Chin. Phys. B Vol. 25, No. 2 (2016) 020201

Stochastic response of van der Pol oscillator with two kinds of
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This paper aims to investigate the stochastic response of the van der Pol (VDP) oscillator with two kinds of fractional
derivatives under Gaussian white noise excitation. First, the fractional VDP oscillator is replaced by an equivalent VDP
oscillator without fractional derivative terms by using the generalized harmonic balance technique. Then, the stochastic
averaging method is applied to the equivalent VDP oscillator to obtain the analytical solution. Finally, the analytical
solutions are validated by numerical results from the Monte Carlo simulation of the original fractional VDP oscillator.
The numerical results not only demonstrate the accuracy of the proposed approach but also show that the fractional order,
the fractional coefficient and the intensity of Gaussian white noise play important roles in the responses of the fractional
VDP oscillator. An interesting phenomenon we found is that the effects of the fractional order of two kinds of fractional
derivative items on the fractional stochastic systems are totally contrary.

Keywords: stochastic averaging method, fractional derivative, van der Pol, equivalent stochastic system

PACS: 02.50.-r, 05.40.—a, 05.40.Ca

1. Introduction

Fractional calculus!'=! can be traced back to the Leib-
niz’s letter to L’Hospital in 1695. Unfortunately, for quite a
long time, fractional calculus remained in an abstract math-
ematical field and developed very slowly. In the past few
decades, fractional calculus has attracted considerable atten-
tion, partly due to the fact that the fractional-order mathemat-
ical models can be used to make a more accurate description
than the integer-order models. Thus, fractional calculus can be
considered as an old and yet novel branch of mathematics.®7]
Because of the extensive existence of the random

factor, 81

it is of practical significance to study the stochas-
tic fractional systems. In order to obtain the approximate ana-
lytical solution of fractional systems, a lot of approaches have
been used by many authors. The stochastic averaging method
has been used by many researchers to obtain the analytical so-
lutions. Specifically, Huang and Jin!!'?! investigated the sta-
tionary response and stability of a single-degree-of-freedom
(SDOF) strongly nonlinear stochastic system with light damp-
ing modeled by a fractional derivative. Chen et al.l''! and
Chen

and Zhu!3! investigated the stochastic jump and bifurcation.

Chen and Zhu!'? studied the stationary responses.

Chen ef al." studied first passage failure; Chen ef al.l!>10]
fractional control of stochastic fractional systems. Yang et
al.l"7-18] studied the stationary response of a nonlinear system
with Caputo-type fractional derivative under Gaussian white
noise excitation by the stochastic averaging method. Zhang
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et al.l'! discussed the response of a Duffing—Rayleigh system
with fractional derivative under Gaussian white noise excita-
tion. There are several other methods to deal with stochastic
systems besides the stochastic averaging method. Spanos and
Zeldin?" put forward a frequency-domain method for sys-
tems with fractional derivatives. Agrawal?!! proposed an ana-
Iytical approach for stochastic dynamic systems endowed with
a fractional derivative by the eigenvector expansion method

22231 studied the response

and Laplace transforms. Xu et al.!
of the stochastic oscillator with fractional derivative by using a
new technique based on the Lindstedt—Poincaré (LP) method
and multiple-scale method. Liu et al.**) investigated the prin-
cipal resonance responses of SDOF systems with small frac-
tional derivative damping subjected to narrow-band random
parametric excitation by the multiple scale method.

However, the systems mentioned in the above literature
only contain one kind of fractional derivative, little work is
related to the study of deterministic or stochastic systems
containing two kinds of fractional derivative to the best of
the authors’ knowledge. Huang et al.!*! discussed the sta-
tistical behaviors of the response of stochastic systems en-
dowed with two kinds of fractional derivatives by using the
Laplace transform in conjunction with the weighted general-
ized Mittag—Leffler function. Shen et al.!?®! investigated the
primary resonance of the Duffing oscillator with two kinds
of fractional-order derivatives. Liaol?’! studied the Duffing
oscillator with two kinds of fractional-order derivative by us-
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ing the improved version of the constrained optimization har-
monic balance method.

