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Stochastic response of van der Pol oscillator with two kinds of
fractional derivatives under Gaussian white noise excitation∗
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This paper aims to investigate the stochastic response of the van der Pol (VDP) oscillator with two kinds of fractional
derivatives under Gaussian white noise excitation. First, the fractional VDP oscillator is replaced by an equivalent VDP
oscillator without fractional derivative terms by using the generalized harmonic balance technique. Then, the stochastic
averaging method is applied to the equivalent VDP oscillator to obtain the analytical solution. Finally, the analytical
solutions are validated by numerical results from the Monte Carlo simulation of the original fractional VDP oscillator.
The numerical results not only demonstrate the accuracy of the proposed approach but also show that the fractional order,
the fractional coefficient and the intensity of Gaussian white noise play important roles in the responses of the fractional
VDP oscillator. An interesting phenomenon we found is that the effects of the fractional order of two kinds of fractional
derivative items on the fractional stochastic systems are totally contrary.
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1. Introduction
Fractional calculus[1–5] can be traced back to the Leib-

niz’s letter to L’Hospital in 1695. Unfortunately, for quite a
long time, fractional calculus remained in an abstract math-
ematical field and developed very slowly. In the past few
decades, fractional calculus has attracted considerable atten-
tion, partly due to the fact that the fractional-order mathemat-
ical models can be used to make a more accurate description
than the integer-order models. Thus, fractional calculus can be
considered as an old and yet novel branch of mathematics.[6,7]

Because of the extensive existence of the random
factor,[8,9] it is of practical significance to study the stochas-
tic fractional systems. In order to obtain the approximate ana-
lytical solution of fractional systems, a lot of approaches have
been used by many authors. The stochastic averaging method
has been used by many researchers to obtain the analytical so-
lutions. Specifically, Huang and Jin[10] investigated the sta-
tionary response and stability of a single-degree-of-freedom
(SDOF) strongly nonlinear stochastic system with light damp-
ing modeled by a fractional derivative. Chen et al.[11] and
Chen and Zhu[12] studied the stationary responses. Chen
and Zhu[13] investigated the stochastic jump and bifurcation.
Chen et al.[14] studied first passage failure; Chen et al.[15,16]

fractional control of stochastic fractional systems. Yang et
al.[17,18] studied the stationary response of a nonlinear system
with Caputo-type fractional derivative under Gaussian white
noise excitation by the stochastic averaging method. Zhang

et al.[19] discussed the response of a Duffing–Rayleigh system
with fractional derivative under Gaussian white noise excita-
tion. There are several other methods to deal with stochastic
systems besides the stochastic averaging method. Spanos and
Zeldin[20] put forward a frequency-domain method for sys-
tems with fractional derivatives. Agrawal[21] proposed an ana-
lytical approach for stochastic dynamic systems endowed with
a fractional derivative by the eigenvector expansion method
and Laplace transforms. Xu et al.[22,23] studied the response
of the stochastic oscillator with fractional derivative by using a
new technique based on the Lindstedt–Poincaré (LP) method
and multiple-scale method. Liu et al.[24] investigated the prin-
cipal resonance responses of SDOF systems with small frac-
tional derivative damping subjected to narrow-band random
parametric excitation by the multiple scale method.

However, the systems mentioned in the above literature
only contain one kind of fractional derivative, little work is
related to the study of deterministic or stochastic systems
containing two kinds of fractional derivative to the best of
the authors’ knowledge. Huang et al.[25] discussed the sta-
tistical behaviors of the response of stochastic systems en-
dowed with two kinds of fractional derivatives by using the
Laplace transform in conjunction with the weighted general-
ized Mittag–Leffler function. Shen et al.[26] investigated the
primary resonance of the Duffing oscillator with two kinds
of fractional-order derivatives. Liao[27] studied the Duffing
oscillator with two kinds of fractional-order derivative by us-
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ing the improved version of the constrained optimization har-
monic balance method.

Inspired by the above discussion, in this paper we are to
investigate the stationary response of the VDP oscillator with
two kinds of fractional derivatives excited by Gaussian white
noise.

