t) at time r = 3.
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3.2. Example 2 X107
Consider the case f(x,y) =0 in Eq. (1) on 2 = [0,1] x @ 1

i P 9
[0,1] with _ i I
. 1.5
u(x,y,0) = @i (x,y) = exp(i(x+y)), (S1)
o . . RSNy o 8 &
which derives the analytical solution =
> 0.547 1 | A0 UM €2
u(x7y7t):exp(i<x+y_2t))7 (52) 0 3
and the Dirichlet boundary conditions can be obtained from _o.5 0 0.8
Eq. (52). "0
The IEFG method is used with penalty factor a = 10° and v o
dmax = 2.3 in time steps of Ar = 0.01.
x107*
r T T T T T T T ]
5
0.9 r i
0.6 o ol B P S P2yl i Y 4
i "t=05 ® t=1 | S
— 0'3_ Ait=2 v t=3 | o 35
3 ol ®it=4 % t=6 | - 4= -,
B8 | exact solution | - A ..
> . b
_ L 4 1.0
0.3 _ 81
—0.6 | . 0.2 oy L
| 0.6 g 0
© 1.0 0
—0.9 | T x Y
0 I 0.2 I 0.4 I 0.6 I 0.8 I 1.0 Fig. 8. (col.or online) Surfaces of (a) real part and (b) imaginary part of
z u(x,y,t) at time r = 1.
xX107*
Fig. 6. Real parts of analytical solution and numerical solution of u(x,y,?). (a) P

Figure 6 shows the numerical solution and analytical so-
lution for real part of u(x,y,t) at time r = 0.5, 1, 2, 3, 4, and
6, respectively. Figure 7 shows the numerical solution and ex-
act solution for imaginary part of u(x,y,7) atr = 0.5, 1, 2, 3,
4, and 6, respectively. In Figs. 8-10, the surfaces of real part
and imaginary part of u(x,y,t) are plotted at 7 = 1, 3, and 6,

respectively.
T T T T T T T
1.0} E
0.8F® t=05e t=1 4 x10~?
(A t=2 v t=3
00T e t—4 * t=6 i
0.4 exact soluti .
. 0.2F B
= L
S 0 -
8 i S
‘3’ —0.2 r E ‘m,::
—0.4+ E
—0.6 B
—0.8F B
— 1.0 L 1 I 1 I 1 I 1 I 1 I 1
0 0.2 0.4 0.6 0.8 1.0
T
Fig. 7. Imiginary parts of analytical solution and numerical solution of Fig. 9. (color online) Surfaces of (a) real part and (b) imaginary part of
u(x,y,1). u(x,y,t) at time r = 3.
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X107 u(1,y,1) = y*exp(it). (58)

The IEFG method is used with penalty factor a@ = 10°
and dmax = 2.3 in time steps of Ar = 0.01. Figure 11 shows
the numerical solution and analytical solution for real part of
u(x,y,t) when t = 0.5, 1, 2, 3, 4, and 6, respectively. Fig-

Error

ure 12 describes the numerical solution and exact solution for
imaginary part of u(x,y,7) when t = 0.5, 1, 2, 3, 4, and 6, re-
spectively. The surfaces of real and imaginary part of u(x,y,t)
are plotted at t = 1, 3, and 6, respectively, in Figs. 13-15.

X10_3 L T T T T T T T
(b) e r 09F ® t=05 @ t=1 ]
P, S L A t=2 v t=3
0.6F & t=4 * t=6 _
1.2 L exact solut
' 6 0.3} -
1.0 = — I
2 T ot ]
3 0.8 4 A & L
T -03f .
0.6 47 L
- 2 0.6} .
0 p ) L
02 04 4% Lo 0.9} 1
€z 0.8 1.0 0 Y o 1 . 1 . 1 . 1 . 1 . f
0 0.2 0.4 0.6 0.8 1.0
Fig. 10. (color online) Surfaces of (a) real part and (b) imaginary part of z

u(x,y.t) at time r = 6. ) i ) )
Fig. 11. Real parts of analytical solution and numerical solution of

3.3. Example 3 u(x,y,t).
Consider Eq. (1) on 2 = [0,1] x [0, 1] with 0ol - - . ; —
m t=05e t=1
flxy) =1-2/x*=2/y", (53) 06F 4 t=2 v t=3 1
* t=4 ® t =6
and the analytical solution is -~ 0.3r exact solution .
>
u(x,y,t) = x*y* exp(it). (54) : O |
The initial and boundary conditions are easily derived —03r T
from Eq. (54) as _06F i
0) = — 22 55 T T T U TR TR
u(x,y, ) §01(x7)7> Xy, ( ) 0 0.2 04 0.6 0.8 10
u(x,0,7) = u(0,y,t) =0, (56) x
2 . Fig. 12. Imaginary parts of analytical solution and numerical solution of
u(x,1,1) =x"exp(it), (57) u(yit),
x1073 X103

(b)

Error
w
Error

Fig. 13. (color online) Surfaces of (a) real part and (b) imaginary part of u(x,y,) at time t = 6.
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x10~*

IS

w
Error

[\

Error

Fig. 14. (color online) Surfaces of (a) real part and (b) imaginary part of
u(x,y,t) at time t = 4.

xX107*

W~

w
Error

N

Error

Fig. 15. (color online) Surfaces of (a) real part and (b) imaginary part of
u(x,y,t) at time = 6.

From these figures, it is evident that the present numerical
results obtained by the IEFG method are in excellent agree-
ment with the analytical solutions.

4. Conclusions

The IEFG approach to solving 2D Schrédinger equa-
tion is developed and numerically implemented in the present
work. The IMLS approximation is used to approximate the
2D trial function. By using the variation method, the final al-
gebraic equation system is obtained due to energy functional.
In the IMLS approximation, the basis function is chosen as
an orthogonal function system, and the resulting final equa-
tion system is no more ill-conditioned due to involving no in-
verse matrix. It is demonstrated that the IMLS technique has
a higher efficiency and precision than the traditional MLS ap-
proximation. Owing to its simple implementation, the IEFG
method has the potential to replace the difference method and
the finite element method for solving 2D Schrodinger equation
and any other nonlinear partial differential equation.
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