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Synthesization of high-capacity auto-associative memories using
complex-valued neural networks∗
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In this paper, a novel design procedure is proposed for synthesizing high-capacity auto-associative memories based
on complex-valued neural networks with real-imaginary-type activation functions and constant delays. Stability criteria
dependent on external inputs of neural networks are derived. The designed networks can retrieve the stored patterns by
external inputs rather than initial conditions. The derivation can memorize the desired patterns with lower-dimensional
neural networks than real-valued neural networks, and eliminate spurious equilibria of complex-valued neural networks.
One numerical example is provided to show the effectiveness and superiority of the presented results.
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1. Introduction
Since Hopfield’s inspirational work on the stability of the

Hopfield neural network using an energy function,[1] numer-
ous studies on the dynamics of various neural networks have
been reported.[2–13] Due to strong learning ability, high clas-
sification and prediction accuracy, the dynamics of neural net-
works have been investigated extensively to achieve associa-
tive memory and pattern recognition. Design procedures for
synthesizing associative memories have been proposed based
on real-valued neural networks (RVNNs)[14–20] and complex-
valued neural networks (CVNNs).[21–26]

In the design procedures based on RVNNs, coexistence
of many equilibria is a necessary feature in the applications
of neural networks to associative memory storage or pattern
recognition. Extensive investigations have been done to study
the existence and stability of multiple equilibria of neural
networks.[27–33] Due to the dependence on initial states of neu-
ral networks, these works resulted in the appearance of spuri-
ous equilibria. It is difficult to avoid spurious equilibria, and
accurate pattern recalling cannot be guaranteed by using local
stability of neural networks. In order to solve this problem,
design procedures were presented for synthesizing associative
memories based on RVNNs by assuring that each trajectory
globally converged to a unique equilibrium point, which de-
pended on the external inputs of neural networks, for exam-
ple, see Refs. [15], [16], [19], and [20]. These designed net-
works defined a nonlinear mapping from the space of exter-
nal inputs to that of steady state outputs. In the design proce-
dures based on CVNNs, neural networks have been discussed
as multistate associative memory models by employing a class

of amplitude-phase-type activation functions, i.e., multilevel
sigmoid functions. Although such dynamics are favorable for
gray-level image reconstruction, it often suffers from conver-
gence to an undesirable spurious pattern. Most works have
been done to overcome this shortcoming.[21,23,24] As is well
known, it is more efficient to avoid spurious patterns when the
convergence of neural networks depends on external inputs in-
stead of initial states in associative memories. However, to the
best of the authors’ knowledge, less attention has been paid to
designing associative memory procedures based on CVNNs
dependent on external inputs.

It is well known that the activation functions play an
important role in the dynamical analysis of neural networks.
In RVNNs, the activation functions are usually chosen as
smooth and bounded functions. However, this is not suitable
in CVNNs. Since every bounded entire function must be con-
stant in the complex domain according to Liouville’s theorem.
Therefore, the choice of activation functions is the main chal-
lenge for CVNNs. Two kinds of complex-valued activation
functions have been presented in previous studies, i.e., real-
imaginary-type activation functions[34] and amplitude-phase-
type activation functions.[23,25] Many works have been done to
study the design procedure of associative memories based on
CVNNs with amplitude-phase-type activation functions[21–25]

and the convergence of CVNNs with real-imaginary-type ac-
tivation functions.[6,34] To the best of the authors’ knowledge,
less associative memory results based on CVNNs with real-
imaginary-type activation functions have been published. In
fact, this is a very meaningful topic. First, the real-imaginary-
type activation functions are suitable for dealing with complex
information that must have symmetry concerning, or a cer-
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tain special meaning on the real and imaginary axes. Second,
the real parts and the imaginary parts of activation functions
can be some functions with multiple constant values, which
is helpful in realizing the coexistence of multiple equilibrium
points of the neural networks. Moreover, one of the advan-
tages of using the real-imaginary-type activation functions is
that the whole CVRNNs can be analyzed by dealing with real
and imaginary parts separately and independently, which re-
duces the complexity of computation and analysis.

