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Landau damping in a dipolar Bose—Fermi mixture in
the Bose-Einstein condensation (BEC) limit
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By using a mean-field approximation which describes the coupled oscillations of condensate and noncondensate
atoms in the collisionless regime, Landau damping in a dilute dipolar Bose—Fermi mixture in the BEC limit where Fermi
superfluid is treated as tightly bounded molecules, is investigated. In the case of a uniform quasi-two-dimensional (2D)
case, the results for the Landau damping due to the Bose—Fermi interaction are obtained at low and high temperatures. It is
shown that at low temperatures, the Landau damping rate is exponentially suppressed. By increasing the strength of dipolar
interaction, and the energy of boson quasiparticles, Landau damping is suppressed over a broader temperature range.

Keywords: Landau damping, mixtures of Bose and Fermi superfluids, dipole—dipole interaction

PACS: 67.85.-d,67.60.Fp, 03.75.Kk

1. Introduction

In the last few years, ultracold atoms have appeared as
an inimitable tool to investigate quantum many-body systems.
This new research area, with the unique possibility of tuning
the system features, allows researchers to study the new con-
ditions in condensed matter or low temperature physics. There
are a large number of parameters such as temperature, number
of atoms, trap potentials, interactions between atoms, which
can be controlled in an ultracold system.

Significant progress in understanding the phenomena of
BEC for bosons and the BCS-BEC crossover for fermions are
among the key successes of the field.!'”) On the other hand,
many-body Bose—Fermi mixtures of particles with different
quantum statistics, are believed to exhibit very different behav-
ior from pure Bose and Fermi systems. In addition, preparing
and studying the mixtures of bosons and fermions experimen-
tally in the quantum degenerate regime, lead to direct experi-
mental tests of theoretical predictions for these mixtures.

Low-lying condensate oscillations of a trapped Bose—
Fermi mixture have been studied at finite temperature in the
collisionless regime by Liu and Hu.?! They studied the be-
haviors of monopole and quadrupole excitations as a function
of the coupling of condensate, noncondensate, and degenerate
Fermi gas. In a Bose-Fermi superfluid mixture the quasipar-
ticles possess a special property. Recently, a mixture of Bose
and Fermi superfluids preparing bosonic "Li atoms and two
spin components of fermionic SLi atoms, has been realized by
ENS group.[ In the ENS experiment, the Fermi superfluid
was controlled from the BCS to the BEC region via Feshbach
resonance. In a Bose—Fermi superfluid mixture, there are one

gapped fermionic mode of Cooper pair breaking in the Fermi
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superfluid and two gapless bosonic modes. The two bosonic
modes are Goldstone modes of Bose and Fermi superfluids.
The ENS experiment leads to many theoretical studies on this
new superfluid mixture. 511

At low temperatures and low densities in these systems,
where the mean free path of the elementary excitations be-
comes comparable to the size of the system, collisions play
a minor role and the appropriate regime is the collisionless
regime. In this regime, the interactions between quasiparti-
cles can be characterized by the familiar Bogoliubov disper-
sion and determine many features of these systems. Landau—
Beliaev damping is one of the widely known effects in these
systems. In a damping mechanism, called Beliaev damping,
an excitation of the system decays into two states with smaller
energies and momenta.!'>!3] Beliaev damping can happen
even at 7 = 0. At finite temperatures, a mechanism of damping
(known as Landau damping) occurs by the process of a collec-
tive mode absorbed by a quasiparticle that is then turned into
another quasiparticle. Landau damping becomes the dominant
damping mechanism in higher temperatures.!!*13]

The effect of quasiparticle interactions in a Bose—
Fermi superfluid mixture has been investigated by Shen and
Zheng.!'%! They have shown that the Landau damping of the
Bose superfluid due to its interaction with the Fermi super-
fluid is exponentially suppressed and on the BCS and the BEC
side of the Fermi superfluid, the damping rate has a distinct
threshold manner and momentum dependence. The effect of
quasiparticle interaction in a Bose—Fermi superfluid mixture,
has been investigated by Zheng and Zhai.!'!l They found that
at low temperatures, the Landau damping is a constant near
the threshold momentum on the BCS side, while it increases
rapidly on the BEC side. In fact, the fermion quasiparticles are
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located near the Fermi surface on the BCS side, while such a
restriction does not exist on the BEC side. This restriction
causes different damping rate behavior on the BCS and the
BEC side of the Fermi superfluid.

