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Kernel gradient free-smoothed particle hydrodynamics (KGF-SPH) is a modified smoothed particle hydrodynamics
(SPH) method which has higher precision than the conventional SPH. However, the Laplacian in KGF-SPH is approximated
by the two-pass model which increases computational cost. A new kind of discretization scheme for the Laplacian is
proposed in this paper, then a method with higher precision and better stability, called Improved KGF-SPH, is developed
by modifying KGF-SPH with this new Laplacian model. One-dimensional (1D) and two-dimensional (2D) heat conduction
problems are used to test the precision and stability of the Improved KGF-SPH. The numerical results demonstrate that the
Improved KGF-SPH is more accurate than SPH, and stabler than KGF-SPH. Natural convection in a closed square cavity
at different Rayleigh numbers are modeled by the Improved KGF-SPH with shifting particle position, and the Improved
KGF-SPH results are presented in comparison with those of SPH and finite volume method (FVM). The numerical results
demonstrate that the Improved KGF-SPH is a more accurate method to study and model the heat transfer problems.
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1. Introduction
Grid-based numerical methods such as the finite ele-

ment method (FEM) and finite difference method (FDM)
have been widely applied to various fields of computa-
tional fluid dynamics (CFD) and computational solid dy-
namics (CSD). However, conventional grid-based methods
suffer some inherent difficulties in many aspects, such as
mesh generation for irregular or complex geometry and cases
with heavily distorted mesh. So many meshless methods
have been developed over the past twenty years, such as
element-free Galerkin method,[1–3] complex variable meshless
method,[4,5] finite point method,[6] reproducing kernel parti-
cle method,[7–9] smoothed particle hydrodynamics,[10,11] mov-
ing particle semi-implicit method,[12] and corrective smoothed
particle method.[13]

Smoothed particle hydrodynamics (SPH)[14] is a tran-
sient, Lagrangian method, proposed by Lucy,[15] Gingold and
Monaghan[16] in 1977. The SPH was originally invented for
modeling the astrophysical phenomena in three-dimensional
(3D) open space, and now has been widely applied to fluid dy-
namics such as numerical simulation of quasi-incompressible
flows,[17] multi-phase flows[18] and heat conduction.[19] In the
SPH, a set of particles associated with physical properties are
used to represent the state of the system. Since these parti-
cles can move within the computational domain in the La-
grangian frame, SPH is an attractive tool to model complex
flows with free surfaces, moving interfaces and large defor-
mations which are difficult for grid-based methods. Though

the SPH has a very wide range of applications in incompress-
ible flows,[20–22] applications in heat transfer problems are still
not mature enough.

Natural convection in a closed square cavity is a clas-
sic convection heat transfer problem, which is important not
only for understanding heat transfer phenomena but also for
studying problems such as cooling of electrical equipment, nu-
clear reactor systems and crystal growth in liquids.[23] Hence,
studies of heat transfer problems and obtaining their accu-
rate solutions are still significant. In 1998, by using the SPH,
Cleary[24] modeled natural convective flows in a differentially
heated square cavity for low and moderate Rayleigh numbers
(102, 104, 105). The results showed that the SPH is sufficient
to give excellent isotherms for low Ra, but when Ra = 105,
obvious deviations appear between SPH results and FEM re-
sults. Chaniotis et al.[25] used the remeshed SPH to simulate
natural convection in a differentially heated cavity, displayed
the contours of temperature and vorticity for Ra = 103 and
104, and the relative error between the remeshed SPH solution
and the benchmark solution of de Vahl Davis is less than 8%.
Szewc et al.[26] modeled natural convection with SPH based
on non-Boussinesq formulation, the local Nusselt number dis-
tributions look very realistic, but contours for temperature and
velocity are not smooth. Though it has been widely used in the
field of solid mechanics and fluid mechanics, the conventional
SPH is still poor in stability and accuracy.

One of the factors causing SPH instability is the non-
uniform particle distribution.[27] In the Lagrangian numerical
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simulation, particles move along the streamlines, which will
cluster or scatter under certain conditions, such as natural con-
vection. What is more, the non-physical behavior of the kernel
function will weaken the interaction between particles when
particle distances are within a close range. Then particles will
continue to cluster, which will reduce the precision or inter-
rupt the numerical simulation, so it is necessary to correct the
particle position. In 2008, Nester et al.[28] proposed a parti-
cle velocity correction, and applied this method to the finite
volume particle method (FVPM) to maintain the uniformity
of the moving particle cloud. In 2009, particle velocity cor-
rection was improved by Xu et al.,[29] and the new approach
called shifting particle position maintains accuracy and stabil-
ity when simulating Taylor–Green vortices and vortex spin-
down problems. In 2012, Hashemi et al.[30] applied shifting
particle position to SPH, the numerical results demonstrate
that shifting particle position can alleviate defects produced by
non-uniform distribution of particles and improve the stability
of the numerical method. Shifting particle position not only
needs less computational time but also effectively maintains
the uniformity of particle distribution. Hence, this paper uses
shifting particle position to weaken the non-uniform particle
distribution effects on numerical simulation.