The rest of this paper is organized as follows. The frac-
tional VDP oscillator is reduced to the equivalent stochastic
VDP oscillator without fractional derivative terms by using
the generalized harmonic function technique in Section 2. The
approximate analytical solutions of the equivalent VDP oscil-
lator are obtained by the stochastic averaging method in Sec-
tion 3. The predictor–corrector algorithm for the solution of
the initial value problem with fractional derivative is briefly
introduced in Section 4. Numerical simulations are performed
to verify the theoretical results in Section 5. Finally, the con-
clusions are given in Section 6.

2. Equivalent VDP oscillator
Consider a fractional VDP oscillator[28–30] with two kinds

of fractional derivatives subjected to Gaussian white noise.
The motion of the system is governed by the following equa-
tion:

ẍ+β1Dα1x(t)+β2Dα2x(t)+(−b1 +b2x2)ẋ+ω
2x =W (t),

0 < α1 < 1,1 < α2 < 2, (1)

where a dot over a variable denotes differentiation with re-
spect to timet; β1, β2, and ω are constant coefficients; W (t)
is a stationary Gaussian white noise with correlation function
E [W (t)W (t + τ)] = 2Dδ (τ). There are many definitions of

the fractional derivative. In the present paper, the Caputo-type
fractional derivative is adopted as follows:

Dα x(t) =
1

Γ(1−α)

∫ t

0

x(n)(u)
(t−u)α−n+1 du, (2)

in which n−1 < α < n, n ∈ N, and Γ(·) is a Gamma function.
According to Refs. [11], [14], and [26], the term associ-

ated with the fractional derivative not only serves as the classi-
cal damping force, but also contributes to the restoring force.
Based on the generalized harmonic function technique,[11,14]

this term can be replaced by a linear restoring force and a lin-
ear damping force:

β1Dα1x(t) =C1(α1)ẋ(t)+K1(α1)x(t), (3)

β2Dα2x(t) =C2(α2)ẋ(t)+K2(α2)x(t). (4)

In order to obtain the values of C1 (α1), C2 (α2), K1 (α1),
and K2 (α2), we first introduce two important formulae:

lim
T→∞

∫ T

0

sin(ωt)
tα

dt = ω
α−1

Γ(1−α)cos
απ

2
, (5)

lim
T→∞

∫ T

0

cos(ωt)
tα

dt = ω
α−1

Γ(1−α)sin
απ

2
. (6)

We can assume that the solution of the fractional VDP oscilla-
tor (1) has the following form:

x(t) = A(t)cosΦ
′(t),

ẋ(t) =−A(t)ω sinΦ
′(t),

Φ
′(t) = ωt +Θ

′(t). (7)

First, we present the detailed derivation procedure for C1 (α1).

C1(α1) = − β1

πAω

∫ 2π

0
Dα1(AcosΦ

′)sinΦ
′dΦ

′

=
2β1

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

sin(ωu+Φ ′)

(t−u)α1
du
]

sin
(
ωt +Φ

′)}dt. (8)

Using the transformations of coordinates s = t−u and ds =−du, one can obtain

C1(α1) =
2β1

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

sin(ωt +Φ ′−ωs)
sα1

ds
]

sin
(
ωt +Φ

′)}dt

=
2β1

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

cos(ωs)
sα1

ds
]

sin2 (
ωt +Φ

′)}dt

− 2β1

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

sin(ωs)
sα1

ds
]

sin
(
ωt +Φ

′)cos
(
ωt +Φ

′)}dt =C11 +C12. (9)

Define the first part of Eq. (9) as C11 and the second part as C12, then

C11 =
2β1

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

cos(ωs)
sα1

ds
]

sin2 (
ωt +Φ

′)}dt

=
2β1

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

(∫ t

0

cos(ωs)
sα1

ds
)

d
(

2ωt− sin(2ωt +2Φ ′)

4ω

)
=

2β1

Γ(1−α1)
lim

T→∞

(
2ωt− sin(2ωt +2Φ ′)

4ωT

)(∫ t

0

cos(ωs)
sα1

ds
)∣∣∣∣T

0
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− 2β1

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

(
2ωt− sin(2ωt +2Φ ′)

4ω

)(
cos(ωt)

tα1

)
dt =C111 +C112. (10)

Define the first part of Eq. (10) as C111 and the second part as C112, then

C111 =
2β1

Γ(1−α1)
lim

T→∞

(
2ωt− sin(2ωt +2Φ ′)

