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Investigations of thickness-shear mode elastic constant and damping
of shunted piezoelectric materials with a coupling resonator∗
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Shear-mode piezoelectric materials have been widely used to shunt the damping of vibrations where utilizing surface
or interface shear stresses. The thick-shear mode (TSM) elastic constant and the mechanical loss factor can change corre-
spondingly when piezoelectric materials are shunted to different electrical circuits. This phenomenon makes it possible to
control the performance of a shear-mode piezoelectric damping system through designing the shunt circuit. However, due to
the difficulties in directly measuring the TSM elastic constant and the mechanical loss factor of piezoelectric materials, the
relationships between those parameters and the shunt circuits have rarely been investigated. In this paper, a coupling TSM
electro–mechanical resonant system is proposed to indirectly measure the variations of the TSM elastic constant and the
mechanical loss factor of piezoelectric materials. The main idea is to transform the variations of the TSM elastic constant
and the mechanical loss factor into the changes of the easily observed resonant frequency and electrical quality factor of the
coupling electro–mechanical resonator. Based on this model, the formular relationships are set up theoretically with Mason
equivalent circuit method and they are validated with finite element (FE) analyses. Finally, a prototype of the coupling
electro–mechanical resonator is fabricated with two shear-mode PZT5A plates to investigate the TSM elastic constants and
the mechanical loss factors of different circuit-shunted cases of the piezoelectric plate. Both the resonant frequency shifts
and the bandwidth changes observed in experiments are in good consistence with the theoretical and FE analyses under the
same shunt conditions. The proposed coupling resonator and the obtained relationships are validated with but not limited
to PZT5A.
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1. Introduction
The piezoelectric shunt damping technology has been

the focus of many research fields, especially in the fields
of vibration control,[1–7] sound absorption,[8–11] and noise
elimination,[12,13] wave propagation control,[14] where the
shunt damping is usually realized with a shunted piezoelectric
patch working in one of three modes:[2] the transverse mode,
the longitudinal mode, and the shear mode.

As the shear mode has the advantage over the other two
modes by using the surface or interface stresses, it has in-
creasingly attracted extensive research interests in surface vi-
bration suppression with shunt-damping technologies.[15–20]

For example, Benjeddou and Ranger investigated the use of
shear-mode piezoelectric ceramics for shunted passive vibra-
tion damping and found that the added resistive shear-mode
shunt damping is twelve times more than the classical resistive
extension-mode shunt damping.[16] Karim Blanzé designed a
bolted joint for reducing the vibration of a structure by taking
advantage of the shear mode to utilize the surface or inter-
face stress.[18] dos Santos and Trindade studied active–passive
piezoelectric networks (APPN) for extension and shear modes,

and they find that the shunt-damping effect of the shear mode
is better than that of the extension mode.[19]

Among these applications, the thick-shear mode (TSM)
elastic constant c55 and the mechanical loss factor are the most
essential parameters that determine the performance of the vi-
bration damping system by utilizing the shear mode of piezo-
electric materials. Therefore, it is of great research value to
investigate the relationships between the TSM elastic constant
c55 as well as the mechanical loss factor and different shunt
circuits, which are essential to the design or control of a shunt-
damping system by using the shear mode of piezoelectric ma-
terial.

In practice, the direct measurements of the shear mod-
uli of elastic or viscoelastic materials are of great complexity
and difficulty.[21] Thus, indirect methods utilizing the veloc-
ity of sound,[22] the relationship between the resonant and the
anti-resonant frequencies of a regular-cut shear mode plate are
usually employed to estimate the shear moduli of piezoelectric
materials.[23] Some TSM piezoelectric or quartz crystal res-
onators have also been developed to implement their quantita-
tive determinations of the shear moduli of polymers.[24–28] The
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resonator usually consists of a TSM piezoelectric or quartz
crystal layer and one- or multiple-layer polymer films, of
which the basic principle is that shear modulus and damp-
ing of polymer film can change the resonant frequency and
bandwidth of a TSM piezoelectric resonator obtained through
an impedance analyzer, where the resonant frequency shift re-
flects the shear modulus and the bandwidth change reflects the
mechanical loss factor of the tested material.