Inspired by the above discussion, in this paper we are to
investigate the stationary response of the VDP oscillator with
two kinds of fractional derivatives excited by Gaussian white
noise.

The rest of this paper is organized as follows. The frac-
tional VDP oscillator is reduced to the equivalent stochastic
VDP oscillator without fractional derivative terms by using
the generalized harmonic function technique in Section 2. The
approximate analytical solutions of the equivalent VDP oscil-
lator are obtained by the stochastic averaging method in Sec-
tion 3. The predictor—corrector algorithm for the solution of
the initial value problem with fractional derivative is briefly
introduced in Section 4. Numerical simulations are performed
to verify the theoretical results in Section 5. Finally, the con-
clusions are given in Section 6.

2. Equivalent VDP oscillator

Consider a fractional VDP oscillator?8-3% with two kinds
of fractional derivatives subjected to Gaussian white noise.
The motion of the system is governed by the following equa-
tion:

(=by +byx*)i+ 0*x = W(1),
(1)

B4+ B1D%x(t) + B2D%2x(t) +
O<oy<l,l<op<?2,

where a dot over a variable denotes differentiation with re-
spect to timet; f1, B2, and @ are constant coefficients; W (r)
is a stationary Gaussian white noise with correlation function

E[W(@#)W(t+7)] = 2D8(t). There are many definitions of

the fractional derivative. In the present paper, the Caputo-type
fractional derivative is adopted as follows:

1 t x(">(u)
F(l—a)/o (w1

inwhichn—1 < a<n,n€N,and I'(-) is a Gamma function.
According to Refs. [11], [14], and [26], the term associ-
ated with the fractional derivative not only serves as the classi-

D%x(t) = 2)

cal damping force, but also contributes to the restoring force.
Based on the generalized harmonic function technique,!!!-!4]
this term can be replaced by a linear restoring force and a lin-

ear damping force:

ﬁ[DaIX(Z‘) =
BD%x(t) =

Ci (OC] )x(t) + K (OC] )x(t),
Cr(0p)x(t) + Kz () x(1).

3
“

In order to obtain the values of C; (a1), C2 (02), Ki (o),

and K, (@), we first introduce two important formulae:

T i t
lim/ Sm(w)dt:wo‘*lr(l—a)cos%, (5
T—eo Jo e
_ T cos(wt) a1 . an
Th_r)rio/o e dr =0 (1~ @)sin 25, (©)

‘We can assume that the solution of the fractional VDP oscilla-
tor (1) has the following form:

x(t) = A(t)cos ' (t),
i(t) = —A(t)wsin @' (¢),

D' () =t +0'(1). @)

First, we present the detailed derivation procedure for C; (o).

_ ﬁl n o I o / /
Ci(ay) = TAw D% (AcosP")sin®’'d P
sin (@u+ @')
= = d t+ @) pdr. 8
1“(14):1 )AL 7 / {U (r—u)o ”}sm(m+ )} ®
Using the transformations of coordinates s = —u and ds = —du, one can obtain
2B sin(wr + @' — ws) ) ,
= — e
Ci(o) F(l—al)TewT {[/ @ ds| sin (wr + @') pds
B cos (s) . 2 /
_ F(l—on mmr/ {[/ ds}sm (a)r+q>)}dt
/ sin (®s) ds| sin (a)t + dﬁl) cos (a)t + <I>/) dt=C;1+C O]
F(l —a) T—>oo T s e

Define the first part of Eq. (9) as Cy; and the second part as Cj,, then

Cn = F(l—al T*)ooT/ {[/ o
- F(l—al T—>°°T (/ Cosson )

2B,

ds] sin” (ot + @) }dt
p— 1 /
ds> d (2(0[ sin (2wt +2P") >

cos (s) T

I'(l—oy) T 40T

) <2a)t —sin (201 +29’)
lim

(=)

o
s41 0

020201-2



Chin. Phys. B Vol. 25, No. 2 (2016) 020201

2t — sin ( 2(1)t+2<15) cos (o)
dr=C Ciz. 10
F(l—ocl T%mT/ ( )( ;061 11 +Cinz (10)