4ωT

)(∫ t

0

cos(ωs)
sα1

ds
)∣∣∣∣T

0

=
2β1

Γ(1−α1)
lim

T→∞

(
2ωT − sin(2ωT +2Φ ′)

4ωT

)(∫ T

0

cos(ωs)
sα1

ds
)
= β1ω

α1−1 sin
α1π

2
, (11)

C112 = 0, (12)

C12 = − 2β1

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

sin(ωs)
sα1

ds
]

sin
(
ωt +Φ

′)cos
(
ωt +Φ

′)}dt = 0. (13)

According to Eqs. (11)–(13), one can obtain

C1(α1) =C11 +C12 = (C111 +C112)+C12 =C111 = β1ω
α1−1 sin

α1π

2
. (14)

Second, we present the detailed derivation procedure for K1 (α1).

K1(α1) =
β1

πA

∫ 2π

0
Dα1(AcosΦ

′)cosΦ
′dΦ

′

= − 2β1ω

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

sin(ωu+Φ ′)

(t−u)α1
du
]

cos
(
ωt +Φ

′)}dt. (15)

Using the transformations of coordinates s = t−u and ds =−du, one can obtain

K1(α1) = − 2β1ω

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

sin(ωt +Φ ′−ωs)
sα1

ds
]

cos
(
ωt +Φ

′)}dt

= − 2β1ω

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

cos(ωs)
sα1

ds
]

sin
(
ωt +Φ

′)cos
(
ωt +Φ

′)}dt

+
2β1ω

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

sin(ωs)
sα1

ds
]

cos2 (
ωt +Φ

′)}dt = K11 +K12. (16)

Define the first part of Eq. (16) as K11 and the second part as
K12, then

K11 = − 2β1ω

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

cos(ωs)
sα1

ds
]

× sin
(
ωt +Φ

′)cos
(
ωt +Φ

′)}dt = 0, (17)

K12 =
2β1ω

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

{[∫ t

0

sin(ωs)
sα1

ds
]

× cos2 (
ωt +Φ

′)}dt

=
2ω

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

(∫ t

0

sin(ωs)
sα1

ds
)

× d
(

2ωt + sin(2ωt +2Φ ′)

4ω

)
=

2ω

Γ(1−α1)
lim

T→∞

(
2ωt + sin(2ωt +2Φ ′)

4ωT

)
×
(∫ t

0

sin(ωs)
sα1

ds
)∣∣∣∣T

0

− 2ω

Γ(1−α1)
lim

T→∞

1
T

∫ T

0

(
2ωt + sin(2ωt +2Φ ′)

4ω

)

×
(

sin(ωt)
tα1

)
dt = K121 +K122. (18)

Define the first part of Eq. (16) as K121 and the second part as
K122, then

K121 =
2β1ω

Γ(1−α1)
lim

T→∞

(
2ωt + sin(2ωt +2Φ ′)

4ωT

)
×
(∫ t

0

sin(ωs)
sα1

ds
)∣∣∣∣T

0

=
2β1ω

Γ(1−α1)
lim

T→∞

(
2ωT + sin(2ωT +2Φ ′)

4ωT

)
×
(∫ T

0

sin(ωs)
sα1

ds
)
= β1ω

α1 cos
α1π

2
, (19)

K122 = 0. (20)

According to Eqs. (17), (19), and Eq. (20), one can obtain

K1(α1) = K11 +K12 = K11 +(K121 +K122)

= K121 = β1ω
α1 cos

α1π

2
. (21)

According to Eqs. (14) and (21), one can obtain

β1Dα1x(t)
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= C1 (α1) ẋ(t)+K1 (α1)x(t)

= β1ω
α1−1 sin

α1π

2
ẋ(t)+β1ω

α1 cos
α1π

2
x(t). (22)

Similarly, one could also obtain C2 (α2), K2 (α2):

C2 (α2) = β2ω
α2−1 cos

(α2−1)π
2

, (23)

K2 (α2) = β2ω
α2 sin

(α2−1)π
2

. (24)

Thus

β2Dα2x(t) =

[
β2ω

α2−1 cos
(α2−1)π

2

]
ẋ(t)

−
[

β2ω
α2 sin

(α2−1)π
2

]
x(t). (25)