However, the above mentioned methods[22–28] cannot be
used to investigate the variations of the TSM elastic constant
c55 and the mechanical loss factor of a piezoelectric mate-
rial with different shunt circuits. The viable testing system
should satisfy the following requirements. First, the piezo-
electric material that is shunted to circuits should not be
used for impedance measurement, because the direct electri-
cal coupling will cover the mechanical parameter effect on
the impedance. There should be another piezoelectric ma-
terial serving as the tested one which is electrically isolated
from the shunted one, so that the impedance of the tested one
can reflect the mechanical parameter change of the system,
rather than the coupling electrical impedance. Second, if a
two-plate piezoelectric resonator is adopted, two piezoelectric
plates should work at a pseudo electrostatic state to avoid the
mutual influence of their natural resonant frequencies. Thus
the system should be resonant at a frequency far below the nat-
ural frequencies of the piezoelectric plates, which meanwhile
provides a nearly linear relationship between the resonant fre-
quency shift of the resonator and the modulus change.

In our previous work, we have proposed an indirect
method to investigate the influence of shunt circuits on elas-
tic constant c33 and the mechanical loss factor of thickness
mode.[29] Inspired by this idea, in this paper we propose a
coupling TSM electro–mechanical resonator to investigate the
variations of the elastic constant c55 and the mechanical loss
factor of the shear-mode piezoelectric materials shunted to dif-
ferent circuits. The proposed TSM resonator consists of two
identical shear-mode piezoelectric plates and a mass block to

form a coupling resonant system. One of the two plates is em-
ployed to change its TSM elastic constant and mechanical loss
factor by connecting in parallel different shunt circuits, while
the other is used to test the electrical admittance-frequency
curve of the system. The measurement circuit and the shunt-
ing circuit are electrically separated to avoid the mutual in-
terference. The mass is employed to lower the first resonant
frequency of the system significantly to provide a pseudo elec-
trostatic state. Mason equivalent circuit method is adopted to
make the theoretical analyses and the finite element method
(FEM) is employed to conduct the simulations. A prototype
of the resonator model is fabricated to verify the theoretical
analyses and simulations, with which the variations of the
TSM elastic constant c55 and the mechanical loss factor of the
PZT5A plate shunted to different circuits are investigated.

2. Model description
An electro–mechanical resonant system, i.e., a resonator,

is proposed to measure the change of the resonant frequency
of the system with shunt circuits, which is composed of two
identical shear-mode piezoelectric ceramic plates a and b and
a mass block m. They are bonded together tightly with a very
thin layer of epoxy resin adhesive as shown in Fig. 1(a), where
1, 2, 3, and 4 are employed to mark the four surfaces or in-
terfaces of a, b, and m respectively. Both surfaces 1 and 4 are
set free to make force release boundary conditions. The mass
block m is employed to make the resonant base frequency of
the system much lower than the resonant frequency of a single
piezoelectric plate itself to provide a quasi-static state.[4] The
material of the mass block is of pure tungsten due to its high
density to make the mass block close to a lumped-parameter
element and the system close to an ideal spring oscillator.
PZT-5A is chosen as the material of piezoelectric plates a, b
in this paper, of which both are poled along the length direc-
tion (motion direction) and two electrodes are drawn from two
faces of the thickness direction.
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Fig. 1. Proposed coupling electro–mechanical resonant system: (a) the structure of the resonator; (b) equivalent coupling spring-mass system;
(c) mechanical circuit diagram.
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When plate b connects to different shunt circuits, i.e.,
Zx, its elastic constant c55 and the mechanical loss factor will
change. Correspondingly, the resonant frequency and quality
factor of the system will change too. By testing the electri-
cal impedance of the resonator through plate a, the changes
of the resonant frequency and quality factor of the system are
obtained. Then the variations of c55 and the mechanical loss
factor can be indirectly achieved. The separate circuits of two
plates ensure the isolation of electrical effects of the shunted
plate b on the tested plate a.