At present, in order to overcome the low accuracy of the
conventional SPH, a large number of methods have been pro-
posed. Finite particle method (FPM)[31] is an enhanced ver-
sion of SPH, in which the function and its first derivatives are
calculated simultaneously to restore the particle consistency
and improve the approximation accuracy. Zhang and Batra[32]

used numerical tests to show the FPM superiority over the
CSPM, and the simulation results of the 2D transient heat con-
duction problems demonstrate that FPM is more accurate than
CSPM. Liu et al.[31] modeled the classic Poiseuille flow, Cou-
ette flow, shear driven cavity and a dam collapsing problem by
FPM, and the numerical examples showed that the FPM is a
very attractive alternative for simulating incompressible flows.
On the basis of FPM, Huang et al.[33] substituted the product
of particle distance and kernel function for kernel gradient in
FPM since the kernel gradient is not necessary in the whole
computation, and this new approach is referred to as a kernel
gradient free-SPH (KGF-SPH). KGF-SPH widens the selec-
tion of the kernel function, improves the simulation precision
and simplifies the solving process because of the symmetric
property of the corrective matrix. However, the conventional
FPM and KGF-SPH differentiate the first derivatives to obtain
the second derivatives, and the errors of the first derivatives
will be brought into the second derivatives, which will reduce
the accuracy of the simulation results.

In the present paper, the Improved KGF-SPH is proposed,
which modifies the two-pass model in KGF-SPH with a new
kind of discretization scheme for the Laplacian. Simple (1D

and 2D heat conduction) and complex (natural convection in a
closed square cavity) heat transfer problems are simulated by
the Improved KGF-SPH. The rest of this paper is organized
as follows. The conventional SPH, KGF-SPH, and Improved
KGF-SPH are introduced in Section 2. In Section 3, the Im-
proved KGF-SPH formulations for the governing equations
and the state equation are briefly depicted. In Section 4, the
particle shifting position is presented in detail. In Section 5,
the 1D and 2D heat conduction problems are adopted to test
the precision and stability of the Improved KGF-SPH. In Sec-
tion 6, natural convection in a closed square cavity is modeled
by the Improved KGF-SPH with shifting particle position. In
Section 7, some conclusions are drawn from the present re-
search results.

2. Numerical methods
2.1. SPH

The concept behind SPH is based on an interpolation
scheme, and in SPH, any function or physical property can
be approximated by its value at a set of disordered points. The
formulations of SPH are often divided into two key steps: the
first step is the integral representation or the so-called ker-
nel approximation of physical properties, the second one is
the particle approximation of physical properties. In the first
key step, for an arbitrary function f , the kernel approximation
of the function value f (𝑟i) and its first derivatives ∇ f (𝑟i) at
𝑟 = 𝑟i are respectively[14]

f (𝑟i) =
∫

f (𝑟 j)W (𝑟i−𝑟 j,h)dV, (1)

∇ f (𝑟i) =
∫

f (𝑟 j)∇iW (𝑟i−𝑟 j,h)dV, (2)

where f (𝑟 j) is the function value at 𝑟 = 𝑟 j, W (𝑟i− 𝑟 j,h) is
the kernel function, h is the smoothing length, ∇iW (𝑟i−𝑟 j,h)
is the kernel gradients, and dV is the volume element.

In the particle approximation, the computational domain
is discretized by a series of particles with some attributes such
as mass, position, momentum and energy. Equations (1) and
(2) can be written in the following form of discretized particle
approximation:

fi = ∑
j

f jW
m j

ρ j
, (3)

(∇ f )i = ∑
j

f j∇iW
m j

ρ j
, (4)

where fi = f (𝑟i), f j = f (𝑟 j), W = W (𝑟i − 𝑟 j,h), (∇ f )i =

∇ f (𝑟i), and ∇iW = ∇iW (𝑟i− 𝑟 j,h). The subscript j repre-
sents the neighboring particle of particle i, m j and ρ j represent
mass and density of particle j respectively.

In 2D case, the most widely used SPH discretization
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scheme for the Laplacian is[34]

fi,αβ = ∑
j

(
4

rα
i jr

β

i j

r2
i j
−δ

αβ

)
( f j− fi)

𝑟i j ·∇iW
r2

i j

m j

ρ j
, (5)

where α and β are the dimension indices repeated from x to
y, rα and rβ represent the components of 𝑟 in the α and β

directions respectively,

rα
i j = rα

i − rα
j , 𝑟i j = 𝑟i−𝑟 j, r2

i j = |𝑟i−𝑟 j|2,

and δ αβ is the Dirac delta function: when α = β , δ = 1, when
α 6= β , δ = 0. According to Eq. (5), in 2D space, the dis-
cretization scheme for the Laplacian is

(
∇

2 f
)

i = ∑
j

2( f j− fi)
𝑟i j ·∇iW

r2
i j

m j

ρ j
. (6)

2.2. KGF-SPH

In 2015, based on FPM, Huang et al.[33] developed a ker-
nel gradient free-SPH (KGF-SPH) which only involves ker-
nel function itself in kernel and particle approximation. In
the KGF-SPH, performing Taylor series expansion at a certain
point 𝑟=𝑟i and retaining the first order derivatives, an arbitrary
function f (𝑟 j) can be expressed as follows:

f (𝑟 j) = f (𝑟i)+∇ f (𝑟i) · (𝑟 j−𝑟i)+o
(
h2) , (7)

where o(h2) is the remainder of the expansion. Multiplying
both sides of Eq. (7) with W and (𝑟 j−𝑟i)W respectively, ig-
noring the remainder of the expansion and integrating over the
computational domain can yield the following equations:∫

f (𝑟 j)W dV

= f (𝑟i)
∫

W dV +∇ f (𝑟i) ·
∫

(𝑟 j−𝑟i)W dV , (8)∫
f (𝑟 j)(𝑟 j−𝑟i)W dV

= f (𝑟i)
∫

(𝑟 j−𝑟i)W dV +∇ f (𝑟i) ·
∫

(𝑟 j−𝑟i)
2 W dV . (9)