Define the first part of Eq. (10) as Cy1; and the second part as Cj 13, then

2 20t —sin (20t + 2P ‘ T
Ciir = Bi im (29 sin (200t +2P") / cos (os) ds
I(l—oy) T—e 40T 0 s™ o
__ B lim 20T —sin 20T +2d) /T cos (@s) ds ) = Bro* 'sin ur (11)
T T(1—ap) Toe 40T o s ! 2
Cip =0, (12)
Ciz = lim = / Sin(95) 4\ sin (o1 + ') cos (r + ') Lar =0 (13)
2 1"(1 —oy) T T 5% '
According to Egs. (11)—(13), one can obtain
o - onm
Ci(o) =C11+Ci2=(Ci111 +C112) +Ci2 =C111 = 1o SIHT (14)
Second, we present the detailed derivation procedure for K (o).
_ & o o / / /
Ki(ay) = D% (AcosP')cos P'dP
2[3160 ) sin (@u + @’ sin (ou+ P') ,
= — d wt+ D) »dr. 15
T o) T_MT/ {[/0 ——am u| cos (ot + @') (15)
Using the transformations of coordinates s =t — u and ds = —du, one can obtain
210 sin (@r + @' — ws) ,
Kl(al)__F(l—Ocl T%wT/ {{/ K ds| cos (wr + P') pdt
_ 2610 cos (@s) ,
= TTi—a) TﬁwT/ {U ds]s1n(a)t+¢)cos(cot+d3) dt
210, sin (os) ) , B
+F(1—a1 HwT/ {U ds]cos (ot + @) pdt = Ky) + K. (16)
‘ .
Define the first part of Eq. (16) as Kj; and the second part as % (sm (a)t)> dt = Kip1 + K1z (18)
[04] :
Kj, then !

Define the first part of Eq. (16) as K71 and the second part as

2B . cos (ws) K22, then
KU - _r(l—al T—)wT / s ds 2B160 2a)t—|—sm(2(0t—|—2§b’)
K21 = —— lim ( )

X sin (a)t+¢'/)cos ((ut—i-CP/) }dt =0, (17) (1 —ay) 7= 40T

Kin 2o {[ / sin ( )ds} " ( /0’ sinsgt(f)s) ds>

T

0

_ o a
Ml a) P o T <2wT+sin(2a)T+2cD’))
x cos’ ((x)tJr <D’) }dt I'(1—o0y) T—e 40T
sin ( X (/ sin (@s) ds) = Bio% cos M, (19)
=T l hm T </ o ds) 0o s% 2
( _al Tﬁm $ Ki»n = 0. (20)

<2wt+sm (2wt+2©’)>
xd
4o
20 lim 20t +sin (20t +2P")
CT(l—0y) T—e 40T

According to Egs. (17), (19), and Eq. (20), one can obtain

Ki(an) = Ki1 +Ki2 = K11 + (K121 + Ki22)

ar
x ( / sin (@s) d> ¢ = Ko = pro® cos —= 2D
s
o 5™ 0 According to Egs. (14) and (21), one can obtain
20 lim 1 /T (20t +sin (20t +29')
T(1—aq) T—=T Jo 4 BiD* x(t)
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=C (al)X(l) + K, (Otl)x(t)
— Bio®'sin %x(r)ﬂ%] ®% cos %x(t). 22)

Similarly, one could also obtain C; (¢), K> (0r):

Ce(a) = o teos (2, 23)
Kafa) = pro®sin 2 24)
Thus
B = B0 eos % o

- [ﬁzmaz sin W] x(t).  (25)

Therefore, the equivalent VDP oscillator associated with sys-
tem (1) is given by

i4eri+ ogx = W(r), (26)
in which
onm aop—1)n
er = ﬁla)alflsin%—i—ﬁgwarlcosi( 2 5 )
— by +bax?, 27)

—1
wg = B] 0% cos % — Bza)az sin w + 602. 28)

3. Stochastic averaging

In this section, the stochastic averaging method is applied
to the VDP oscillator (26).