As shown in Fig. 1(b), the proposed system can be ap-
proximated as an equivalent ideal coupling spring-mass oscil-
lator system, based on the lumped-parameter condition. It con-
sists of three mass elements and two spring elements which
are connected in series. The springs ka and kb are equiva-
lent to the elastic constants of the two piezoelectric ceramic
plates a and b respectively, and the mass elements Ma, Mb,
and Mm correspond to the mass of the piezoelectric ceramic
plates a and b and the mass block m respectively. The equiv-

alent mechanical circuit diagram of the ideal spring oscillator
system is given in Fig. 1(c), viewing from the bottom of plate
a. Since the ceramic plate a is in open-circuit state, its elas-
tic constant c55 keeps constant, i.e., the open-circuit elastic
constant cD

55. Whereas the ceramic plate b is under different
electrical boundary conditions, i.e., shunted to Zx, its elastic
constant c55 is a variable.

In Fig. 1(c), ka and kb can be approximated as

ka ≈ cD
55

wl
tp

, (1a)

kb ≈ c55
wl
tp

. (1b)

Then the mechanical admittance Ym from the bottom of
plates a can be derived as

Ym =
1

jω
1
kb

+
1

jωMm

+
1

jω
1
ka

+
1

jωMb

+ jωMa, (2)

or

Ym =
jωMm

(
1−ω2Mb/ka

)
+ jωMb

(
1−ω2Mm/kb

)
+ jωMa

(
1−ω2Mb/ka

)(
1−ω2Mm/kb

)
(1−ω2Mb/ka)(1−ω2Mm/kb)

. (3)

From Eq. (3), it is found that the oscillator system has two
resonant frequencies:

fr1 = (1/2π)
√

kb/Mm, (4a)

fr2 = (1/2π)
√

ka/Mb. (4b)

Here, fr2 is the natural resonant frequency of single ceramic
plate, which does not change with kb, and fr1 is the resonant
base frequency determined by the mass of block m and the
variable kb, which is much lower than fr2, and is what we are
concerned with in the research.

Hence, the stiffness of spring b can be obtained from

kb = Mm (2π fr1)
2 , (5)

and the following relationship can be derived:

∆kb

kb
≈ 2∆ fr1/ fr1. (6a)

According to Eq. 1(b), it has

∆c55

c55
≈ 2∆ fr1/ fr1, (6b)

or
∆c55 ≈

2c55

fr1
∆ fr1. (6c)

Therefore, the variation of the elastic constant ∆c55 can be
obtained indirectly with the change of the resonant frequency
∆ fr1 of the resonator when plate b is shunted to different cir-
cuits. In fact, the relationship between c55 and the resonant
frequency fr1 can also be determined if one value of the elas-
tic constant c55 is provided at the resonant base frequency fr1.

3. Theoretical analysis with Mason equivalent
circuit method

Because the two ceramic wafers a, b and the mass block
m are tightly bonded together, the Mason equivalent circuit
method[30] of the whole model can be obtained by connect-
ing their respective equivalent circuit at mechanical terminals,
which is shown in Fig. 2. Since surface 1 and surface 4 are
free, the pressures on them are equal to zero and the two ends
are short-circuited.

In Fig. 2,

Zp1a = jρpcopen
p Sp tan

(
kopen

p tp/2
)
, (7a)

Zp2a = ρpcopen
p Sp/

(
j sin

(
kopen

p tp
))
, (7b)

Zp1b = jρpcpSp tan(kptp/2) , (7c)

Zp2b = ρpcpSp/(j sin(kptp)), (7d)

Zm1 = jρmcmSm tan(kmtm/2) , (7e)

Zm2 = ρmcmSm/(j sin(kmtm)), (7f)

where the subscripts ‘p’ and ‘m’ represent the piezoelectric
ceramics and the mass block respectively. Correspondingly,
ρp and ρm are their densities, Sp and Sm are their areas, and

tp and tm are their thickness. Besides, copen
p =

√
cD

55/ρp and

cp =
√

c55/ρp are the transverse wave velocities of piezoelec-
tric ceramics in open state and shunted to circuits respectively,
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and kopen
p = ω/copen

p and kp = ω/cp are the corresponding
wave numbers, cm and km = ω/cm are the transverse veloc-
ity and wave number of the mass block m respectively. Both
for the ceramic wafers a and b, C0 = SpεS