The development of experimentally realized dipolar
quantum gases such as the heteronuclear “°K8’Rb molecules
with electric dipoles!'®~!8 and spinor 8’Rb condensates with
magnetic dipoles,!'”! has aroused the interest in cold-atom
mixtures involving dipolar condensates. These experimental
studies have now expanded from alkali elements to the transi-
tion element, 32Cr,[2 164Dy, 21 and 198221 with large mag-
netic dipoles. Mixtures of two different fermionic species
further allow the creation of polar molecules, each of which
has a long-range dipole—dipole interaction.!'7?*] The mixture
OLi—40K are

the only stable fermionic alkali isotopes and thus belong to

6Li—%K is a prime candidate for these studies.
the experimentally best-mastered class of atoms. Moreover,
both species have bosonic isotopes which can also be used
to create boson-fermion gases. Furthermore, the difference
in the electronic structure between the two species is large,
leading to a large electric dipole moment for heteronuclear di-
atomic °Li*°K molecule.[?*! Thus, it is conceivable that the
dipolar Bose—-Fermi and Fermi—Fermi mixtures can be real-
ized in cold-atom experiments not too far down the road.
Landau damping of excitations in a quasi-2D dipolar
Bose gas has been studied in conformity with the time-
dependent mean-field formalism by Natu and Wilson.[>] They
calculated the Landau damping rates for phonons at low and
high temperatures. The effect of long-range 1/r interaction on
the Landau damping in a Bose—Fermi superfluid mixture has

2

Mm

IR, = /dT"I’J(rt)[fLV2 o ()] (r,1) + = /dr/der r—r') ‘( )li/

oy, = /dr'f’rjl(r,t) [—

n(r, 1)+ = /dr/drV r—r

also been studied. 261

To the best of our knowledge, the effect of dipole—dipole
interaction between particles on the Landau damping of a
Bose—Fermi superfluid mixture has not been studied. In this
paper, we study the Landau damping in a mixture of dipolar
Bose—Fermi superfluid gas. We consider a case in which the
Fermi superfluid is in the strongly interacting regime and on
the BEC side, whilst the Bose superfluid is in the weakly in-
teracting regime. On the BEC side we can consider the Fermi
superfluid as tightly bounded molecules and treat it as a molec-
ular BEC. Using the time-dependent mean-field approach ac-
cording to the Popov approximation,?” the damping coeffi-
cients are calculated. Finally, for a 2D dipolar Bose—Fermi
mixture, the temperature dependence of Landau damping due
to boson—fermion interaction is calculated and the results are
plotted for different values of dipole—dipole interaction. We
think our results are useful for theoretical and experimental
research on the effects of dipole—dipole interaction on the Lan-
dau damping of a dipolar Bose—Fermi mixture.

2. Theoretical method

The Hamiltonian of a trapped mixture of bosons and
molecules in the BEC limit where Fermi superfluid is treated
as tightly bounded molecules, reads

= A+ Hog+ A, (1

where the bosonic (%%), molecular (%bm), and bosons—
molecule interaction (%%m) parts of the Hamiltonian in the

second quantized form respectively are

T

(r O F (1) B (r,1), )

P, OB () (7, 0)Fn(r,1),  (3)

Ay = / dr/ Ar Vom(r — VB (1 VE (0 B (1) B (1), @)

where my, (mp) is the atomic mass of boson (molecule), Uy )
(7) is the spatially varying bosonic (molecular) chemlcal po-
tential, and ‘H)(r 1) (Y (7, t)) and ‘H) (r,1) ('Pm (r,1)) are
the creation and annihilation bosonic (molecular) field oper-

ators. In the presence of the bosonic (molecular) trapping

) (), Hom) () = Hob(m)
Hop (m) s the bosonlc (molecular) chemical potential in the

potentials Uy, — Up(m)(7), where

center of trap. The two-body interactions in Egs. (2)-(4) in-
clude both contact and the dipole—dipole potentials as

1—3cos? 0

Vo(r—r") = gvd(r — )"‘gdbwa &)

|
1—3cos?0

Vm(r_"l) = gm6(r — )+gdmw7 (6)
1—3cos? 6
me(r_r,):gbma(r_r,)+gdbmw7 @)

where the contact potential for boson (molecule) is parame-
terized by coupling constant gy ;) = 47dp (m) /mb(m) to the
lowest order in the s-wave scattering length a,. The contact
potential between boson and molecule are also described by
the coupling constant gy, = 27Tapm /m, to the lowest order in
the s-wave scattering length apy with m, = mymy, / (my, + mmp)

being the reduced mass. The coefficient ggp () is the strength
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of dipole—dipole interaction of the bosons (molecules), and 6
is the angle between the vector 7 — r’ and the z axis.