In electronic implementation of analog neural networks,
time delays always exist due to the transmission of signal and
the finite switching speed of amplifiers. The existence of time
delays may lead to instability and oscillation in a neural net-
work. Therefore, it is necessary to introduce delays into neural
network models to synthesize the associative memories.

Motivated by the above discussions, the main goal of this
paper is to investigate the design procedure of auto-associative
memories based on complex-valued neural networks with
real-imaginary-type activation functions and constant delays.
The first main work is that we construct a class of the real-
imaginary-type activation functions, which are piecewise lin-
ear functions corresponding to their real parts and imaginary
parts, respectively. Secondly, four lemmas are presented to
track the dynamics of solution flows of CVNNs. Based on
these lemmas, global exponential stability criteria of CVNNs
are established, which depend on external inputs of neural
networks. Moreover, one high-capacity design procedure is
proposed for synthesizing auto-associative memories. There
are two difficulties on analysis and design of high-capacity
auto-associative memories based on CVNNs with the real-
imaginary-type activation functions.

(i) One difficulty is how to establish conditions to make
neuron states accessible to the regions corresponding to ex-
ternal inputs. It is a key problem to obtain auto-associative
memories.

(ii) Another difficulty is how to deal with the coupling re-
lation between real and imaginary parts of CVNNs in order to
study the stability of equilibrium points.

Compared with the existing relevant results, the main ad-
vantages of this paper include the following two points.

i) The design procedure can retrieve the stored patterns
by feeding probes via external inputs rather than initial condi-
tions, which results in eliminating spurious equilibria.

ii) In applications, the dimension of the designed CVNNs
is smaller than that of RVNNs. Under the same dimension, the
storage capacity of the designed CVNNs is larger than that of
RVNNs.

The remainder of this paper consists of the following sec-
tions. Section 2 describes the problem formulations. The main
results are presented in Section 3. Section 4 gives an example
to show the effectiveness of the obtained results. Finally, in
Section 5, the conclusion is drawn.

2. Preliminaries and problem formulations
Denote {−1,1}2n as the set of 2n-dimensional bipolar

vectors, i.e., {−1,1}2n = {x ∈ R2n, x = (x1,x2, . . . ,x2n)
T, xi =

1 or −1, i = 1,2, . . . ,2n}. Denote i as the imaginary unit, that
is i =

√
−1. We are now in a position to address the following

design problem.
Design problem Given m (m ≤ 22n) vectors α(1),

α(2), . . . ,α(m), where α(k) ∈ {−1,1}2n, k = 1,2, . . . ,m, de-
sign an auto-associative memory based on CVNNs such that
if (α(k)

1 + iα(k)
2 ,α

(k)
3 + iα(k)

4 , . . . ,α
(k)
2n−1 + iα(k)

2n )T is fed to the
associative memory from its input as a probe, then the out-
put vector of the neural network converges to correspond-
ing pattern (α

(k)
1 + iα(k)

2 ,α
(k)
3 + iα(k)

4 , . . . ,α
(k)
2n−1 + iα(k)

2n )T, k ∈
{1,2, . . . ,m}.

Consider a complex-valued neural network with multiple
delays described by

żi(t) =−dizi(t)+
n

∑
j=1

ai j f j(z j(t))+
n

∑
j=1

bi j f j(z j(t− τi j))+ Ii,

(1)
where z(t) = (z1(t),z2(t), . . . ,zn(t))T ∈ Cn is the neuron state
vector; D = diag(d1,d2, . . . ,dn) is a diagonal matrix, di ∈ R
with di > 0 represents the self-inhibition with which the i-th
neuron will reset its potential to the resting state in isolations
when disconnected from the network; A = (ai j)n×n ∈ Cn×n

and B = (bi j)n×n ∈ Cn×n are the connection weight matri-
ces those are not assumed to be symmetric; τi j is the con-
stant delay with 0 < τi j ≤ τ (τ = max1≤i, j≤n{τi j}); f (z(t)) =
( f1(z1(t)), f2(z2(t)), . . . , fn(zn(t)))T : Cn → Cn denotes the
neuron activation function; I = (I1, I2, . . . , In)

T ∈Cn stands for
the external constant input.