Solving Eqs. (8) and (9) simultaneously, we have

[
f (𝑟i)

∇ f (𝑟i)

]
=𝐴∗

[ ∫
f (𝑟 j)W dV∫

f (𝑟 j)(𝑟 j−𝑟i)W dV

]
. (10)

The corresponding particle approximation of Eq. (10) can be
expressed as

[
fi

(∇ f )i

]
=𝐴∗

 ∑
j

f jW
m j

ρ j

∑
j

f j (𝑟 j−𝑟i)W
m j

ρ j

 . (11)

In 2D space, equation (11) can be rewritten as the follow-
ing equation

 fi
fi,x
fi,y

=𝐴∗



∑
j

f jW
m j

ρ j

∑
j

f jx jiW
m j

ρ j

∑
j

f jy jiW
m j

ρ j


. (12)

The corrective matrix 𝐴∗ in Eq. (12) reads

A∗ =

 A0 B0 C0

A1 B1 C1

A2 B2 C2



=



∑
j

W
m j

ρ j
∑

j
x jiW

m j

ρ j
∑

j
y jiW

m j

ρ j

∑
j

x jiW
m j

ρ j
∑

j
x2

jiW
m j

ρ j
∑

j
y jix jiW

m j

ρ j

∑
j

y jiW
m j

ρ j
∑

j
x jiy jiW

m j

ρ j
∑

j
y2

jiW
m j

ρ j



−1

, (13)

where x ji = x j− xi and y ji = y j− yi.
It can be observed from Eq. (13) that the corrective ma-

trix is symmetric, and the symmetry of the matrix can simplify
the solving progress and save computational time. There is no
kernel gradient in Eq. (12), so no matter whether the kernel
function is differentiable, it can be applied in Eq. (12), thus
KGF-SPH is a kernel gradient free meshless method.

The two-pass model, which obtains second derivatives by
nesting two first derivative operations, is used to discretize the
Laplacian in the conventional KGF-SPH. So in 2D space, the
KGF-SPH discretization scheme for the Laplacian is(

∇
2 f
)

i = ∑
j

A1 f j,xW
m j

ρ j
+∑

j
B1 f j,xx jiW

m j

ρ j

+∑
j

C1 f j,xy jiW
m j

ρ j

+ ∑
j

A2 f j,yW
m j

ρ j
+∑

j
B2 f j,yx jiW

m j

ρ j

+∑
j

C2 f j,yy jiW
m j

ρ j
, (14)

where

f j,x = ∑
k

A1 fkW
mk

ρk
+∑

k
B1 fkxk jW

mk

ρk

+∑
k

C1 fkyk jW
mk

ρk
, (15)

f j,y = ∑
k

A2 fkW
mk

ρk
+∑

k
B2 fkxk jW

mk

ρk

+∑
k

C2 fkyk jW
mk

ρk
. (16)

In the equations given above, f j,x and f j,y are the first deriva-
tives of particle j in the x and y directions respectively. The
subscript k represents the neighboring particle of particle j,
xk j = xk− x j, yk j = yk− y j.
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2.3. Improved KGF-SPH

In KGF-SPH, the Laplacian is calculated by using
Eq. (14) based on the first derivatives. There are two disadvan-
tages in doing so: (i) it increases computational cost because
of the two-pass model needing two passes over all particles;
(ii) it is difficult to implement the boundary conditions. When
solving physical properties of fluid particles near the walls, the
derivatives of virtual particles on the walls need to be solved
first, so more virtual particles out of the walls are needed.

In order to overcome these two drawbacks, in this paper
we propose a new discretization scheme to approximate the
Laplacian, and apply it to the KGF-SPH. The following sec-
tion provides the derivation process of the new Laplacian dis-
cretization scheme in detail.

In 2D space, performing Taylor series expansion at a
nearby point (xi,yi) and retaining the second derivatives, a
function f at point (x j,y j) can be expressed as follows:

f (x j,y j) = fi + fi,xx ji + fi,yy ji

+
1
2

fi,xxx2
ji + fi,xyx jiy ji +

1
2

fi,yyy2
ji, (17)

where fi,xx and fi,yy are the second derivatives of particle i in
the x and y directions respectively, fi,xy is the second order
mixed partial derivative of particle i.

Multiplying both sides of Eq. (17) with kernel function
W , and transposing can yield the following equation:

( f j− fi)W =

(
fi,xx ji + fi,yy ji +

1
2

fi,xxx2
ji

+ fi,xyx jiy ji +
1
2

fi,yyy2
ji

)
W. (18)

Integrating both sides of Eq. (18) over the computational do-
main, we obtain∫

( f j− fi)W dV

=
∫

( fi,xx ji + fi,yy ji)W dV +
∫

fi,xyx jiy jiW dV

+
∫ (1

2
fi,xxx2

ji +
1
2

fi,yyy2
ji

)
W dV. (19)

The first and second terms on the right-hand side of Eq. (19)
are both zero because of the symmetry of kernel function, so
equation (19) can be simplified into

2
∫

( f j− fi)W dV =
∫ (

fi,xxx2
ji + fi,yyy2

ji
)

W dV . (20)

When particles are uniformly distributed in the computational
domain, solving

∫
x2

jiW dV and
∫

y2
jiW dV in a polar coordi-

nate, we have∫
x2

jiW dV =
∫

(cosθ)2 dθ

∫
r3

jiW dr = π

∫
r3

jiW dr, (21)∫
y2

jiW dV =
∫

(sinθ)2 dθ

∫
r3

jiW dr = π

∫
r3

jiW dr. (22)