Therefore, the equivalent VDP oscillator associated with sys-
tem (1) is given by

ẍ+ εrẋ+ω
2
0 x =W (t), (26)

in which

εr = β1ω
α1−1 sin

α1π

2
+β2ω

α2−1 cos
(α2−1)π

2
−b1 +b2x2, (27)

ω
2
0 = β1ω

α1 cos
α1π

2
−β2ω

α2 sin
(α2−1)π

2
+ω

2. (28)

3. Stochastic averaging
In this section, the stochastic averaging method is applied

to the VDP oscillator (26).
According to Ref. [20], we can assume that the solution

of system (26) has the following form:

X = x(t) = A(t)cosΦ(t),

Y = ẋ(t) =−A(t)ω0 sinΦ(t),

Φ(t) = ω0t +Θ ,

U(x) =
∫ x

0
ω

2
0 udu =

1
2

ω
2
0 x2, (29)

where A, Φ , and Θ are random processes. One can obtain the
following equations for the amplitude A and the phase angle
Θ :

dA
dt

= εF1(A,Θ)+ ε
1/2G1(A,Θ)W (t),

dΘ

dt
= εF2(A,Θ)+ ε

1/2G2(A,Θ)W (t), (30)

where

εF1 = −εrAsin2
Φ

= −Asin2
Φ

[
β1ω

α1−1 sin
α1π

2
+β2ω

α2−1

× cos
(α2−1)π

2
−b1 +b2A2 cos2

Φ

]
,

εF2 = −εr sinΦ cosΦ

= −sinΦ cosΦ

[
β1ω

α1−1 sin
α1π

2
+β2ω

α2−1

× cos
(α2−1)π

2
−b1 +b2A2 cos2

Φ

]
,

ε
1/2G1 = − sinΦ

ω0
,

ε
1/2G2 = −cosΦ

Aω0
. (31)

According to the Stratonovich–Khasminskii theorem, A(t)
and Φ(t) converge weakly into a two-dimensional diffusion
Markov process as ε → 0, in a time interval 0≤ t ≤ T , where
T ∼ O(ε−1). Equation (30) shows that the averaged Itô equa-
tion for A(t) is independent of Θ(t), the limiting process A(t)
is a one-dimensional diffusion process governed by

dA = m(A)dt +σ(A)dB(t), (32)

where the drift and diffusion coefficients, respectively, are

m(A) = ε

〈
F(1)

1 +F(2)
1 +D

∂G1

∂A
G1 +D

∂G1

∂Θ
G2

〉
Φ

,

σ
2(A) = ε〈2DG2

1〉Φ . (33)

Then substituting Eq. (31) into Eq. (33), the explicit expres-
sion for the averaged drift and diffusion coefficients can be
obtain as follows:

m(A) = −A
2

[
β1ω

α1−1 sin
α1π

2
+β2ω

α2−1 cos
(α2−1)π

2

]
+

b1A
2
− b2A3

8
+

D
2Aω2

0
, (34)

σ
2(A) =

D
ω2

0
, (35)

in which

ω
2
0 = β1ω

α1 cos
α1π

2
−β2ω

α2 sin
(α2−1)π

2
+ω

2. (36)

The corresponding FPK equation associated with Eq. (29) has
the following form:

∂ p
∂ t

=− ∂

∂A
[m(A)p]+

1
2

∂ 2

∂A2 [σ
2(A)p]. (37)

The boundary conditions are p = c in which c ∈ (−∞,+∞) at
A = 0 and p→ 0, ∂ p/∂A→ 0 as A→∞. Thus, based on these
boundary conditions, the stationary solution of Eq. (37) is

p(A) =
C

σ2(A)
exp
[∫ A

0

2m(u)
σ2(u)

du
]
, (38)

where C is the normalization constant.
The stationary probability density of the system Hamil-

tonian H = U(A) = 1
2 ω2

0 A2 can be obtained from Eq. (38) as
follows:

p(H) = p(A)
∣∣∣∣ dA

dH

∣∣∣∣= p(A)
ω2

0 A

∣∣∣∣
A=U−1(H)

. (39)
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Then the joint stationary probability density of the displace-
ment and velocity can be obtained as follows:

p(x,y) =
p(H)

T (H)