11/tp is the inher-
ent capacitance and n = Sph15εS

11/tp is the electromechanical

conversion factor, where εS
11 is the dielectric constant and h15

is the shear-mode piezoelectric constant.
From Fig. 2, the electrical admittance Ya of the system

calculated from the two electrodes of wafer a can be derived
as

Ya =
1

((
Zm1 ‖ Zm2 +Zm1 +Zp1b

)
‖
(

n2
(

Zx ‖
1

jωC0
− 1

jωC0

)
+Zp2b

)
+Zp1b +Zp1a

)
‖ Zp1a +Zp2a

n2 − 1
jωC0

 ‖ 1
jωC0

,

(8)

where “‖” means parallel connection, c55 are included in Zp1b

and Zp2b through Eq. (7) and cp.
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Fig. 2. Electro–mechanical equivalent circuits of the whole model.

Equation (8) establishes an analytic relationship between
electrical admittance Ya and shunted electrical impedance Zx.
It is seen that when the piezoelectric ceramic plate b is open-
circuited, i.e., Zx = ∞, the resonant frequency of the electri-
cal admittance Ya is determined only by the static mechanical
constants of plates a and b, and mass block m. However, if
the piezoelectric ceramic plate b is shunted to an electrical
impedance Zx, its TSM elastic constant c55 will change. As
a result, reflecting in the electrical admittance Ya, the resonant
base frequency will shift correspondingly.

From Eq. (8), an analytic relationship can also be estab-
lished between the electrical loss factor ηe = 1/Qe of the sys-
tem and the mechanical loss factor ηm = 1/Qm of the plate
b. Here Qe is the electrical quality factor of the resonant peak
and Qm is the mechanical quality factor of the plate b. The
electrical quality factor Qe of the resonant peak can be solved
through Eq. (8) by the inverse ratio of the relative bandwidth
of the resonant peak as:

Qe = fr/∆ f = fr/( f2− f1), (9)

where fr is the resonant base frequency, f1 and f2 are two half-
power frequencies around fr, which can be solved through
Eq. (8) with Ga1 = Ga2 = Gamax/

√
2. Here Ga is the real part

of Ya, i.e., the conductance of the system. Since the piezoelec-
tric ceramics have inner mechanical losses, the TSM elastic
constant c55 of the plate b in Eq. (8) can be substituted with a
complex number c55 = c55r+ jc55i, where the subscripts ‘r’ and
‘i’ represent the real part and the imaginary part respectively.

The imaginary part of the elastic constant reflects the mechan-
ical loss. Defining the mechanical loss factor ηm as the ratio
of the imaginary part to the real part of the elastic constant of
the piezoelectric ceramics, it has

ηm = c55i/c55r = 1/Qm. (10)

In view of Eqs. (8)–(10) and the definition of each variable,
the analytic relationship between electrical loss factor ηe of
the resonant peak and the mechanical loss factor ηm can be
solved, which is not presented in the paper for simplicity due
to its huge expression.

3.1. Properties of electrical conductance curve

Here, the electrical conductance of the system through
plate a is calculated numerically to illustrate its properties.
The precondition of using equivalent circuit method is that the
length and width of the ceramic plates are both much larger
than their thickness to meet the infinite boundary condition.
Thus in the calculations, the dimension parameters are set to
be l = w = 1000 mm, tp = 2 mm, and tm = 3 mm. As a mat-
ter of fact, since the shear mode is less affected by the lateral
boundary condition than the thickness mode, if the length-to-
thickness ratio is not too small, the lateral boundary effect on
the resonant frequency of the system is negligible.

The material parameters of the piezoelectric ceramics
(PZT-5A) and the mass block are listed in Table 1.

The elastic constant c55 of the ceramic wafer b is assumed
to be a variable in the calculation to investigate the relationship
between c55 and resonant frequency.