Let |z| =
√

z∗z, where ∗ indicates the conjugate trans-
pose. The initial state associated with Eq. (1) is assumed to be
φ(s) = (φ1(s),φ2(s), . . . ,φn(s))T : [−τ,0]→ Cn. Denote the
norm of φ as

‖φ‖= max
1≤i≤n

{ sup
s∈[−τ,0]

|φi(s)|}.

In order to synthesize the auto-associative memory in the
design problem of this paper, the following hypothesis about
the activation function is needed.

Hypothesis 1 Suppose the activation function can be ex-
pressed by

f j(z) = f R
j (Re(z))+ i f I

j (Im(z)),

where

f R
j (Re(z)) =

 1, Re(z) ∈ (1,+∞),
Re(z), Re(z) ∈ [−1,1],
−1, Re(z) ∈ (−∞,−1),

f I
j (Im(z)) =

 1, Im(z) ∈ (1,+∞),
Im(z), Im(z) ∈ [−1,1],
−1, Im(z) ∈ (−∞,−1),

with j = 1,2, . . . ,n.
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Since the real part and imaginary part of the activation
function under Hypothesis 1 have individual properties, we
can separate system (1) into its real and imaginary parts.
By separating the state, the connection weight, the activation
function, and the external input, we have that, xi(t) and yi(t)
are the real part and the imaginary part of zi(t), respectively;
aR

i j and aI
i j are the real part and the imaginary part of ai j, re-

spectively; bR
i j and bI

i j are the real part and the imaginary part
of bi j, respectively; IR

i and II
i are the real part and the imagi-

nary part of Ii, respectively. Therefore, the system (1) can be
rewritten as follows:

ẋi(t) = −dixi(t)+
n

∑
j=1

[aR
i j f R

j (x j(t))−aI
i j f I

j (y j(t))

+bR
i j f R

j (x j(t− τi j))−bI
i j f I

j(y j(t− τi j))]+ IR
i , (2a)

ẏi(t) = −diyi(t)+
n

∑
j=1

[aR
i j f I

j(y j(t))+aI
i j f R

j (x j(t))

+bR
i j f I

j(y j(t− τi j))+bI
i j f R

j (x j(t− τi j))]+ II
i . (2b)

The definition of the exponential stability is given as fol-
lows.

Definition 1 The equilibrium point z̄ of the system (1) is
said to be globally exponentially stable, if there exist constants
α > 0, β > 0 such that for any t ≥ 0,

‖z(t;φ)− z̄‖ ≤ β‖φ − z̄‖e−αt ,

where z(t;φ) is the solution of system (1) with any initial con-
dition φ(s), s ∈ [−τ,0].

In order to obtain the main results, we need the following
lemma.

Lemma 1 (see Ref. [35]): Let D be a bounded and closed
set in Rn, and H be a mapping on complete matric space
(D,‖·‖), where for any x,y∈D, ‖x−y‖=max1≤i≤n{|xi−yi|}
is measurement in D. If H(D)⊂ D and there exists a positive
constant α < 1 such that for any x,y ∈ D, ‖H(x)−H(y)‖ ≤
α‖x−y‖, then there exists a unique x̄ ∈D such that H(x̄) = x̄.

3. Main results
The purpose of this paper is to design an auto-associative

memory based on CVNNs. Firstly, we will introduce four
lemmas according to Ref. [29]. Through these four lemmas,
the dynamics of each state component of system (1) will be
tracked, which depend on external inputs. Denote

∆i =
n

∑
j=1, j 6=i

|aR
i j|+

n

∑
j=1

[|aI
i j|+ |bR

i j|+ |bI
i j|].