∣∣∣∣
H=ω2

0 x2/2+y2/2
, (40)

where

T (H) = 2π/ω0. (41)

4. Numerical simulation
In the paper, the following algorithm[31] is used to deal

with the numerical solution of differential equations of frac-
tional order, equipped with suitable initial conditions, i.e.,{

Dα x(t) = f (t,x(t)),

x(0) = x0.
(42)

Based on the predictor–corrector algorithm, the following it-
erative formula is adopted:

xh(tn+1) = x0 +
hα

Γ(α +2)
f (tn+1,x

p
h(tn+1))

+
hα

Γ(α +2)

n

∑
i=0

ai,n+1 f (ti,xh(ti)), (43)

in which the weight of the corrector ai,n+1 is in the following
form:

ai,n+1 =


nα+1− (n−α)(n+1)α , i = 0,
(n− i+2)α+1 +(n− i)α+1

−2(n− i+1)α+1, 1≤ i≤ n,
1, i = n+1,

(44)

where xp
h(tn+1) denotes the predicted value, which is governed

by

xp
h(tn+1) = x0 +

1
Γ(α)

n

∑
i=0

bi,n+1 f (ti,xh(ti)); (45)

bi,n+1 represents the weight of the predictor and is expressed
as

bi,n+1 =
hα

α
[(n− i+1)α − (n− i)α ] . (46)

The error of this approach is estimated to be O(hmin(2,1+α)).
The pseudo-code is available in the appendix of Ref. [31].

5. Numerical results
In order to demonstrate the efficiency of the proposed

method, some numerical results are obtained for the fractional
VDP oscillator (1) with different parameter values. It is found
that the analytical results and the Monte Carlo simulations of
the original VDP oscillator are in satisfactory agreement with
each other. We also discuss the effects of fractional order α1

and α1, the fractional coefficients β1 and β2, and the intensity
of Gaussian white noise on the fractional VDP oscillator.

In this section, the time step is 0.01 and the total compu-
tation time is 104 s in the implementation of the Monte Carlo
simulation. The results from the analytical solutions and the
Monte Carlo simulations are shown in the following figures by
solid line (—) and star (∗), respectively.

5.1. Effect of fractional order α1 ∈ (0,1)α1 ∈ (0,1)α1 ∈ (0,1)

We examine the effect of the order of Caputo-type frac-
tional derivative α1 on the fractional VDP oscillator (1). The
stationary probability density of amplitude p(A), displacement
p(x), and velocity p(y) from an analytical solution for dif-
ferent values of the fractional derivative order are shown in
Figs. 1 and 2. The results from Monte Carlo simulation of
the original system (1) are shown in Figs. 1 and 2. Examin-
ing those figures, it is found that the analytical results and the
Monte Carlo simulations are in very satisfactory agreement
with each other. We can conclude that the smaller the frac-
tional derivative order α1, the greater the probability of the
oscillator with large amplitude (displacement or velocity) is.
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.

.

.

A

P
↼A
↽

α1/.

α1/.

(a)

↩↩ ↩ 


.

.

.

.

x

P
↼x
↽

(b)α1/.

α1/.

↩↩ ↩   


.

.

.

.

y

P
↼y
↽
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Fig. 1. (color online) Stationary probability densities of amplitude A,
displacement x, and velocity y of oscillator (1) with α2 = 1.7, β1 = 0.3,
β2 = 0.2, b1 = b2 = 0.05, ω = 1.0, and D = 0.4.
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Fig. 2. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with α2 = 1.8, β1 = 0.3, β2 = 0.2,
b1 = b2 = 0.05, ω = 1.0, and D = 0.4.

5.2. Effect of fractional order α2 ∈ (1,2)α2 ∈ (1,2)α2 ∈ (1,2)

We examine the effect of the order of Caputo-type frac-

tional derivative α2 on the fractional VDP oscillator (1). The

results from the analytical solution and the Monte Carlo sim-

ulation are shown in Figs. 3 and 4. Examining those figures, it

is found that the analytical results and the Monte Carlo simu-
lations are in good agreement with each other. We can obtain
the following interesting conclusion, i.e., the smaller the frac-
tional derivative order α2, the smaller the probability of the
oscillator with large amplitude (displacement or velocity) is,
which is totally contrary to the conclusion in Subsection 5.1.