The Heisenberg equation of motion for the bosonic field

operator reads

A 1 " N N N
i@%@qﬁ:<_b%v%ﬁmwyﬁ/wﬂw@—#wﬁw¢ﬁ+wmw—wwmuunﬂ)%@J% @®)

N 1 N N N
iaﬂﬂng__(_zmvz_ym@)+/h#[wmr—/nﬂﬂﬂJn?+nm@-mQMMHJ)ﬂ)q%@Jy )

By considering the Fermi superfluid on the BEC side as
molecular condensate, in the usual treatment for Bose systems
with broken gauge symmetry, the bosonic (molecular) opera-
tors can be written as:

o (r,1) = do(r,1) + P (r,1), (10)
i (7,1) = G (7,1) + Y (7, 1), (11)

where @ (i) (7,1) = (‘ff,(m)(r,t)> is a time-dependent conden-

@%mazcb%W—m&O%mﬂ

sate wave function, and the operator W, (y,)(7,¢) acts on the
noncondensed particles, which by definition have the property
(W (m)(r,1)) = 0. Nonequilibrium average, which describes
the fluctuations of the condensed and noncondensed atoms,
is shown by (---). Equilibrium average will be denoted by
(--+)o- By substituting the decompositions (10) and (11) to
Egs. (8) and (9), the equations of motion for the condensate

field for boson and molecule respectively become,

+/ dr'Vy(r—71") [|¢b(r’,t)|2¢b(r,t) + oo (', ) (17, 0) + O (1 )m (' 7, 1) + (1) o (7, 1)

+ / dr'Vom(r — ") [\¢m(r',t)|2¢b(r7t) —l—nm(r',t)qbb(r,t)} , (12)
. 1
130a(r0) = (= 307~ ) ) (1)
[ @Vl =) [0 0 G ,6) + (1 7.0)+ 85077 )71
+ [ 4 Vom(r =) [8007,0) P o) o (1 1) (7). (13)
\
where the normal and anomalous densities are defined as Ay () (5 751) = Regy (m) (', 7) + Oy () (1,7, 1), (20)
nb(m)(r >Tat) = < AJ(m) (r,7t) Ab(l‘ﬂ) (T7t)>? (14) Mp (m) (r','r',t) - meqb(m>(r,’r) + Smb(fm(r,’r’t)’ e2y)
M (m) (751) = (W () (7 1) Wy ) (7,1)) (15) _
mb(m)(r',r,t) _ <%(m)(r,’t) Ab(m)(rat»' (16) where we use the shorthand notation
We al
€ 480 assume 1op (m) (1) = | 9ob () (7) |2, (22)
— (ot ! A\ . .
g— 2 oim Erlvt;‘i’m (b)i”v’iia 2;; Megh m) (7' +7) = (94 ) () o) () ;@
= m r 7t m 717t . A oy
Wb( ) v ®) meqb(m)(r 77') = < b(m)(r,) b(m)(T)>0 (24

In the small amplitude regime and small fluctuations of
the condensate, normal and anomalous densities around their
equilibrium values can be written respectively as

P (m) (752) = Pob (m) (1) + 8 P0b (m) (7). (19)

Based on the Popov approximation, '3 we ignore the anoma-
lous density of the thermal cloud. By linearizing Eq. (12), the

time-dependent equation for § ¢y, () (7,) is obtained as

10,80y (7,1) = Lop0y(7,1) + / dr' Vi (r—r") (@on () don () [8 0 (1, 1) + 8 (', 1)]
+ negn (', 7) 896 (1, 1) + Pon () [Smp (', 7,1) + 8 iy (!, 7, 1)] + o (7) Sy (1))

+/ dr'Vom (1 =) (906 (1) Gom (') [8 5. (1) + 8P (r,1)] + Pon () Snm (1)),

(25)
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10,89 (1) :jOm5¢m(”’J)+/d"/Vm(T*r')(¢0m(7”)¢’0m(r')[5¢$(’”’af)+5¢m(’”'af)]
+ neqm (', 7) 80 (1, 1) + Gom (1) [8mm (', 7,1) 4+ 8 nen (v, 7,1)] + om (1) S (1 1))
+/d”/me(T*V/)(¢om(7°)¢0b("/)[5¢§(rl,f)+5¢b("/af)]+¢0m(7”)5”b(r,>f))’ (26)

where

A 1
i) = =gV b (1) | Vot (7= () [ 00" Vo= 7 @7

and Ry (m) (7) = Rop (m) (7)) + Negp (m) () is the total density of bosons (molecules).
Substituting Eqgs. (10) and (19) into Hamiltonian (1), and ignoring the cubic products of the noncondensate operators, the
corresponding linearized interaction terms of the Hamiltonian can be decomposed into two parts.