For c55 with a certain value, according to Eq. (8), the con-
ductance (the real part of the admittance Ya) of the system mea-
sured from the two electrodes of wafer a can be calculated,
then the resonant frequency and the electrical quality factor
Qe can be obtained. For example, when the ceramic wafer b
is in an open-circuit state, namely Zx = ∞ and c55 = cD

55, the
conductance is calculated with the mechanical quality factor
QD

m = 75. As shown in Fig. 3, the conductance of the sys-
tem shows a resonant peak at the frequency f D

r = 147.3 kHz,
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which is the resonant base frequency of the system. The
peak conductance can be extracted as Gamax = 57.58 S. By
using two frequencies f1 = 146.6 kHz and f2 = 148 kHz,
where the conductance is equal to Gamax/

√
2 , the electrical

quality factor of the conductance is calculated as the follow-
ing QD

e = f D
r /∆ f = 105.21. Then the electrical loss factor

of the system near the resonant peak is obtained, which is
ηD

e = 1/QD
e = ∆ f/ f D

r = 0.0095.

Table 1. Parameters of piezoelectric ceramics, mass block, and epoxy resin.

The piezoelectric ceramics PZT-5A

Density/(kg/m3) Elastic constant/(1010 N/m2)
Relative dielectric Piezoelectric stress Mechanical

constant constant/(C/m2) quality factor

ρp cE
11 cE

12 cE
13 cE

33 cE
44 εS

11/ε0 εS
33/ε0 e31 e33 e15 QD

m

7500 12.1 7.54 7.52 11.1 2.11 916 830 −5.4 15.8 12.3 75
cD

11 cD
12 cD

13 cD
33 cD

44
12.6 8.09 6.52 14.7 3.97

The mass block (Tungsten)

Density (kg/m3) Young modulus (1010 N/m2) Poisson’s radio
19100 35.4 0.35

The epoxy resin

Density/(kg/m3) Young modulus/(1010 N/m2) Poisson’s radio Damping factor
1250 0.36 0.35 0.17
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Fig. 3. Electrical resonant peak of the conductance of the system calcu-
lated from the two electrodes of the plate a (with wafer b in open-circuit,
c55 = cD

55).

3.2. Relationships drawn from the electrical conductance
curve

Taking c55r as the unique variable with the other param-
eters of the model being constant, the relationship between
∆c55r/cD

55r and ∆ fr/ f D
r is calculated based on Eq. (8) as shown

in Fig. 4(a). It can be observed that ∆c55r/cD
55r shows a linear

variation with ∆ fr/ f D
r approximately in a wide range, which

is in consistence with the conclusion in Eq. (6b). Therefore, if
the variation of the resonant frequency is observed, the varia-
tion of the elastic constant real part c55r can be obtained.

Similarly, taking the imaginary part c55i as the only vari-
able of the system with the other parameters of the model
being constant, the relationship between the mechanical loss
factor ηm and the electrical loss factor ηe can be obtained as
depicted in Fig. 4(b). It indicates that they are in good linear
relationship over a wide range too. Thus, the mechanical loss
factor ηm can be indirectly achieved based on the electrical

loss factor ηe.
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Fig. 4. Relationships between (a) ∆c55r/cD
55r and ∆ fr/ f D

r , and (b) be-
tween ηm and ηe.

Since admittance Ya can be tested with an impedance an-
alyzer, the resonant frequency shift and bandwidth change of
the peak are easy to obtain. Therefore, the proposed resonant
system can provide a convenient means to investigate the rela-
tionships between the elastic constant c55 as well as mechani-
cal loss factor and the shunted circuits. It should be noted that
in Figs. 4(a) and 4(b), the curves deviate slightly from linear-
ity for large variation, because the lump-parameter conditions
cannot be perfectly satisfied.
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4. Variation of the resonant frequency with dif-
ferent shunt circuits
In this section, different shunt impedance Zx’s are respec-

tively connected to plate b to cause the shifts of the reso-
nant frequency and the changes of the electrical quality factor,
which are observed through theoretical analyses, FEM simu-
lations and experimental tests. The relationship between the
shunt impedance Zx and the resonant frequency of the system
is calculated and analyzed, with the shunt impedance Zx be-
ing a resistor, a capacitor or an inductor respectively. While
investigating the relationship between the shunt impedance Zx

and the electrical quality factor of the resonant peak, a resistor
is adopted to be the shunt impedance, as the resistance is the
only means to dissipate energy and change the damping of the
system.