   


.

.

.

A

P
↼
A
↽

(a)
α2/.

α2/.

↩ ↩ ↩    


.

.

.

.

x

P
↼
x
↽

α2/.

α2/. (b)

↩ ↩ ↩    


.

.

.

.

y

P
↼
y
↽

α2/.

α2/.

(c)

Fig. 3. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with α1 = 0.4, β1 = 0.3,
β2 = 0.2, b1 = b2 = 0.05, ω = 1.0, and D = 0.4.
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Fig. 4. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with α1 = 0.5, β1 = 0.3,
β2 = 0.2, b1 = b2 = 0.05, ω = 1.0, and D = 0.4.

5.3. Effect of fractional coefficient β1β1β1

We investigate the effect of the coefficient of Caputo-type
fractional derivative β1 on the fractional VDP oscillator (1).
The results from the analytical solution and the Monte Carlo
simulation are shown in Figs. 5 and 6. Those figures show very

satisfactory agreement between the analytical results and the
Monte Carlo simulations. We can obtain the following con-
clusions: the smaller the fractional coefficient β1, the larger
the probability of the oscillator with large amplitude (displace-
ment or velocity) is.

020201-6



Chin. Phys. B Vol. 25, No. 2 (2016) 020201

    8


.

.

.

A

P
↼A
↽

β1/.

(a)

β1/.

β1/.

88↩↩ 


.

.

.

.

x

P
↼x
↽ β1/.

β1/.

β1/. (b)

8↩↩ 


.

.

.

.

y

P
↼y
↽

(c)

β1/.

β1/.

β1/.

Fig. 5. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with α1 = 0.4, α1 = 1.7, β2 = 0.2,
b1 = b2 = 0.05, ω = 1.0, and D = 0.4.
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Fig. 6. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with α1 = 0.6, α1 = 1.8, β2 = 0.2,
b1 = b2 = 0.05, ω = 1.0, and D = 0.4.

5.4. Effect of fractional coefficient β2β2β2

Now we come to examine the effect of the coefficient of Caputo-type fractional derivative β2 on the fractional VDP oscilla-
tor (1). The results from the analytical solution and the Monte Carlo simulation are shown in Figs. 7–9. Examining those figures
shows very satisfactory agreement between the analytical results and the Monte Carlo simulations. We can obtain the following
conclusion: the smaller the fractional coefficient β2, the larger the probability of the oscillator with large amplitude (displacement
or velocity) is, which is the same as the conclusion in Subsection 5.3.
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Fig. 7. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with α1 = 0.4, α1 = 1.7, β1 = 0.3,
b1 = b2 = 0.05, ω = 1.0, and D = 0.2.
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Fig. 8. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with α1 = 0.4, α1 = 1.7, β1 = 0.3,
b1 = b2 = 0.05, ω = 1.0, and D = 0.6.

020201-7



Chin. Phys. B Vol. 25, No. 2 (2016) 020201

    8


.

.

.

.

A

P
↼A
↽

(a)β2/.

β2/.

↩↩ ↩ 8


.

.

.

.

.

x

P
↼x
↽

β2/.

β2/. (b)

↩↩ ↩ 


.

.

.

.

.

y

P
↼y
↽

β2/.

β2/. (c)

Fig. 9. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with α1 = 0.4, α1 = 1.7, β1 = 0.3,
b1 = b2 = 0.05, ω = 1.0, and D = 0.9.

5.5. Effect of the intensity DDD

Finally, we consider the effect of the intensity of Gaus-
sian white noise D on the fractional VDP oscillator (1). The
results from the analytical solution and the Monte Carlo sim-
ulation are shown in Figs. 10 and 11. Examining those figures

indicates very satisfactory agreement between the analytical
results and the Monte Carlo simulations. We can obtain the
following conclusions: the smaller the intensity of Gaussian
white noise D, the smaller the probability of the oscillator with
large amplitude (displacement or velocity) is.
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Fig. 10. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with α1 = 0.4, α1 = 1.7, β1 = 0.3,
β2 = 0.2, b1 = b2 = 0.05, and ω = 1.0.
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Fig. 11. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with α1 = 0.5, α1 = 1.7, β1 = 0.3,
β2 = 0.2, b1 = b2 = 0.05, and ω = 1.0.