S = o+ A, (28)

where
‘%fr(l)tb / dr {‘f’g(m) (T»f)jOb(m) W (m) (7,1)

1 .t . ot .
+ E/drlvb(m)(r_r/)(ntotb(m)(r/aT)[Wg(m)(r,7t)ll/b(m)(r7t)+th(m)(rvt)Wb(m)(r,7t)]

+ ¢Ob (m) (T)¢0b (m) (V')Wg( )(rl,t)li/T( )(T’t)+li/b(m)(r7t)‘i/b(m)(rlat)])}7 (29)
A = [ A7 [ @5 Vo =) (Gom (1 VWi (0,009 (1) 0 1)+ 0o () Wt ()05, 0 (1)
+ ¢0m(r )l//m('r ,t)l;/b(r,t)l/lb(r,t)+¢Ob(r)l//b(r,t)l/?il(r’,t)l/?m(r’,t)). (30)

In general, we define g ) (7 ) = Gob (m) () ot (m) () + gy (m) (7 #*). The Hamiltonian 722

nt
condensate and densities. The quartic terms of the Hamiltonians (2)—(4) in the mean-field approximation can be written as

VT = () O+ () O () o 4 () 9 31

The second part of Hamiltonian (28) which is linear in terms of 6@, ) reads

includes the equilibrium

Ao (m) %/dr dr' Vi ) (= ) 90 () (7){[8 90 (m) (7,1) + 8945 ) (7 )] W () (1) W () (171 1)
+ 8y () (VW ) () Wl o) (758) - S5 ) (7)WL ) (731 W () ()
+ 5¢b<m)(r"f)llfg(m)(T,t)llfgm)(r"t)+5¢§(m)(r'vf)‘lfum)(r'J)‘I/b(m)(T,f)}
+ Qo (m) () {80t () (1) + 85 () (7)Y, (3 (1) Wl o) (71
+ 8t () (7 )W ) (T30 ) W () (13 ) + 80, ) (7 )W ) (1) W o (1)
+ 5¢b<m)(N)‘Vg(m)(Tal)llfg(m)(r'af)+5¢§(m>(T»I)Wb(m)(V'»f)ll/b(m)(r»f)}]

+/ drdr’ me(T - r/)[q)()b(m)("'/){[a(bb(m)(r/ﬂt) + 6¢;(m)(r/7t)]li’;(b)(rvt)lflm(b)(ht)}' (32

R | R R _
It is convenient to diagonalize the Hamiltonian /%5 by ~ where &(t) (d;(t)), and aAi{ (1) (d? (t)) are quasiparticle annihi-

the linear transformations lation and creation operators for bosons (molecules) at time ¢,
Wo(r,r) =) [l (7)a; (1) + Vo (v )&T ()], (33)  which satisfy the usual Bose commutation relations, and the

functions u?(m)(r) and v? (m>(7°) obey the following normal-
[28]

Un(r,t) = Y [P (r)di(e) +v™ (r)d (1)), (34)

ization condition:

/ drdr’ [l ™" ()™ (1) = (1) ()] = 858 (r ). (35)
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The resulting Hamiltonians describe a noninteracting gas

of Bogoliubov quasiparticles

b (m)

where the quasiparticle energy E; is obtained from the so-

lutions of the Bogoliubov equations

B (1) = 2y oy ] ()] ) 1 W» (38)

Af,\

%Ob iy 36 m m Y, l
w0 = LB GO g ) = Z o 68 ()] o ™ ()], 39)
Om m 7
‘%’im _;Ei d; di (37) Here, we have defined
Ly ()] = Lo )+ / 1" Vo (7 = Vs ) (7S (1), (40)
My Z/dr Vo (my(r — 1" )¢0b<m)(7“)¢0b<m)(r')f(r')~ (41)

In the presence of dipole—dipole interactions, the problem of solving nonlocal Bogoliubov equations becomes computation-
ally intensive.>-3!l The normal and anomalous densities in terms of the Bogoliubov operators a;(¢) (d;(t)) and alT (1) (d: (¢)) can

be written respectively as

() (7 71) Zu (™ ()™ ] T WS ) 5l 0 ()™
4y0m )( ')ME?(“‘)(r)g?jm) R (A (), 42)
My (o (7,1 Zu (T)f;-(m)+V?(m)*(r,)ul;(m)(’l")ﬁ-b-(m)+u?(m)(r')ul;(m)(’l")g?j<m)
+Vi( )*(rl)vl;(m) (’l") ?j(m)*+M?(m)(r,)vt;(m)*(7'), (43)
where it is convenient to define the functions
o =(a0am), e ={dodo), (44)
gy(t) = (a0 (), ghn)={(di()d;()). 45)