4.1. Theoretical calculations

For the piezoelectric plates of identical thickness, dif-
ferent cross sectional areas of the plates will result in differ-

ent matching shunt resistances, inductances and capacitances.
Thus in the theoretical analyses, the product of shunt resis-
tance and cross sectional area of the ceramic plate is defined
as the shunt resistance ratio (SRR), whose unit is Ω·m2. The
product of shunt inductance and cross sectional area of the
ceramic plate is defined as the shunt inductance ratio (SLR),
whose unit is H·m2. The quotient of shunt capacitance and
cross sectional area of the ceramic plate is defined as the shunt
capacitance ratio (SCR), whose unit is F/m2. With the same
dimension parameters as used in Section 3: l = w = 1000 mm,
tp = 2 mm, and tm = 3 mm, shunted by different SRR, SCR,
and SLR, respective conductance is theoretically calculated
according to Eq. (8). While calculating for SLR, an induc-
tor is connected in series with a small resistor (0.03 m2 ·Ω) to
simulate its inner resistance.

Several conductance curves are shown in Figs. 5(a1),
5(b1), and 5(c1) respectively. It is found that either with the
increase of SRR or with the decline of SCR, the resonant fre-
quency rises from that of short-circuit to that of open-circuit
monotonically as shown in Figs. 5(a1) and 5(b1). For both
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Fig. 5. Electrical conductances of the system calculated from the two electrodes of wafer a by equivalent circuit method with b shunted
to: (a1) a resistor (theory); (a2) a resistor (FEM); (b1) a capacitor (theory); (b2) a capacitor (FEM); (c1) an inductor in series with a
resistor (0.03 Ω) (theory); (c2) an inductor in series with a resistor (0.03 Ω) (FEM).
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cases the resonant frequency range is limited within those of
short-circuit and open-circuit. However, for all SLR values,
the resonant frequencies go beyond the above mentioned range
limit. With the increase of the SLR, at the beginning the
resonant frequency decreases from the resonant frequency of
short-circuit, then at a certain SLR, it jumps to a value above
that of open-circuit, and finally it declines continuously to that
of open-circuit, as shown in Fig. 5(c1). Besides, it is seen
from Fig. 5(a1) that the bandwidth of the resonant peak varies
significantly with SRR.

This part introduces the materials, method and experi-
mental procedure of the author’s work, so as to allow others
to repeat the work published based on this clear description.

4.2. Simulations with finite element analysis

For verifying the theoretical analysis, the finite element
method (FEM) is adopted to calculate the electrical admittance
from the two electrodes of the wafer a. A three-dimensional
(3D) finite element model of the system is established with
ANSYS as shown in Fig. 6, where the size parameters of
the system are l = w = 1000 mm, tp = 2 mm, tm = 3 mm,
the same as those in theoretical calculation. The circuit ele-
ment CIRCU94 is employed to build the shunt impedance con-
nected to the wafer b. As the cross sectional area is known as
Sp = lw, the resistance, capacitance and inductance connected
to the wafer b is calculated according to SRR/Sp, SCR ·Sp and
SLR/Sp respectively. Voltage 1 V is applied to surface 1, and
0 V to surface 2. By taking harmonic response analysis, the
electrical charge Q on surface 2 is picked up, and the admit-
tance of the model is derived as

Ya = j2π f
Q
V
, (11)

where V = 1 V and f is the frequency.

Fig. 6. The ANSYS model with the same size as that used in the theo-
retical analyses.

The electrical conductances calculated from the two elec-
trodes of plate a with plate b shunted to different values of
a resistor, a capacitor and an inductor in series with a resis-
tor (0.03 Ω) are calculated. The 0.03-Ω resistor is used to

simulate the inner resistance of the conductor. The curves
which correspond to the same values of SRR, SCR, and SLR
as those of theoretical analyses are depicted in Figs. 5(a2),
5(b2), and 5(c2), respectively. Comparing the theoretical re-
sults in Figs. 5(a1), 5(b1), and 5(c1) with the corresponding
FEM curves in Figs. 5(a2), 5(b2), and 5(c2), it is found that
they are matched perfectly.