6. Conclusions

In this paper, we investigate the stochastic response of
VDP oscillator with two kinds of fractional derivatives under
Gaussian white noise excitation. The equivalent VDP oscilla-
tor without fractional derivative terms for the fractional VDP
oscillator is obtained by using the generalized harmonic bal-
ance technique. Then, the analytical solution of the equiva-
lent VDP oscillator can be derived by the stochastic averag-
ing method. Finally, the analytical results are validated by
those from the Monte Carlo simulation of the original frac-

tional VDP oscillator.

The numerical results not only demonstrate the accuracy
of the proposed approach but also show that the fractional or-
ders α1 and α2, the fractional coefficients β1 and β2 and the
intensity D of Gaussian white noise play important roles in the
responses of the fractional VDP oscillator.

More specifically, the smaller the fractional derivative or-
der α1, the greater the probability of the oscillator with large
amplitude (displacement or velocity) is; the effect of fractional
order α2 is contrary to that of fractional order α1, i.e., the
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smaller the fractional derivative order α2, the smaller the prob-
ability of the oscillator with large amplitude (displacement or
velocity) is. The smaller the fractional coefficient β1 or β2,
the larger the probability of the oscillator with large amplitude
(displacement or velocity) is. The smaller the intensity D of
Gaussian white noise, the smaller the probability of the oscil-
lator with large amplitude (displacement or velocity) is.

It is noted that the approach is only suitable for the frac-
tional VDP oscillator with two kinds of fractional derivatives
subjected to weakly Gaussian white noise and light damping.

References
[1] Oldham K B and Spanier J 1974 The Fractional Calculus-Theory

and Applications of Differentiation and Integration to Arbitrary Order
(New York: Academic Press) p. 1

[2] Podlubny I 1999 Fractional Differential Equations (London: Academic
Press) p. 10

[3] Shen Y J, Yang S P and Xing H J 2012 Acta Phys. Sin. 61 110505 (in
Chinese)

[4] Shen Y J, Yang S P and Xing H J 2012 Acta Phys. Sin. 61 150503 (in
Chinese)

[5] Wei P, Shen Y J and Yang S P 2014 Acta Phys. Sin. 63 010503 (in
Chinese)

[6] Machado J T, Kiryakova V and Mainardi F 2011 Commun. Nonlinear
Sci. Numer. Simul. 16 1140

[7] Li C P, Deng W H and Xu D 2006 Physica A 360 171
[8] Li C, Xu W, Wang L and Li D X 2013 Chin. Phys. B 22 110205
[9] Huang D M, Xu W, Xie W X and Han Q 2015 Chin. Phys. B 24 040502

[10] Huang Z L and Jin X L 2009 J. Sound Vib. 319 1121
[11] Chen L C, Wang W H, Li Z S and Zhu W Q 2013 Int. J. Non-Linear

Mech. 48 44
[12] Chen L C and Zhu W Q 2009 Nonlinear Dyn. 56 231
[13] Chen L C and Zhu W Q 2011 Int. J. Non-Linear Mech. 46 1324
[14] Chen L C, Li Z S, Zhuang Q Q and Zhu W Q 2013 J. Vib. Control 19

2154
[15] Chen L C, Hu F and Zhu W Q 2013 Fract. Calc. Appl. Anal. 16 189
[16] Chen L C, Zhao T L, Li W and Zhao J 2015 Nonlinear Dyn., first online

5 September 2015
[17] Yang Y G, Xu W, Jia W T and Han Q 2015 Nonlinear Dyn. 79 139
[18] Yang Y G, Xu W, Gu X D and Sun Y H 2015 Chaos, Solitons and

Fractals 77 190
[19] Zhang R R, Xu W, Yang G D and Han Q 2015 Chin. Phys. B 24 020204
[20] Spanos P and Zeldin B 1997 J. Eng. Mech. 123 290
[21] Agrawal O P 2004 J. Vib. Acoust. 126 561
[22] Xu Y, Li Y G and Liu D 2014 J. Comput. Nonlinear Dyn. 9 031015
[23] Xu Y, Li Y G, Liu D, Jia W T and Huang H 2013 Nonlinear Dyn. 74