Lemma 2 The state component zi(t) of system (1)
will flow into the region {zi = xi + iyi|xi ∈ (−∞,−1), yi ∈
(−∞,−1)}, and stay in it afterwards, if for any i ∈
{1,2, . . . ,n},

IR
i <−|−di +aR

ii |−∆i, II
i <−|−di +aR

ii |−∆i. (3)

Lemma 3 The state component zi(t) of system (1)
will flow into the region {zi = xi + iyi|xi ∈ (−∞,−1), yi ∈
(1,+∞)}, and stay in it afterwards, if for any i ∈ {1,2, . . . ,n},

IR
i <−|−di +aR

ii |−∆i, II
i > |−di +aR

ii |+∆i. (4)

Lemma 4 The state component zi(t) of system (1)
will flow into the region {zi = xi + iyi|xi ∈ (1,+∞), yi ∈
(−∞,−1)}, and stay in it afterwards, if for any i ∈
{1,2, . . . ,n},

IR
i > |−di +aR

ii |+∆i, II
i <−|−di +aR

ii |−∆i. (5)

Lemma 5 The state component zi(t) of system (1) will
flow into the region {zi = xi + iyi|xi ∈ (1,+∞), yi ∈ (1,+∞)},
and stay in it afterwards, if for any i ∈ {1,2, . . . ,n},

IR
i > |−di +aR

ii |+∆i, II
i > |−di +aR

ii |+∆i. (6)

The proofs of Lemmas 2–5 are similar to the proof of
Lemma 2 in Ref. [29], and thus are omitted here for brevity.

Denote four index subsets as follows:

N1 = {i|i ∈ {1,2, . . . ,n}, IR
i <−|−di +aR

ii |−∆i, II
i <−|−di +aR

ii |−∆i},

N2 = {i|i ∈ {1,2, . . . ,n}, IR
i <−|−di +aR

ii |−∆i, II
i > |−di +aR

ii |+∆i},

N3 = {i|i ∈ {1,2, . . . ,n}, IR
i > |−di +aR

ii |+∆i, II
i <−|−di +aR

ii |−∆i},

N4 = {i|i ∈ {1,2, . . . ,n}, IR
i > |−di +aR

ii |+∆i, II
i > |−di +aR

ii |+∆i}.

It is obvious that N1∩N2∩N3∩N4 = /0. Denote

Ω = ∏
i∈N1

{zi = xi + iyi|xi ∈ (−∞,−1), yi ∈ (−∞,−1)}

×∏
i∈N2

{zi = xi + iyi|xi ∈ (−∞,−1), yi ∈ (1,+∞)}

×∏
i∈N3

{zi = xi + iyi|xi ∈ (1,+∞), yi ∈ (−∞,−1)}

×∏
i∈N4

{zi = xi + iyi|xi ∈ (1,+∞), yi ∈ (1,+∞)}.

Now, we will show the existence of the globally exponen-
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tially stable equilibrium point of system (1).
Theorem 1 Suppose N1 ∪N2 ∪N3 ∪N4 = {1,2, . . . ,n}.

For any i ∈ {1,2, . . . ,n}, if

di >
n

∑
j=1

(|aR
i j|+ |aI

i j|+ |bR
i j|+ |bI

i j|), (7)

then there exists a globally exponentially stable equilibrium
point for system (1), and the stable output vector belongs to
{1+ i,1− i,−1+ i,−1− i}n.

Proof We will study the existence, uniqueness, and
global exponential stability of the equilibrium point for sys-
tem (1) in two steps.

Step 1 We show that there exists a unique equilibrium
point for system (1). Applying Lemmas 2–5, for any initial
state φ(s) = (φ1(s),φ2(s), . . . ,φn(s))T, ∃ T > 0, when t > T ,
we have the following four results.

1) The real part of zi(t) will flow into (−∞,−1), the
imaginary part of zi(t) will flow into (−∞,−1) for i ∈ N1.

2) The real part of zi(t) will flow into (−∞,−1), the
imaginary part of zi(t) will flow into (1,+∞) for i ∈ N2.

3) The real part of zi(t) will flow into (1,+∞), the imag-
inary part of zi(t) will flow into (−∞,−1) for i ∈ N3.