Thus ∫
x2

jiW dV =
∫

y2
jiW dV . (23)

Simplifying Eq. (20) by using Eq. (23) and transposing, the
discretization scheme for the Laplacian can be written as

(
∇

2 f
)

i =
2
∫
( f j− fi)W dV∫

x2
jiW dV

. (24)

The corresponding particle approximation of Eq. (24) is

(
∇

2 f
)

i =

2∑
j
( f j− fi)W

m j

ρ j

∑
j

x2
jiW

m j

ρ j

. (25)

In order to alleviate defects produced by non-uniform distribu-
tion of particles, equation (25) is replaced with the following
equation:

(
∇

2 f
)

i =

2∑
j
( f j− fi)W

m j

ρ j

1
2

(
∑

j
x2

jiW
m j

ρ j
+∑

j
y2

jiW
m j

ρ j

) . (26)

Equations (12) and (26) are the Improved KGF-SPH for-
mulations in 2D space. The new discretization scheme for
the Laplacian in Eq. (26) keeps the property of kernel gradi-
ent free, which is easy to deal with boundary conditions and
has higher precision and better stability than the original KGF-
SPH.

3. Basic equations
3.1. Governing equations

For natural convection in a closed square cavity, assum-
ing the dynamic viscosity coefficient µ to be a constant, the
governing equations in the Lagrangian frame are[14]

dρ

dt
=−ρ

(
∂u
∂x

+
∂v
∂y

)
, (27)

du
dt

=− 1
ρ

∂ p
∂x

+
µ

ρ
∇

2u, (28)

dv
dt

=− 1
ρ

∂ p
∂y

+
µ

ρ
∇

2v, (29)

dT
dt

= α∇
2T, (30)

where t represents the time, ρ is the density, x and y are the
spatial coordinates, u and v are the velocity components in the
x and y directions respectively, p is the pressure, T represents
the temperature, thermal diffusivity α = λ/(ρcp), λ being the
thermal conductivity, and cp the specific heat capacity.
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3.2. Improved KGF-SPH formulations

Using Eqs. (12), (13), and (26) to discretize Eqs. (27)–
(30) can yield the Improved KGF-SPH formulations for natu-
ral convection in a closed square cavity as follows:(

dρ

dt

)
i
= −ρi

(
∑

j
A1u jiW

m j

ρ j
+∑

j
B1u jix jiW

m j

ρ j

+∑
j

C1u jiy jiW
m j

ρ j
+∑

j
A2v jiW

m j

ρ j

+∑
j

B2v jix jiW
m j

ρ j
+∑

j
C2v jiy jiW

m j

ρ j

)
, (31)(

du
dt

)
i
= −∑

j
A1Wm j

p ji

ρiρ j
−∑

j
B1x jiWm j

p ji

ρiρ j

−∑
j

C1y jiWm j
p ji

ρiρ j

+
µ

ρi

2∑
j
(u j−ui)W

m j

ρ j

1
2

(
∑

j
x2

jiW
m j

ρ j
+∑

j
y2

jiW
m j

ρ j

) , (32)

(
dv
dt

)
i
= −∑

j
A2Wm j

p ji

ρiρ j
−∑

j
B2x jiWm j

p ji

ρiρ j

−∑
j

C2y jiWm j
p ji

ρiρ j

+
µ

ρi

2∑
j
(v j− vi)W

m j

ρ j

1
2

(
∑

j
x2

jiW
m j

ρ j
+∑

j
y2

jiW
m j

ρ j

) , (33)

(
dT
dt

)
i
= α

2∑
j
(Tj−Ti)W

m j

ρ j

1
2

(
∑

j
x2

jiW
m j

ρ j
+∑

j
y2

jiW
m j

ρ j

) , (34)

where u ji = u j−ui, v ji = v j− vi, and p ji = p j− pi.

3.3. State equation

The above governing equation is not closed, so the state
equation should be added. In this paper, the following weakly
compressible state equation is used[17]

p = c2 (ρ−ρ∞) , (35)

where ρ∞ is the reference density, c is the artificial sound
speed, and its value is ten times as large as the maximum ve-
locity.

4. Shifting particle position
In order to enhance numerical stability, shifting particle

position can be used to maintain the uniformity of particles.
Shifting particle position employed in this paper modifies the
particle position, and the position shift δ𝑟i reads

δ𝑟i =Cα𝑅i, (36)

where C is a constant: the bigger the C value, the greater the
effect of the method is, and C is set to be 0.5 in this paper; α

is the shifting magnitude; 𝑅i is the shifting vector of particle
i; α and 𝑅i are solved by the following equations:

α =Umax dt, (37)

𝑅i =
Mi

∑
j=1

r̄2
i

r2
i j
𝑛i j, (38)

where Umax is the maximum particle velocity, dt is the time
step, Mi is the number of neighboring particles around particle
i; ri j is the distance between particle i and particle j; 𝑛i j is the
unit distance vector between particle i and particle j; r̄i is the
average particle spacing in the neighborhood of i, which reads

r̄i =
1

Mi

Mi

∑
j=1

ri j. (39)

Since the particles are shifted, the physical properties car-
ried by particles are also changed. The physical properties are
corrected by the following equation:

ϕ
′
i = ϕi +δ𝑟i · (∇ϕi) , (40)

where ϕ is a general variable representing any physical prop-
erties, i and i′ are the particle old position and its new position
respectively. Shifting particle position can obtain an isotropic
particle distribution, so it is used to improve numerical stabil-
ity of natural convection in a closed square cavity.