4.3. Experiments verification

In order to further verify the theoretical analytical results
and the finite element results, an experimental prototype res-
onator is fabricated as shown in Fig. 7(a). Because of limi-
tation of the poling length, in practice the lateral dimensions
of the piezoelectric plates are machined into l = w = 15 mm,
far less than those used in theoretical analyses and FEM sim-
ulations. The thickness of each piezoelectric plate keeps tp =

2 mm. It is found in the study that the shape of the mass block
has little influence on the resonant frequency of the system
while keeping the mass constant, thus in the experiment, the
mass block is machined into a round cylinder of rm = 12.5 mm
and tm = 5 mm to facilitate the fabrication. Two piezoelectric
plates and the mass block are bonded together with a shin layer
of epoxy resin.

(a) (b)

Fig. 7. Prototype system: (a) the sample; (b) the finite element model.

In the experiments, the conductance curves of the sys-
tem with plate b shunted to different resistors, capacitors and
inductors are tested by an impedance analyzer and shown
in Figs. 8(a1), 8(b1), and 8(c1), respectively. Comparing
Figs. 5(a1), 5(b1), and 5(c1) or Figs. 5(a2), 5(b2), and 5(c2),
shows that the variation rules of the resonant frequency with
different shunted circuits are in good consistence with those
of the theoretical analyses and FEM simulations, while the
resonant frequency range and peak bandwidth are somewhat
different. The differences in the resonant frequency range
and the peak bandwidth are mainly caused by the epoxy resin
layer used in the experimental sample which lowers the reso-
nant frequency of the system and provides additional damping.
Moreover, the precondition of using equivalent circuit method
cannot be satisfied very well, for the finite-sized experimen-
tal sample also has influences on resonant frequency and peak
bandwidth, which requires the length and width to be far above
thickness.

To verify the experimental results of the actual sample
which has a finite size, a finite element model with the same
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size of the sample and a bonding layer is also established to
conduct the simulations, as shown in Fig. 7(b). In simulations,
the thickness of the epoxy resin layer is set to be 0.068 mm
and the material parameters are listed in Table 1. The FEM
simulation results with shunt circuits corresponding to the ex-

periment tests are depicted in Figs. 8(a2), 8(b2), and 8(c2) re-
spectively. It can be found that the simulation results are in
good agreement with the experimental data, which means that
the small size and the bonding layer of the actual experimental
sample indeed make the system different from the ideal case.
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5. The relationships of c55c55c55 and ηmηmηm to different
shunted elements

5.1. Relationship between the variation of c55c55c55 and shunted
elements

With an impedance analyzer, the conductance curves of
the experimental sample are tested from two electrodes of
plate a, with b shunted to different elements. The relation-
ships between the resonant frequency of the sample and dif-
ferent shunted element values of a resistor, a capacitor and an
inductor are measured respectively. Correspondingly, the re-
lationships between the variations of the real part c55r of the
TSM elastic constant c55 and the shunt circuits are obtained
indirectly according to linear relations in Fig. 4(a).

The experimental results are shown as the curves marked
with ‘*’ in Figs. 9(a)–9(c), respectively, where the results of
FEM simulations of the experimental sample (of the small
size: 15 mm× 15 mm) are plotted with the curves marked
with ‘�’. Moreover, for comparison, the results of theoreti-
cal analyses (curves marked with ‘•’) of the big-sized model
(1000 mm×1000 mm), as well as the results of FEM simula-
tions corresponding to the theoretical analyses (lines marked
‘◦’) are also plotted in the respective figures. It can be seen
that the experimental curves, curves of the theoretical analy-
ses, and those from the FEM simulations are all in good con-
sistence with each other.

From Fig. 9(a), it can be seen that the range of SRR that
can change c55r is nearly from 0.01 Ω·m2 to 0.6 Ω·m2. When
SRR is less than 0.01 Ω·m2, the resonant frequency of the
system is almost equal to that of a short-circuit, namely f E

r ,
nevertheless, when SRR is larger than 0.6 Ω·m2, the reso-
nant frequency is almost equal to that of the open-circuit, f D

r .
With the increase of shunt resistance, the resonant frequency
of the system increases from the resonant frequency of the
short-circuit f E

r to that of the open-circuit f D
r , which means

that c55r increases from the resonant frequency of the short-
circuit, cE

55r, to that of the open-circuit, cD
55r, correspondingly.