Physically, ]‘lg(m) (t) corresponds to the creation and annihilation of a quasiparticle with energies E})(m) and E}) (m), and
contributes to Landau damping, while g?j(m) (1) (g?j(m>*(t)) corresponds to the annihilation (creation) of two quasiparticles with
energies E}’ ™) and E}?(m), and contributes to Beliaev damping. 3%

() and g?j(m) (¢), the time dependence of the fluctuation of the condensate (12) can be written as
o8¢y (r.1)) + A5 (1))
+ / dr'Vom (1 — 1) Pob (1) Qom (1) [0 (17 ,1) + S i (7, 1)]

% X500 [ Vol =) {on () (07 b () 57 ¥ ()
ij

In terms of fs (m)

10,09y (7,1) =

0 () () 0 ()l ()] + o () e (7 Y () + 0 (W ()]}

+LAO [ a1 Vo = 1) () () (07) 3P 6 ), (46)
ia,wm(r,r)=fmjwm(m)]wim[amm)]

[ A Vom(r = 1) gom ()00 (1" 85 1",1) + 69u(,1)]

W0 [ a7 Vi = 1) {0on ) (Y ) 7 (o )

+vf“*<r>uf,“< )V () ()] Qo (7)™ (7Y () VP (W ()]

+ LA ) [ 47 Vo = 1) gom ()" (i) 400 (8 (). 47)

Since we are interested in studying Landau damping ( fl ; and fl';l) in Egs. (46) and (47), g',?j and gg? which describe Beliaev
damping are not considered. The Heisenberg equations of motion for fg(t) and f;7(¢) lead to

0,450 = [} e, (0), Hiw )
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(',’

= (e] — &) (0) + /dT dr’ Vo (r —r")[2000(r) [80y (r,1) + 8y (r,0) [ {u" (r'Yup (r') + 5" ()07 (') }
+ 2[@ob (1) 89u (', 1) +¢0b(r ) 8y (r )" ()uap () + 5" ()07 (") }
+ [906(7) 896(r7,1) + Qoo (r") 8 (1) [ {uf" (r )V} () + 1" (r' )} ()}
+ [906(7) 895 (1) + 90w (r') 89y () ()W (") + 0 (r' )5 () }]

nb—
: /d"dr Vom(r — ) [200m(7) [89m (r,1) + 8 @m (m,0)]{uf* ()i} (') + V5 (" WE ()}, (48)
i0.£37(0) = ( [df (r)d,-o),%m] )
o~

= (&' —&")fij (1) + /d?“dr Vin(r = ") [200m (r) [§ @ (7, 1) + 8¢ (r, ) [{udF ()" () +V ()" (") }
+2[¢0m(r)5¢m(r’7t)+¢0m( ") 8¢ (r, ) {udF (") () + V7 (v ()}
+ [90m (1) 89m (r”,1) + Gom (') 8@ (7, 1) {7 ()" (') + a7 (/)" (r) }
+ [fom (7 )5¢§1(r' 1)+ 9om (') 89, (m, ) {ua" (r)vi™ (r') + 1" ()™ (r) }]
(n -
i

/dr dr’ Vom (r = 1) [2000(7) [89 (7,1) + 8o (r, 1) [{u7 (r" )i (r) +v7 (" ()}, (49)

where n'l? and n}" are the Bose—Einstein distribution functions. In order to solve the coupled system of Eqs. (46)—(48), we suppose
that the condensate oscillates with frequency @y (i)

8t (m) (7,1) = 81y (r) e~ P, (50)
S5 iy (131) = BPap oy () 1P, (51)
The Fourier transforms of Eqs. (48) and (49) are
(n} —n
2]y — (eb—eb
+ 2[900 (1) 816 () + Pob (') o () {u* (¥ )uf () +v3* (r)vP (')}
+ [900 (1) 816 () + Gob (') 81 () [{ul* (r)vP (') +u* (WP ()}
+ [900 (1) 86 () + Boo (') 8o () [{uf (r)v%* (') + u (' )W* (r)}]

(nf’fn

fj(ow) = /drdr Vo — 1) [ 2000 (7) [8 015 (1) + 8@ (r) {ud}* (" )ual (r') V5 ()7 (") }

W / dr dr’ Vom(r = ) [200m (r) [8G1m (r) + 8@am (r)[{ul* (7 )ub (') +5 (W ()}, (52)

F0(on) = =1

o= (e glm i A A Vi =17 200m(7) 31 ) 43 () i () (4 47 (04707}

+ 2[Pom (1) 81m () + Gom (") 8 Gom (r){ue™ (") () + Vi (r)vi" () }
+ [9om () 8G1m (') + Gom (1) S @um (r) [ {ud (V™ (r') +uf™ (r')vi (r) }
+ [9om (7) 892m (') + Gom (') 8 @am (r) {1 () V5 () + 16" (") () }]