5. Accuracy and stability test for the Improved
KGF-SPH
In order to validate the Improved KGF-SPH, two simple

conduction heat transfer problems are studied in this section.
The Improved KGF-SPH results are compared with those from
SPH, KGF-SPH, and analytical solutions to show the high ac-
curacy and stability of the Improved KGF-SPH.

5.1. 1D heat conduction problem

The computational domain for 1D heat conduction in this
paper is the line segment from 0 to 1, at t moment, the tem-
perature T (x, t) is governed by the following heat conduction
equation:

∂T
∂ t

= Txx, x ∈ [0,1] , (41)

where T is the temperature, t is the time, and x is the parti-
cle position. The initial and boundary conditions are T (x,0) =
sinπx and T (0, t) = T (1, t) = 0, respectively. In this case, the
analytical solution is given by

T (x, t) = e−π2t sinπx. (42)
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Figure 1 displays the particle distribution for 1D heat con-
duction. A total of 49 fluid particles are uniformly distributed
in the computational domain with another 4 (2 on each side of
the segment) virtual particles uniformly located on the bound-
aries. The particle spacing is ∆ = L/50 = 0.02, the smoothing
length is h = 1.3∆ . According to the CFL condition, the time
step is set to be dt = 2×10−4 s.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
x

fluid particles  virtual particles

Fig. 1. Particle distribution for 1D heat conduction.

Figure 2 shows the comparison of the temperature profiles
at t = 0.2 s for 1D heat conduction, computed by SPH, KGF-
SPH, and Improved KGF-SPH with the analytical solution. It
can be seen from Fig. 2 that the Improved KGF-SPH result ac-
cords very well with the analytical solution, the SPH result is
smaller than the analytical solution, which indicates that SPH
overestimates the heat transfer, while the KGF-SPH result os-
cillates violently near the analytical solution. Therefore, the
Improved KGF-SPH gives better results than the other two
methods, which has higher accuracy than SPH and better sta-
bility than KGF-SPH.

0 0.2 0.4 0.6 0.8 1.0
0

0.04

0.08

0.12

0.16

T
↼x

↪ 

.

↽

x

analytical solution

SPH

KGF SPH

Improved KGF SPH

Fig. 2. (color online) Temperature profiles at t = 0.2 s for 1D heat con-
duction.

5.2. 2D heat conduction problem

In this section, the Improved KGF-SPH formulations are
applied to the 2D heat conduction case with a simple square
cavity geometry whose side length is L. At t moment, the tem-
perature T (x,y, t) is governed by

∂T
∂ t

= Txx +Tyy,(x,y) ∈ [0,0.1 m]× [0,0.1 m], (43)

with initial and boundary conditions being T (x,y,0) = 0, and
T (0,y, t) = T (0.1,y, t) = T (x,0, t) = T (x,0.1, t) = 1, respec-
tively.

Figure 3 is the schematic diagram and particle distribu-
tion for 2D heat conduction. The side length of the square
cavity is L = 0.1 m, fluid particles are uniformly distributed in

the computational domain, and virtual particles are distributed
evenly on the boundary. The smoothing length is h = 1.3∆ , ∆

is the particle spacing, and the time-step is dt = 10−6 s. As
shown in Fig. 3, point A(0.005,0.01) is the monitor particle,
so in this paper we will monitor the temperature history for
point A.

0 0.02 0.04 0.06 0.08 0.10

0

0.02

0.04

0.06

0.08

0.10

fluid particles  virtual particles

y
/
m

x/mA(0.005, 0.01)

Fig. 3. (color online) Schematic diagram and particle distribution for
2D heat conduction.

In order to verify our numerical method, the solution of
the 2D heat conduction problem by the finite particle method
(FVM) with 101×101 nodes is taken as a reference solution.
For the SPH, KGF-SPH, and Improved KGF-SPH, 11×11 and
21×21 uniformly distributed particles are employed.

Figure 4 shows the comparison among the temperature
distributions along the line x = 0.05 m at three times, i.e.,
t = 1.5× 10−4, 3.0× 10−4, and 4.5× 10−4 s, computed with
SPH, KGF-SPH, Improved KGF-SPH, and FVM. Because
of the symmetry of the problem about the lines x = 0.05 m
and y = 0.05 m, temperature distribution in the region y ∈
[0.05,0.1 m] is depicted. Figure 4(a) displays the results com-
puted with 11×11 uniformly spaced particles. In Fig. 4(a),
there are big errors between KGF-SPH results and FVM re-
sults. The SPH and Improved KGF-SPH results accord with
the FVM results, but the Improved KGF-SPH results are much
closer to those of FVM than the SPH results, particularly early
on. Figure 4(b) shows results computed with 21×21 uniformly
spaced particles, both the SPH and Improved KGF-SPH re-
sults in accordance with those obtained by FVM, while the
KGF-SPH results deviate slightly from the FVM results. It
can be seen from Fig. 4 that when employing more particles,
the precision of KGF-SPH is significantly improved, but there
are still deviations between the KGF-SPH results and FVM
results, while the SPH and Improved KGF-SPH results accord
well with the FVM results.