According to Ref. [20], we can assume that the solution
of system (26) has the following form:

X =x(t) = A(t) cos D(1),
Y =x(t) = —A(t) wp sin D(1),
) = axt + 0,

1

D(t
X

U(x) = / wdudu = Engz, (29)
0

where A, @, and ® are random processes. One can obtain the
following equations for the amplitude A and the phase angle
O:

%’;‘ — eF(A,0)+£'2G(A,0)W (1),

% —eF(A,0)+£'2Gy(A,0)W (1), (30)

where
e = —erAsin® @
. 1 ... 0gm _
= —Asin® @ | B 0% ISIHT+B2(D(X2 !

(—1)
2

T
X COS — by +byA% cos® P ,

eF, = —ersin®cos P

. ... ogm _
= —sin®cos P | ™" lsmT—&-ﬁzw“z !

-1
xcos%—bl—i—bzAzcosz(I) ,

gl/zGl _ _Sil’l(p7
@
@
e2Gy = —CZZ)D . G1)

According to the Stratonovich-Khasminskii theorem, A(t)
and @(r) converge weakly into a two-dimensional diffusion
Markov process as € — 0, in a time interval 0 <t < T, where
T ~ O(e~"). Equation (30) shows that the averaged Itd equa-
tion for A(¢) is independent of ®(¢), the limiting process A(t)
is a one-dimensional diffusion process governed by

dA = m(A)dt + G (A)dB(1), (32)

where the drift and diffusion coefficients, respectively, are

dG dG
m(A) = 8<F(1) +F?+ %G +DG2> :
! ! JA 0 /e

0%(A) = e(2DGY) ¢. (33)
Then substituting Eq. (31) into Eq. (33), the explicit expres-

sion for the averaged drift and diffusion coefficients can be
obtain as follows:

A —1
m(A) . w® ! Sinﬂ _|_B2w062*1 COSM
2 2 2
bi1A b2A3 D
28 24 2 34
2 8 24w}’ GY
D
c2(A) = =, (35)
20
in which
o -1
0 = Bro* cos % — B@* sin (2% +w* (36)

The corresponding FPK equation associated with Eq. (29) has
the following form:

dp _ d

1 92
% - 94 m(A)p] +

2942 [6%(A)p]. 37

The boundary conditions are p = ¢ in which ¢ € (—oo, +o0) at
A=0and p—0,dp/JdA — 0as A — . Thus, based on these
boundary conditions, the stationary solution of Eq. (37) is

%exp [/OA i_rzguusdu} , (38)

where C is the normalization constant.

p(A) =

The stationary probability density of the system Hamil-
tonian H = U(A) = 1®2A? can be obtained from Eq. (38) as
follows:

plen) = pia)| | = 248 )

A=U"1(H)
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Then the joint stationary probability density of the displace-
ment and velocity can be obtained as follows:

p(H) (40)

T(H) H:ng2/2+y2/27

plx,y) =

where

T(H) =21/ . (41)

4. Numerical simulation

In the paper, the following algorithm[3!l is used to deal
with the numerical solution of differential equations of frac-
tional order, equipped with suitable initial conditions, i.e.,

{ D%x(1) = f(1,x(t)),

x(0) = xo. “42)

Based on the predictor—corrector algorithm, the following it-
erative formula is adopted:

[0
INo+2)
ha n

+ m;amﬂf@i,xh(ii)), 43)

Xp(tat1) = X0+ S (tny1,%) (tng1))

in which the weight of the corrector a; 1 is in the following

form:
noc+1_(n_(x)(n—|—l)a, i=0,
) =i+ (n—i)e !
a,7n+1 — —2(n—l+1)a+1, 1§l§n, (44)
1, i=ntl,

where xﬁ (tn+1) denotes the predicted value, which is governed
by

1 n
X (tns1) = X0+ a) Y biir f (20 (5)): (45)
i=0

b; ,+1 represents the weight of the predictor and is expressed
as

o

h
bint1 :E[(n—i—l—l)“—(n—i)a]. (46)

The error of this approach is estimated to be O(A™n(21+a)),
The pseudo-code is available in the appendix of Ref. [31].

5. Numerical results

In order to demonstrate the efficiency of the proposed
method, some numerical results are obtained for the fractional
VDP oscillator (1) with different parameter values. It is found
that the analytical results and the Monte Carlo simulations of
the original VDP oscillator are in satisfactory agreement with
each other. We also discuss the effects of fractional order oy

and a, the fractional coefficients ; and f3,, and the intensity
of Gaussian white noise on the fractional VDP oscillator.