745
[24] Liu D, Li J and Xu Y 2014 Commun. Nonlinear Sci. Numer. Simul. 19

3642
[25] Huang Z L, Jin X L, Lim C W and Wang Y 2010 Nonlinear Dyn. 59

339
[26] Shen Y J, Yang S P, Xing H J and Gao G S 2012 Commun. Nonlinear

Sci. Numer. Simul. 17 3092
[27] Liao H 2014 Nonlinear Dyn. 79 1311
[28] Shen Y J, Yang S P and Sui C Y 2014 Chaos, Solitons and Fractals 67

94
[29] Liu X J, Hong L and Yang L X 2014 Abstr. Appl. Anal. 2014 835482
[30] Wei P, Shen Y J and Yang S P 2014 Acta Phys. Sin. 63 010503 (in

Chinese)
[31] Diethelm K, Ford N J and Freed A D 2002 Nonlinear Dyn. 29 3

020201-9

http://wulixb.iphy.ac.cn//CN/abstract/abstract47301.shtml
http://wulixb.iphy.ac.cn//CN/abstract/abstract47301.shtml
http://wulixb.iphy.ac.cn//CN/abstract/abstract49066.shtml
http://wulixb.iphy.ac.cn//CN/abstract/abstract49066.shtml
http://dx.doi.org/10.7498/aps.63.010503
http://dx.doi.org/10.7498/aps.63.010503
http://dx.doi.org/10.1016/j.cnsns.2010.05.027
http://dx.doi.org/10.1016/j.cnsns.2010.05.027
http://dx.doi.org/10.1016/j.physa.2005.06.078
http://dx.doi.org/10.1088/1674-1056/22/11/110205
http://dx.doi.org/10.1088/1674-1056/24/4/040502
http://dx.doi.org/10.1016/j.jsv.2008.06.026
http://dx.doi.org/10.1016/j.ijnonlinmec.2012.08.001
http://dx.doi.org/10.1016/j.ijnonlinmec.2012.08.001
http://dx.doi.org/10.1007/s11071-008-9395-6
http://dx.doi.org/10.1016/j.ijnonlinmec.2011.07.002
http://dx.doi.org/10.1177/1077546312456057
http://dx.doi.org/10.1177/1077546312456057
http://dx.doi.org/10.2478/s13540-013-0013-z
http://dx.doi.org/10.1007/s11071-015-2345-1
http://dx.doi.org/10.1007/s11071-015-2345-1
http://dx.doi.org/10.1007/s11071-014-1651-3
http://dx.doi.org/10.1016/j.chaos.2015.05.029
http://dx.doi.org/10.1016/j.chaos.2015.05.029
http://dx.doi.org/10.1088/1674-1056/24/2/020204
http://dx.doi.org/10.1061/(ASCE)0733-9399(1997)123:3(290)
http://dx.doi.org/10.1115/1.1805003
http://dx.doi.org/10.1115/1.4026068
http://dx.doi.org/10.1007/s11071-013-1002-9
http://dx.doi.org/10.1007/s11071-013-1002-9
http://dx.doi.org/10.1016/j.cnsns.2014.03.018
http://dx.doi.org/10.1016/j.cnsns.2014.03.018
http://dx.doi.org/10.1007/s11071-009-9543-7
http://dx.doi.org/10.1007/s11071-009-9543-7
http://dx.doi.org/10.1016/j.cnsns.2011.11.024
http://dx.doi.org/10.1016/j.cnsns.2011.11.024
http://dx.doi.org/10.1016/j.chaos.2014.07.001
http://dx.doi.org/10.1016/j.chaos.2014.07.001
http://dx.doi.org/10.1155/2014/835482
http://dx.doi.org/10.7498/aps.63.010503
http://dx.doi.org/10.7498/aps.63.010503
http://dx.doi.org/10.1023/A:1016592219341

	1. Introduction
	2. Equivalent VDP oscillator
	3. Stochastic averaging
	4. Numerical simulation
	5. Numerical results
	5.1. Effect of fractional order 0=1 (0,1)00.0433em0
	5.2. Effect of fractional order 0=2 (1,2)00.0433em0
	5.3. Effect of fractional coefficient 0=1 00.0433em0
	5.4. Effect of fractional coefficient 0=2 00.0433em0
	5.5. Effect of the intensity 0=D00.0433em0

	6. Conclusions
	References