In order to show the Improved KGF-SPH superiority over
SPH and KGF-SPH clearly, figure 5 presents the differences in
temperature history for monitor particle A, obtained by SPH,
KGF-SPH, and Improved KGF-SPH (based on 21×21 parti-
cles). Compared with the FVM results, the KGF-SPH results
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are poor, the SPH results are medium, and the Improved KGF-
SPH results are good, so the accuracy of Improved KGF-SPH
is higher than SPH and KGF-SPH. Since KGF-SPH is poor
in accuracy and stability, the results of KGF-SPH will not be
exhibited in the following sections.
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Fig. 4. (color online) Temperature distribution along the line x= 0.05 m
for 2D heat conduction. (a) 11×11 particles, (b) 21×21 particles.
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Fig. 5. (color online) Temperature variations with time for monitor particle A.

6. Improved KGF-SPH modeling of natural
convection in a closed square cavity
The Improved KGF-SPH with shifting particle positions

is used to model natural convections in a closed square cavity

at different Rayleigh numbers in this section. In order to verify
our Improved KGF-SPH formulation, the Improved KGF-SPH
results are compared with the corresponding SPH and FVM
simulation results.

6.1. Physical model

Schematic diagram for natural convection in a closed
square cavity is provided in Fig. 6. The computational domain
is a square cavity with a side length of L, both the upper and
lower horizontal walls are adiabatic, the left and right vertical
walls are isothermal, maintained respectively at the maximum
temperature TH and the minimum temperature TC. Throughout
the simulations, gravity is in negative y direction and Boussi-
nesq approximation is used. The Boussinesq approximation
means that the density differences are confined to the buoy-
ancy term gβT(T − T0), where g represents the gravitational
acceleration, β T is the coefficient of thermal expansion, and
the reference temperature T0 = (TH +TC)/2.

TC

/
∂T

∂y

/
∂T

∂y

y

x

TH L

L

g

Fig. 6. Schematic diagram for natural convection in a closed square
cavity.

Particle distribution for natural convection in a closed
square cavity is shown in Fig. 7, in which fluid particles are
uniformly distributed in the computational domain, and virtual
particles are fixed on the boundaries. The smoothing length is
h = 1.3∆ , where ∆ is the particle spacing, and the time step is
dt = 5×10−6 s.

 fluid particles  virtual particles

y
/
m

x/m

Fig. 7. Particle distribution for natural convection in a closed square
cavity.
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Natural convection in a closed square cavity is studied
at Ra = 104, 105 and 106 to validate the Improved KGF-
SPH. In this case, the Prandtl number Pr = µ/(ρα) = 0.71,
the dynamic viscosity coefficient µ = 1.707× 10−5 kg/m·s,
density ρ = 1.225 kg/m3, the thermal diffusion coefficient
α = 1.963× 10−5 m2/s, the thermal expansion coefficient
βT = 4.095×10−3 K−1. TH = 283 K, TC = 273 K, and the ini-
tial temperature of the fluid inside the square cavity is T0. The
reference density ρ∞ in state equation is set to be 1.225 kg/m3,
and for convenience, the artificial sound speed c values are set
to be 0.25 m/s, 0.4 m/s and 0.8 m/s for Ra = 104, 105, and
106 respectively. In this paper, the size of Rayleigh number
Ra is adjusted by changing the sizes of g and L. In the numer-
ical simulation of natural convection in a closed square cavity,
shifting particle position is adopted to improve the numerical
stability.

6.2. Boundary condition implementation

There are two kinds of boundary conditions in natural
convection problems: adiabatic boundaries and isothermal
boundaries. In this paper, we use the projecting method pro-
posed by Huang et al.[33] to calculate physical properties of
virtual particles. The projecting method first finds out the nor-
mal direction 𝑛vp of all virtual particles’ position vector 𝑟vp,
and extends virtual particles by an increment η∆ into the flow
field along the normal direction 𝑛vp. Then we can obtain new
points located on 𝑟pp, which are the projecting points corre-
sponding to the virtual particles. η is an adjustable parameter,
∆ is the initial particle spacing, the subscripts vp and pp rep-
resent virtual particles and projecting points respectively. In
order to understand the projecting method, the value of η is
given through four specified virtual particles A, B, C, and D on
each side as shown in Fig. 8.

 fluid particles

 virtual particles

 projecting ponits

A

B

C

D

M

N
E

F

Fig. 8. (color online) Boundary treatment.

6.2.1. Adiabatic boundaries

The adiabatic boundary condition is a Neumann-type
boundary condition with ∂T/∂𝑛 = 0, where 𝑛 is the normal
direction of the wall. On the adiabatic boundaries, the posi-
tion vectors of virtual particles and projecting points satisfy
the following relations:

xpp = xvp,

ypp = yvp +η∆ , (44)

where x and y represent the components of the position vector.
The principle of selecting η value is that the distances of pro-
jecting points to the walls are all ∆/2. For example, as shown
in Fig. 8, the corresponding projecting point of particle A is
located on point M, and the corresponding projecting point of
particle B is located on point N, thus the value of η is −1.5
and 3.5 respectively. After finding the projecting points, the
physical properties of virtual particles are calculated by the
following equations:

Tvp = Tpp = ∑
j

TjW
m j

ρ j
,

ρvp = ρpp = ∑
j

ρ jW
m j

ρ j
,

uvp = vvp = 0, (45)

where j is the neighboring particle of projecting point pp, only
fluid particles are involved. The pressure of virtual particles
pvp is calculated by Eq. (35).