(n" —n})

2[om — (e —gM)]

/drdr Vom (7 —r")[200 (1) [§@16 (1) + 8 @ap (m) {uf™ (r)u” (') + v ()W)} (53)

By disregarding the coupling terms between the condensate and noncondensate atoms and molecules (bosons) in Eq. (46)
(Eq. (47)), the Bogoliubov equation for the fluctuation of the condensate with real frequency @y is

o8 <6¢?b<m>(’")) < Lo o) ) <5¢ﬁ><m>(’“>> (54)
b (m) - 7% Dk
6¢20b(m)(r) _///b(m) _‘fb(m) 5¢§b(m)(r)

126701-6



Chin. Phys. B  Vol. 25, No. 12 (2016) 126701

with the normalization condition

/ dr (’5¢]0b(m)(7")‘2 - ‘5¢gb(m)(r)’2) =1.

For small non-condensate density, the coupling terms may be

(55)

considered as small perturbations and we can write

5¢1b(m) = 5‘7’?13 (m)
8020 (m) = 3t (m)

where the oscillation amplitude and the unperturbative oscil-

+ 8¢ 1 (m)>
+ 80" 3p (m)

(56)
(57)

lation amplitude are corrected by the following orthogonal re-
lation

/dr 6¢)1b ¢

Furthermore, the perturbed eigenfrequency can be written as

) (7) =803, 1 (1) 955 ) (7)) = 1.(58)

@b (m) = O (m) + OBy (m) + 17 (m)> (59)

where & Oy (m) 1s the correction to the real part of the normal
mode eigenfrequency and %, () denotes the damping coeffi-
cient. Owing to the coupling existing between the condensed
and noncondensed atoms, the lowest-order condensate fluctu-
ations for bosons [Eq. (46)] and molecules [Eq. (47)] respec-

tively read

D 3910(r) = o [891, ()] + .74 (803, ()] +Zﬁ-‘;<wob>Aij<r> + LA (0m)Csr), (60)
D302 (r) = L7 (895, (r)] — A5 [503(r Zf,, @p)A )i;f;wwob)cr,(r), (61)
On8Pim (1) = Lon[ 80 (7)) + M [ 5950 (1) +Zfl-,» @om) Bij( r)+j;ﬁ3<wom>0ij<r>, (62)
O8O (r) = — L [895(7)] — M (591 (r Zf,l @om)B )—lzjlf}’i(abm)ij(r), (63)

where we have replaced all the 5y () and 5¢g(m)
of Eq. (60) (Eq. (61)). We also introduce the shorthand

terms with ¢}, (m)

and 5¢)§b(m>, and @™ with @) (M) o the right-hand side

/dr Vo (r — ) don (") [ul* () t?(7")—H/?(r’)v?*(r)—H/E’*(r)ul}(r')—i—v}’*(r')utj’-(r)}

Qoo () [ ()b (07 275 1) (64)
Bij(r) = [ dr'Vin( =1 om (1) () () 0 W ) o ()l () 4 (7 ()

o (1) (07l () + v () (), (65)

r) = [ dr Vom(r = )on () () (07) 3P (W 1) (66)

r) = [ 4r Vomlr =) hom (1) " () 07) 4450 W () (©7)

Multiplying Egs. (60) and (61) ((62) and (63)) respectively by ¢}y, (6¢y,,) and 8¢5, (0¢5,) and subtracting the two equa-

tions after integrating over space we find

@y = any + ¥ f5 (@) [ dr (A (r)367, + A7(r)505,) + ¥ 5} (@nn) [ dr(Ci(r)80i, +Ci(r) 303,
ij 1

On = 0m -+ X 7 (@um) [ 4 (B ()86 + B(1)805] + X £5(0om) [ dr (Dys(r)867 + Dy (1) 565,
ij )

By defining the matrix elements as

oy = [ drlAy(r)ogi+A3r505).  (0)
B = [ dr(By(r)80in +B}(r)303,). (1)
€= [driCymsoi +Cimses). (2
i = [ Ar(Dy(r)804n+ Dji(r)863,). (73

Equations (52), (53), (68), and (69) can be written respec-

(68)
(69)
\
tively as follows:
fij(w) = m[ + 7], (74)
fi/(w)—m[ i+, (75)
oy = o+ Y (o) A+ Y ()G, (T6)
i 77
Om = Oom+ Y 17 (@om) Bij + Y 1 (@om) Zij. (77)
7 7
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The damping rate is given by the imaginary part of .
Landau damping comes from the process that a quasiparticle
with the frequency @y is absorbed by a thermal excitation E;
and the thermal excitation jumping to the energy E; = E; + @y.