From Fig. 9(b), it can be found that the range of SCR that ac-
tivates by adjusting c55r is between 10 µF/m2 and 60 µF/m2.
With the growth of SCR, the resonant frequency of the sys-
tem decreases from the open-circuit f D

r to the short-circuit f E
r ,

which means that c55r decreases from the open-circuit cD
55r to

the short-circuit cE
55r correspondingly. Figure 9(c) shows that

the relationship between fr and SLR is more complex than the
above two. With the increase of SLR, the resonant frequency
of the system first decreases from the short-circuit f E

r , after a
jump at about 0.14 µH·m2 to a maximum value, then continu-
ously decreases to the open-circuit f D

r , which means that c55r

decreases from cE
55r first, after a jump to its maximum at about

0.14 µH·m2, then continuously decreases to cD
55r correspond-

ingly.
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Fig. 9. Relationships between the elastic constant c55r and (a) SRR,
(b) SCR, and (c) SLR, respectively.

5.2. Relationship between ηm and shunted resistance

As the resistance is the only way to dissipate energy and
has an effect on the damping of the piezoelectric material, the
relationship between the mechanical loss factor and SRR is
worth investigating. In the experiment, the conductance curves
of the experimental sample are tested for different values of
a resistor with an impedance analyzer. The relationship be-
tween electrical loss factor ηe and SRR is first obtained, cal-
culated with the relative bandwidth ∆ f/ fr. The relationship
between electrical loss factor ηe and SRR is first obtained,
calculated with the relative bandwidth ηm. The relationship
between electrical loss factor ηe and SRR is derived indirectly
according to Fig. 4(b). The experimental relationship is de-
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picted in Fig. 10 as the line marked with ‘*’, where the rela-
tionship obtained by the FEM simulation for the experimental
sample (small) is also depicted - as the curve marked with ‘�’.
It can be seen that the experimental curve and the FEM simu-
lation curve of the sample of the same size (small) are consis-
tent with each other perfectly. When SRR equals 0.2 Ω ·m2,
the shunt-damping effect is optimal. For comparison, the theo-
retical analysis (line marked ‘•’) and the FEM simulation (line
marked ‘◦’) of the big-sized model (1000 mm× 1000 mm)
are also shown in Fig. 10, showing they are in good consis-
tence with each other too. However, the small-sized sample
and the big-sized model show some differences in the optimal
value of SRR and the slope of the mechanical loss factor. The
difference between the theoretical analysis and the experimen-
tal result is mainly caused by the small lateral dimension-to-
thickness ratio and the existence of epoxy resin layer for the
experimental sample, which makes the experimental sample
deviate from the ideal model of the theoretical analyses.
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Fig. 10. Relationships between mechanical loss factor ηm and SRR.

6. Conclusions
In this paper, we propose a coupling electro–mechanical

resonant system to indirectly measure the TSM elastic con-
stant c55 and the mechanical loss factor ηm. Based on this
model, the variation of the TSM elastic constant c55 of shear-
mode piezoelectric ceramic with shunt circuit is investigated
through the theoretical analysis with Mason equivalent circuit,
and the variations of the mechanical loss factor and the resis-
tance with shunt circuit is also studied, which are both verified
by the FEM simulations. Since the changes of the resonant
frequency and the bandwidth of the peak of the conductance
are easily observed, the corresponding changes of the elastic
constant c55 and the mechanical loss factor ηm can be obtained
indirectly.

An experiment sample is fabricated with PZT5A to test
the admittance of the system with an impedance analyzer. The

theoretical and simulated results are verified experimentally.
The variations of the TSM elastic constant c55 and the me-
chanic loss factor ηm with shunt element are obtained experi-
mentally. The relative changes of the resonant frequency and
bandwidth of resonant peak with the shunt circuits experimen-
tally show that they are in good agreement with the theoretical
analyses and FEM simulations correspondingly, indicating the
validity of the proposed method of measuring the variations of
the TSM elastic constant c55 and the mechanic loss factor ηm

of shear-mode PZT5A shunted to different circuits. It should
be pointed out that the proposed coupling resonator and the
obtained relationships are validated with shear-mode PZT5A
(but not limited only to PZT5A).
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