6.2.2. Isothermal boundaries

The isothermal boundary condition is a Dirichlet-type
boundary condition. On the isothermal boundaries, the po-
sition vectors of virtual particles and projecting points satisfy
the following relations:

xpp = xvp +η∆ ,

ypp = yvp. (46)

In Eq. (46), the principle of selecting η value is that the dis-
tances of projecting points to the walls are all ∆/2. For ex-
ample, as shown in Fig. 8, the corresponding projecting point
of particle C is located on point E, and the corresponding pro-
jecting point of particle D is located on point F , thus the value
of η is 4.5 and −2.5 respectively. The physical properties of
virtual particles are solved by the following equations:

Tpp = ∑
j

TjW
m j

ρ j
,

Tvp = TW +

∣∣xvp− xpp
∣∣

∆/2
(TW−Tpp) ,

ρvp = ρpp = ∑
j

ρ jW
m j

ρ j
,

uvp = vvp = 0, (47)
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where j is the neighboring particle of projecting point pp, only
fluid particles are involved, TW is the temperature of the walls,
TW = TH on the left vertical wall, TW = TC on the right verti-
cal wall. The pressure of virtual particles pvp is calculated by
Eq. (35).

6.3. Analysis of the Numerical results
6.3.1. Natural convection patterns

For natural convection in a closed square cavity with
Ra= 104, g= 8.350 m/s2, L= 0.02 m, 149×149 fluid particles

are evenly placed in the computational domain. Figures 9–
11 show the temperature and velocity contours at t = 4.5 s,
obtained by (a) FVM, (b) SPH, and (c) Improved KGF-SPH,
respectively. In Fig. 9, the temperature contours near the adi-
abatic walls are nearly vertical, and in Figs. 10 and 11, there
are two eddies in the velocity contours. It can be seen from
these figures that the SPH and Improved KGF-SPH results ac-
cord well with the FVM results, so both the SPH and Improved
KGF-SPH can reasonably simulate the natural convection in a
closed square cavity with Ra = 104.

(a) (b) (c)

Fig. 9. (color online) Temperature T contours for Ra = 104 obtained by different methods: (a) FVM, (b) SPH, and (c) Improved KGF-SPH.

 

(a) (b) (c)

Fig. 10. (color online) Horizontal velocity u contours for Ra = 104, obtained by different methods: (a) FVM, (b) SPH, and (c) Improved KGF-SPH.

(a) (b) (c)

Fig. 11. (color online) Vertical velocity v contours for Ra = 104, obtained by different methods: (a) FVM, (b) SPH, and (c) Improved KGF-SPH.

The simulations for Ra = 105 are performed with
149×149 fluid particles, g = 5.344 m/s2, L = 0.05 m, and
the temperature contours t t = 20 s are presented in Fig. 12.
By comparison, both the SPH and Improved KGF-SPH be-
have similarly to temperature contours obtained by FVM. Fig-

ures 13 and 14 show the horizontal velocity u contours and
vertical velocity v contours obtained using (a) FVM, (b) SPH
and (c) Improved KGF-SPH at t = 20 s for the natural convec-
tion in a closed square cavity with Ra = 105. Though tempera-
ture contours obtained by SPH accord well with that of FVM,
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the velocity contours obtained by SPH are poor in stability. As
shown in Figs. 13 and 14, the horizontal velocity contours ob-
tained by using SPH are not smooth near the left wall nor right
wall, and the vertical velocity contours are not smooth near
the upper wall nor lower wall, while the Improved KGF-SPH
results are very smooth and in good agreement with those of
FVM.

For Ra = 106, g = 6.680 m/s2, L = 0.1 m, the boundary
layer becomes thinner with Rayleigh number increasing, so
more particles (199×199 fluid particles) are used to model the
natural convection in a closed square cavity. Figure 15 dis-
plays a comparison among temperature contours at t = 30 s,
obtained by using (a) FVM, (b) SPH, and (c) Improved KGF-
SPH. Both the SPH and Improved KGF-SPH results accord
well with that of FVM. The corresponding horizontal veloc-
ity u and vertical velocity v contours are depicted in Figs. 16
and 17 respectively. In Figs. 16 and 17, the velocity contours

obtained by SPH and Improved KGF-SPH are similar to those
of FVM, but the SPH results are not smooth and oscillatory
near the walls and in the center of the square cavity, but the
Improved KGF-SPH results are still very smooth and in good
agreement with those obtained by FVM.

There are two distinct flow patterns for natural convection
in a closed square cavity: heat conduction and heat convection.
It can be seen from Figs. 9, 12, and 15 that as Ra increases, the
interior temperature contours become more and more horizon-
tal, since the heat convection dominates the higher-Ra range.
Nevertheless, the contours near the adiabatic boundaries are
normal to the horizontal walls. In Figs. 10, 13, and 16 for the
horizontal velocity contours, there are two horizontal eddies:
for higher Ra, these two eddies move closer to the adiabatic
walls. Similarly, two vertical eddies are visible in the vertical
velocity contours (Figs. 11, 14, and 17), and they move closer
to the isothermal walls.

(a) (b) (c)

Fig. 12. (color online) Temperature T contours for Ra = 105 obtained by different methods: (a) FVM, (b) SPH, and (c) Improved KGF-SPH.

 

(a) (b) (c)

Fig. 13. (color online) Horizontal velocity u contours for Ra = 105 obtained by different methods: (a) FVM, (b) SPH, and (c) Improved KGF-SPH.

(a) (b) (c)

Fig. 14. (color online) Vertical velocity v contours for Ra = 105 obtained by different methods: (a) FVM, (b) SPH, and (c) Improved KGF-SPH.
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(a) (b) (c)

Fig. 15. (color online) Temperature T contours for Ra = 106 obtained by different methods: (a) FVM, (b) SPH, and (c) Improved KGF-SPH.