In this section, the time step is 0.01 and the total compu-
tation time is 10* s in the implementation of the Monte Carlo
simulation. The results from the analytical solutions and the
Monte Carlo simulations are shown in the following figures by
solid line (—) and star (x), respectively.

5.1. Effect of fractional order o € (0,1)

We examine the effect of the order of Caputo-type frac-
tional derivative o on the fractional VDP oscillator (1). The
stationary probability density of amplitude p(A), displacement
p(x), and velocity p(y) from an analytical solution for dif-
ferent values of the fractional derivative order are shown in
Figs. 1 and 2. The results from Monte Carlo simulation of
the original system (1) are shown in Figs. 1 and 2. Examin-
ing those figures, it is found that the analytical results and the
Monte Carlo simulations are in very satisfactory agreement
with each other. We can conclude that the smaller the frac-
tional derivative order ¢, the greater the probability of the
oscillator with large amplitude (displacement or velocity) is.

0.6
a1 =0.5 @) |

a;=0.1

(b)

(e)

-8 —4 ‘ O ‘ 4 8
Yy
Fig. 1. (color online) Stationary probability densities of amplitude A,

displacement x, and velocity y of oscillator (1) with op = 1.7, ; = 0.3,
Br=02,b; =by =0.05, ®=1.0, and D = 0.4.
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0.4 T T T 0.4
(a) a=05 (b) (c)
0.3 0.3
011:0.1

< 0 3
X x 02 g 02
0.1 0.1
0 s 0

6 8 -8 —4 4 8 -8 8

Fig. 2. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with ap = 1.8, f; = 0.3, B, = 0.2,

by =b,=0.05,w=1.0,and D =0.4.

5.2. Effect of fractional order a; € (1,2)

We examine the effect of the order of Caputo-type frac-
tional derivative o on the fractional VDP oscillator (1). The
results from the analytical solution and the Monte Carlo sim-

ulation are shown in Figs. 3 and 4. Examining those figures, it

is found that the analytical results and the Monte Carlo simu-
lations are in good agreement with each other. We can obtain
the following interesting conclusion, i.e., the smaller the frac-
tional derivative order a;, the smaller the probability of the
oscillator with large amplitude (displacement or velocity) is,
which is totally contrary to the conclusion in Subsection 5.1.

Fig. 3. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with oy = 0.4, B; = 0.3,

Pr=0.2,b; =b, =0.05, =1.0,and D =0.4.

() | 0.4
0.3
< 0
g K 02
0.1
6 G_6

Fig. 4. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with ey = 0.5, B; = 0.3,

Br=0.2,by =by =0.05,® = 1.0, and D = 0.4.

5.3. Effect of fractional coefficient 8

We investigate the effect of the coefficient of Caputo-type
fractional derivative f; on the fractional VDP oscillator (1).
The results from the analytical solution and the Monte Carlo
simulation are shown in Figs. 5 and 6. Those figures show very

satisfactory agreement between the analytical results and the
Monte Carlo simulations. We can obtain the following con-
clusions: the smaller the fractional coefficient B, the larger
the probability of the oscillator with large amplitude (displace-

ment or velocity) is.

020201-6
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—— 0.4
0.6 @ o4 Pi=05  (b) (c)
B£1=0.3 0.3
0.3
S 0.4 = B1=0.1 =
e T 0.2 T 02
0.2
0.1 0.1
0
0 0
6 8 -8 —4 0 4 8 ) 3

x

Fig. 5. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with o = 0.4, oy = 1.7, B, = 0.2,
by =b,=0.05, w=1.0,and D =0.4.

0.6
(@) 0.6 ®)) ()
0.4
—~ 0.4 —
B =
X Y
0.2
0.2
0 0
6 8 -8 8 —8 8
© Yy

Fig. 6. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with o = 0.6, oy = 1.8, B, = 0.2,
by =by=0.05, »=1.0,and D =0.4.