This thermal process can be written as
2
To(@op) = Y (0 —n%) 8(ny — (B} —EP))| ], (78)

2 (79

ij
Tm(@om) = 7Y (" —17') 8 (@om — (ET' — ET"))| ;5
ij

2
Tbm(@op) = 7Y (0 — 1) 8 (wpp — (EF — EM)| €], (80)
ij
2
nbm(wOm) - ﬂZ(n? - n?) 5(w0m - (E}’ 7Ezb)) |-@ij| Y
ij
Equations (78) and (79) are the Landau damping due to
the boson—boson and molecule—-molecule interactions respec-
tively. In this mechanism of damping, a thermally excited bo-
son (molecule) is scattered to the another one by absorbing
a phonon which coincides with Eq. (26) of Ref. [25]. Equa-
tions (80) and (81) are known as Landau damping due to the
boson—molecule coupling and in the absence of dipole—dipole

interaction, which coincides with the finding of Ref. [10].

3. Landau damping in a homogeneous 2D dipo-
lar Bose-Fermi mixture

In this section we focus on Landau damping due to the
boson—molecule interactions in a homogeneous quasi-2D mix-
ture of a dipolar Bose and superfluid Fermi gas. Quasi-2D gas
is fabricated experimentally by a tight confinement along the
axial (z) direction, the homogeneous quasi-2D gas is created
when the trap potential in the x—y plane is eliminated. Because
Bose gas is very dilute in the experiment, Landau damping
due to the interaction between bosons can be disregarded in
this case.

For a homogeneous system the condensate wave function
at equilibrium is constant @op, (m)(r) = /7op (m)> While the ex-

citation and the fluctuation are plane wave functions

MZ(m) ) v2<m) )
0 m = 1q.7l7 0 m = 1q-7‘7
D1 (m) () NG e Db (m) () NG e
. u;(m) , . vg(m) ,
up(m>(r) = v e'PT vp(m)(r) = T e'PT. (82)
The coefficients u];(m) and vz(m) satisfy the usual Bogoliubov

( SEM(0/2T _ —E™(¥) /27) -2

relations:

by | &g ™V(g) 1

u = + =, (83)
4 ZE,? (m) 2
b b

by _ & "V 1 (84)

e 2E2™ 2’

q

where energy of the elementary excitation E,? (m) g

EP™ — \/ S T A A ) (85)

with e;’ (m) — w2 q*/2m, (m) (Mm = 2mg). The 2D Fourier trans-

form of interaction potentials (5)—(7) becomes

Vi oy (k) = &om) + &abm) F (%) , (86)
where gﬁr()m is the contact interaction strength in two dimen-
sions and [, is a length scale on the order of the harmonic oscil-
lator wavelength in the axial direction. It is not simply relevant
to the s-wave scattering length, but will be treated as a param-
eter. The g?b)(m is the dipole—dipole interaction strength in
quasi-2D and

F(x)=1- g\/ﬁxerfc(x) e (87)

By inserting Eqs. (82) and (86) into the right-hand side of
Eq. (80) and integrating over space, the Landau damping rate
due to the interaction between bosons and molecules can be

written as

Ybm(q) = 7oy Y (nly — 1))
pp’

b
x 8(wh —EB+EMEL 5,

(88)
where the matrix element (f:p/ reads

G = 8qprpl (Ul +V))Vom(q) (Wpul + ViV, (89)

For a dilute Bose gas, where the healing length of the
bosons is much larger than their wavelength, the spectrum of
the elementary excitations can be considered as a free-particle
energy with quadratic dispersion, i.e., E,’]’ = 83 and ulq’ and v';
can be simplified into u'; =1land vg = 0. For small values of q,
Landau damping (88) can be written in a dimensionless form

as (we assume my, = m = My /2),

() K VE0) / xdx {x2+v<x> ¥ d (x2+v<x>>]2
& T xe Vem(x) 1~ (/v ()’ E™(x) 2Vem (x) dx \ E™(x) ’

(90)
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where T = kyT'/¢F is a reduced temperature, and y = g/kp.

. . b .
Conservation of energy in Eq. (88) @, — ;‘} + E,' gives a
threshold for the Landau damping that the thermal excitations
with x > x, can participate in the damping,

Y12
Xe = 2(1 Em>, 1)

ni (g +¢3D) /er

is the dimensionless velocity of the sound wave in the molec-

where

Cm =

ular condensate. Equation (90) can be written as

ny(y) ki
peak nngl(r)’ (92)

where I(7) is the dimensionless function.