4) The real part of zi(t) will flow into (1,+∞), the imag-
inary part of zi(t) will flow into (1,+∞) for i ∈ N4.

The neuron state will stay in them afterwards. That
is, when the state z(t) of system (1) flows into Ω , it will
not escape from Ω . Therefore, we only need to prove the
existence of a unique equilibrium point with initial state
φ(s) ∈Ω . Let H(x) = (H1(x),H2(x), . . . ,Hn(x))T and G(y) =

(G1(y),G2(y), · · · ,Gn(y))T, where

Hi(x) =
1
di
[

n

∑
j=1

aR
i j f R

j (x j)−
n

∑
j=1

aI
i j f I

j(y j)+
n

∑
j=1

bR
i j f R

j (x j)

−
n

∑
j=1

bI
i j f I

j(y j)+ IR
i ], (8)

Gi(y) =
1
di
[

n

∑
j=1

aR
i j f I

j(y j)+
n

∑
j=1

aI
i j f R

j (x j)+
n

∑
j=1

bR
i j f I

j(y j)

+
n

∑
j=1

bI
i j f R

j (x j)+ II
i ]. (9)

For any i ∈ N1, there exists a small enough constant ε1 > 0
such that

di−aR
ii +∆i + IR

i <−diε1, di−aR
ii +∆i + II

i <−diε1.

For any i ∈ N2, there exists a small enough constant ε2 > 0
such that

di−aR
ii +∆i + IR

i <−diε2, −di +aR
ii −∆i + II

i > diε2.

For any i ∈ N3, there exists a small enough constant ε3 > 0
such that

−di +aR
ii −∆i + IR

i > diε3, di−aR
ii +∆i + II

i <−diε3.

For any i ∈ N4, there exists a small enough constant ε4 > 0
such that

−di +aR
ii −∆i + IR

i > diε4, −di +aR
ii −∆i + II

i > diε4.

Consider any one small enough positive constant ε with 0 <

ε �min{ε1,ε2,ε3,ε4}. Denote

Ωε = ∏
i∈N1

{zi = xi + iyi|xi ∈ [−1/ε,−1− ε], yi ∈ [−1/ε,−1− ε]}∏
i∈N2

{zi = xi + iyi|xi ∈ [−1/ε,−1− ε], yi ∈ [1+ ε,1/ε]}

×∏
i∈N3

{zi = xi + iyi|xi ∈ [1+ ε,1/ε], yi ∈ [−1/ε,−1− ε]}∏
i∈N4

{zi = xi + iyi|xi ∈ [1+ ε,1/ε], yi ∈ [1+ ε,1/ε]}.

It is obvious that Ωε is a bounded and closed set of Ω . When xi ∈ [−1/ε,−1− ε], it can be derived that

Hi(x) =
1
di
[−aR

ii +
n

∑
j=1, j 6=i

aR
i j f R

j (x j)−
n

∑
j=1

aI
i j f I

j(y j)+
n

∑
j=1

bR
i j f R

j (x j)−
n

∑
j=1

bI
i j f I

j(y j)+ IR
i ]≤

1
di
[−aR

ii +∆i + IR
i ]<−1− ε.

When xi ∈ [1+ ε,1/ε], it can be derived that

Hi(x) =
1
di
[aR

ii +
n

∑
j=1, j 6=i

aR
i j f R

j (x j)−
n

∑
j=1

aI
i j f I

j(y j)+
n

∑
j=1

bR
i j f R

j (x j)−
n

∑
j=1

bI
i j f I

j(y j)+ IR
i ]≥

1
di
[aR

ii −∆i + IR
i ]> 1+ ε.