5.4. Effect of fractional coefficient

Now we come to examine the effect of the coefficient of Caputo-type fractional derivative 8, on the fractional VDP oscilla-
tor (1). The results from the analytical solution and the Monte Carlo simulation are shown in Figs. 7-9. Examining those figures
shows very satisfactory agreement between the analytical results and the Monte Carlo simulations. We can obtain the following
conclusion: the smaller the fractional coefficient 3, the larger the probability of the oscillator with large amplitude (displacement
or velocity) is, which is the same as the conclusion in Subsection 5.3.

0.8 0.5 0.5
(a) (b)
0.4 0.4
— 0.3 0.3
N o) =
T X X
0.2 0.2
0.1 0.1
4 5 0 —4 4 0 —4

Fig. 7. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with oy = 0.4, oy = 1.7, B; = 0.3,
by =b,=0.05,w=1.0,and D =0.2.

0.5 3
b =0.4 a
2 (a) 0.3 (c)
0.4
~ 0.3 —~ 0.2
= 3
g [
0.2
0.1
0.1
0
—8 8

4
A

Fig. 8. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with oy = 0.4, oy = 1.7, B; = 0.3,
by =b, =0.05, »=1.0,and D =0.6.
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(a) 0.95 B=0.35 (b) 0.95 «B2=035 ()
B2 =0.08
0.20 0.20
& 015 S 015
& g

0.10 0.10

0.05 0.05

0 0
6 8 -8 —4 0 4 8 s 3

o y

Fig. 9. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with oy = 0.4, oy = 1.7, B; = 0.3,

by =by =0.05, ®=1.0,and D =0.9.

5.5. Effect of the intensity D

Finally, we consider the effect of the intensity of Gaus-
sian white noise D on the fractional VDP oscillator (1). The
results from the analytical solution and the Monte Carlo sim-
ulation are shown in Figs. 10 and 11. Examining those figures

0.5

indicates very satisfactory agreement between the analytical
results and the Monte Carlo simulations. We can obtain the
following conclusions: the smaller the intensity of Gaussian
white noise D, the smaller the probability of the oscillator with

large amplitude (displacement or velocity) is.

(a) |
] 0.4
03
B
X

0.2

0.1

Fig. 10. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with oy = 0.4, a; = 1.7, B; = 0.3,

P2 =0.2,b; = by =0.05, and ® = 1.0.

(a) 1 b c
06 (b) 0.6 (c) |
g 3 0.4 § 0.4
X Y X
0.2 0.2
0 0
6 8 —8 8 -8 8
T Yy

Fig. 11. (color online) Stationary probability densities of amplitude A, displacement x, and velocity y of oscillator (1) with oy = 0.5, a; = 1.7, B; = 0.3,

B =0.2, b =by =0.05, and ® = 1.0.
6. Conclusions

In this paper, we investigate the stochastic response of
VDP oscillator with two kinds of fractional derivatives under
Gaussian white noise excitation. The equivalent VDP oscilla-
tor without fractional derivative terms for the fractional VDP
oscillator is obtained by using the generalized harmonic bal-
ance technique. Then, the analytical solution of the equiva-
lent VDP oscillator can be derived by the stochastic averag-
ing method. Finally, the analytical results are validated by

those from the Monte Carlo simulation of the original frac-

tional VDP oscillator.

The numerical results not only demonstrate the accuracy
of the proposed approach but also show that the fractional or-
ders a; and o, the fractional coefficients §; and B, and the
intensity D of Gaussian white noise play important roles in the
responses of the fractional VDP oscillator.

More specifically, the smaller the fractional derivative or-
der , the greater the probability of the oscillator with large
amplitude (displacement or velocity) is; the effect of fractional

order ¢ is contrary to that of fractional order ¢, i.e., the
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smaller the fractional derivative order o, the smaller the prob-
ability of the oscillator with large amplitude (displacement or
velocity) is. The smaller the fractional coefficient B or f3;,
the larger the probability of the oscillator with large amplitude
(displacement or velocity) is. The smaller the intensity D of
Gaussian white noise, the smaller the probability of the oscil-
lator with large amplitude (displacement or velocity) is.

It is noted that the approach is only suitable for the frac-
tional VDP oscillator with two kinds of fractional derivatives
subjected to weakly Gaussian white noise and light damping.
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