(a) (b) (c)

Fig. 16. (color online) Horizontal velocity u contours for Ra = 106 obtained by different methods: (a) FVM, (b) SPH, and (c) Improved KGF-SPH.

(a) (b) (c)

Fig. 17. (color online) Vertical velocity v contours for Ra = 106 obtained by different methods: (a) FVM, (b) SPH, and (c) Improved KGF-SPH.

It can be seen from Fig. 9–17 that as Ra number increases,
the boundary layer becomes thinner, and the flow inside the
cavity becomes more and more complex. The temperature
contours obtained by using the SPH and Improved KGF-SPH
are in good agreement with that of FVM, so both the SPH and
the Improved KGF-SPH can simulate the temperature field for
the natural convection exactly. However, the velocity contours
obtained by using the SPH become poorer for higher Ra, espe-
cially when Ra = 106, but the Improved KGF-SPH results are
in good agreement with FVM results. To sum up, the stability
of the Improved KGF-SPH is better than SPH.

6.3.2. Velocity profiles

In order to validate the accuracy of Improved KGF-SPH,
the velocity profiles obtained by SPH and Improved KGF-SPH

are compared with those of FVM. For convenience, the di-
mensional variables are non-dimensionalized by the following
equations: x∗ = x/L, y∗ = y/L, u∗ = uL/α , v∗ = vL/α . The
non-dimensional horizontal velocity u∗ distribution along the
mid-width (x = L/2) and non-dimensional vertical velocity v∗

along mid-height (y = L/2) over the Ra range of 104 to 106

are presented in Figs. 18(a) and 18(b) respectively. Partial en-
larged drawing of Ra = 106 is also presented in Fig. 18(b) to
show the difference between these methods. It can be seen
from Fig. 18(a) that there is excellent agreement among the
SPH, Improved KGF-SPH, and FVM results for Ra = 104 and
105, but when Ra = 106, there is a large error between SPH
and FVM results while the Improved KGF-SPH results are still
close to the FVM results. In Fig. 18(b), there is a good congru-
ence among the SPH, Improved KGF-SPH, and FVM results,
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even for high Rayleigh numbers, but from the partial enlarged
drawing of Ra = 106, we can see that the maximum non-
dimensional vertical velocity obtained using Improved KGF-
SPH is closer to FVM results than that of SPH. In general,
Improved KGF-SPH is more accurate than SPH for modeling
natural convection in a closed square cavity.

The maximum non-dimensional horizontal velocity u∗max

along the mid-width and the maximum non-dimensional ver-
tical velocity v∗max along the mid-height are presented in Ta-
ble 1. The maximum values obtained by de Vahl Davis[35]

and Wan et al.[36] are also summarized in Table 1. The results
of de Vahl Davis are taken as the benchmark in this paper,
errors between the benchmark and the DSC, FVM, SPH, Im-
proved KGF-SPH are also presented in Table 1. It can be seen
from Table 1 that errors between DSC and the benchmark are
about 1%∼4%, errors between SPH and the benchmark are
about 1%∼7%, while errors between the Improved KGF-SPH
and the benchmark are less than 1%, except for the maximum
non-dimensional horizontal velocity u∗max at Ra = 106 with er-
ror about 2.66%, so the Improved KGF-SPH is more accurate
than SPH in modeling natural convection in a closed square
cavity.
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Fig. 18. (color online) Non-dimensional velocity profiles along cen-
tral lines: (a) non-dimensional horizontal velocity u∗, and (b) non-
dimensional vertical velocity v∗.

Table 1. Comparison of maximum non-dimensional velocity at central lines.

Ra Methods de Vahl Davis Wan (DSC) FVM SPH Improved KGF-SPH

104 u∗max 16.178 15.967(1.30) 16.18(0.01) 15.92(1.59) 16.11(0.42)
v∗max 19.617 19.98(1.85) 19.59(0.14) 19.29(1.67) 19.55(0.34)

105 u∗max 34.73 33.51(3.51) 35.13(1.15) 34.04(1.99) 34.60(0.37)
v∗max 68.59 70.81(3.24) 68.52(0.10) 66.86(2.52) 68.13(0.67)

106 u∗max 64.63 65.55(1.42) 65.86(1.90) 68.89(6.59) 66.35(2.66)
v∗max 219.36 227.24(3.59) 220.60(0.57) 216.59(1.26) 219.14(0.10)

7. Conclusions
A new Laplacian discretization scheme is proposed to

avoid bringing errors of the first derivatives to the second
derivatives in the KGF-SPH kernel and particle approxima-
tion. The superiority of the new Laplacian discretization
scheme applied in KGF-SPH is verified by modeling 1D
and 2D heat conduction problems. The Improved KGF-SPH
is successfully used to study natural convection in a closed
square cavity with Ra = 104, 105, and 106. It can be seen
that the SPH overestimates the heat transfer, the KGF-SPH re-
sults oscillate violently, while the Improved KGF-SPH results
accord well with the analytical solution and the reference solu-
tion. The Improved KGF-SPH is more accurate than SPH and
stabler than KGF-SPH, thus it is an attractive tool to study and
model the heat transfer problems. In this paper, only 1D and
2D simulations are done; as a next step, our method can be ex-
tended to solving 3D heat transfer problems. Furthermore, the
application of the proposed method can be broadened to other

problems controlled by governing equations, such as viscous
fluid flow.
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