In Fig. 1, the temperature dependences of /(1) is plotted
for different values of g30 /g2P ratio. At a given temperature,
the damping rate decreases by increasing the dipolar interac-
tion. In fact, by increasing the strength of dipolar interaction,
X increases. Then, the available thermal excitations involved
in the Landau damping process decrease. For low tempera-
tures kT < E. and large dipole—dipole interaction, the col-
lective oscillations are undamped. The damping rate varies
linearly with T at high temperatures.

0.6

0.4 1

I(7)

0.2 4

T T T T
0 0.05 0.10 0.15 0.20
T

Fig. 1. (color online) Temperature dependences of the /(T) versus T =
kyT /€ for fixed g/kg = 0.1. The contact interaction is fixed in all the
curves and the dimensionless ratio gglr?l / gan is varied, 0.1 (black-dashed),
0.5 (red-solid), 2.5 (green-dot—dashed), and 5.0 (blue-dot—dot—dashed).

In Fig. 2, we plot the spectra of the elementary excitation
of molecules corresponding to different ratios of gﬁg / glan. As
we can see in Fig. 2, for sufficiently strong dipole—dipole in-
teractions, the spectrum of energy shows a roton—-maxon be-
havior at intermediate momentum.

The temperature dependences of the /() for different val-
ues of y = g/kg are plotted in Fig. 3. As we can see in Fig. 3, by
increasing the energy of boson quasiparticles, Landau damp-
ing is suppressed over a broader temperature range. This is
because the energy lower bound of Landau damping increases

by increasing the energy of the boson quasiparticles accord-
ing to Eq. (90). In a Bose gas with purely contact interac-
tion, the energy-momentum conservation can always be satis-
fied for Bogoliubov dispersion. Therefore there is no energy
lower bound nor exponential suppression at low temperatures.
By contrast, in a dipolar Bose gas, there is a dramatic expo-
nential suppression of Landau damping at low temperatures

due to the energy lower bound.*!
4
|
g 2
0
0 0.5 1.0 1.5
xT

Fig. 2. (color online) Variations of energy with x for different values of ra-
tio ggD /gﬁlD: 0.1 (black-dash), 0.5 (red-solid), 2.5 (green-dot—dash), and 5.0

m

(blue-dot—dot—dash).

0.6 4

I(7)

0.2 ~

T T T T T
0 0.05 0.10 0.15 0.20
T

Fig. 3. (color online) Variations of integral I(7) with T = k,T /g for fixed
g3D /g2 = 0.5 and different values of g/kp: 0.1 (red-solid), 0.2 (black-
dash), and 0.3 (green-dot—dash).

We should confirm that our calculations of temperature
dependence in Landau damping are only reliable at low tem-
peratures, because the condensate fraction in the Bose super-
fluid will decrease with the increase of temperature. For a gen-
eral analysis of temperature dependence, the changing of the
condensate fraction should be included in calculations. Any-
way, at low temperatures the condensate fraction is not sensi-
tive to the temperature and our result is reliable in this limit.

4. Conclusions

In this paper, damping of low-energy excitations in a
Bose-Fermi superfluid mixture with dipole—dipole interac-
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tions is studied at finite temperature in a collisionless regime.
By using the time-dependent mean-field approach based on
the Popov approximation, a set of coupled equations for the
condensate and noncondensate components of bosons and
molecules is obtained. An explicit expression for damping rate
is derived, which in the absence of the boson—molecule inter-
action coincides with the finding of Ref. [25] and in the ab-
sence of the dipole—dipole interaction coincides with the find-
ing of Ref. [10]. It is shown that the temperature dependence
of Landau damping due to the boson—-molecule interaction in
a homogeneous 2D dipolar Bose—Fermi superfluid is linear at
high temperatures and at low temperatures, exponentially sup-
pressed. The temperature dependences of the Landau damp-
ing for different values of ¢/k and g3 /g2P are also calcu-
lated. At a given temperature, the damping rate decreases by
increasing these two ratios. For a sufficiently large dipole—
dipole interaction, the spectrum of energy has a roton—-maxon
characteristic. The conservation of energy a)é’ - ;‘,‘ +E," in
the damping mechanism gives an energy lower bound. By in-
creasing the strength of dipolar interaction (gglg1 /¢2P) and the
energy of boson quasiparticles (¢/kg), energy lower bound in-
creases. Then, the available thermal excitations involved in
the Landau damping process decrease and Landau damping is
exponentially suppressed.

In future it will be possible to realize a mixture of Bose
and Fermi superfluids with dipolar atoms and our result should
be observed in the experiment.
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