Similarly, when yi ∈ [−1/ε,−1−ε], we have Gi(y)<−1−ε; when yi ∈ [1+ε,1/ε], we have Gi(y)> 1+ε . Because ε is small
enough, we get

H

(
∏

i∈N1∪N2

[−1/ε,−1− ε]× ∏
i∈N3∪N4

[1+ ε,1/ε]

)
⊂ ∏

i∈N1∪N2

[−1/ε,−1− ε]× ∏
i∈N3∪N4

[1+ ε,1/ε],

G

(
∏

i∈N1∪N3

[−1/ε,−1− ε]× ∏
i∈N2∪N4

[1+ ε,1/ε]

)
⊂ ∏

i∈N1∪N3

[−1/ε,−1− ε]× ∏
i∈N2∪N4

[1+ ε,1/ε].
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For any

x(1), x(2) ∈ ∏
i∈N1∪N2

[−1/ε,−1− ε]× ∏
i∈N3∪N4

[1+ ε,1/ε],

x(1) = (x(1)1 ,x(1)2 , . . . ,x(1)n )T, x(2) = (x(2)1 ,x(2)2 , . . . ,x(2)n )T, it
holds that f R

i (x
(1)
i )− f R

i (x
(2)
i ) = 0 for i = 1,2, . . . ,n. Since we

only discuss the existence of equilibrium points in Ω , when
fixing i ∈ {1,2, . . . ,n}, we have f I

i (y
(1)
i )− f I

i (y
(2)
i ) = 0 for any

y(1)i , y(2)i . Choose α = 0.5. We have |Hi(x(1))−Hi(x(2))| ≤
α‖x(1) − x(2)‖. Therefore, ‖H(x(1))−H(x(2))‖ ≤ α‖x(1) −
x(2)‖. According to Lemma 1, there exists a unique fixed point

x̄ such that H(x̄) = x̄. By a similar analysis, there exists a
unique fixed point ȳ such that G(ȳ) = ȳ. Based on the above
discussion, we can derive that y = (y1,y2, . . . ,yn)

T in Eq. (8)
and x = (x1,x2, · · · ,xn)

T in Eq. (9) are allowed to be arbitrary.
So, we can make y = ȳ in Eq. (8) and x = x̄ in Eq. (9). Then,
z̄= x̄+ iȳ is a unique equilibrium point of system (1) in Ωε . By
arbitrariness of ε , z̄ is a unique equilibrium point of system (1)
in Cn.

Step 2 We investigate the global exponential stability of
equilibrium point z̄ = x̄+ iȳ of system (1). With translation
v(t) = z(t)− z̄, systems (2a) and (2b) become

d
dt

[Re(vi(t))] = −di[Re(vi(t))]+
n

∑
j=1

aR
i j[ f

R
j (x j(t))− f R

j (x̄ j)]−
n

∑
j=1

aI
i j[ f

I
j(y j(t))− f I

j(ȳ j)]

+
n

∑
j=1

bR
i j[ f

R
j (x j(t− τi j))− f R

j (x̄ j)]−
n

∑
j=1

bI
i j[ f

I
j(y j(t− τi j))− f I

j(ȳ j)], (10a)

d
dt

[Im(vi(t))] = −di[Im(vi(t))]+
n

∑
j=1

aR
i j[ f

I
j(y j(t))− f I

j(ȳ j)]+
n

∑
j=1

aI
i j[ f

R
j (x j(t))− f R

j (x̄ j)]

+
n

∑
j=1

bR
i j[ f

I
j(y j(t− τi j))− f I

j(ȳ j)]+
n

∑
j=1

bI
i j[ f

R
j (x j(t− τi j))− f R

j (x̄ j)], (10b)

where v = (v1,v2, . . . ,vn)
T. For each i ∈ {1,2, . . . ,n}, consider

the single-variable function

Fi(ζ ) = −ζ +di−
n

∑
j=1
|aR

i j|−
n

∑
j=1
|aI

i j|−
n

∑
j=1
|bR

i j|eζ τi j

−
n

∑
j=1
|bI

i j|eζ τi j .

From Eq. (7), we can get Fi(0) > 0, and there exists a pos-
itive constant λ such that Fi(λ ) > 0. Consider wi(t) =

eλ t |Re(vi(t))|, ui(t) = eλ t |Im(vi(t))|, i= 1,2, . . . ,n. Let δ > 1

and

K = max
1≤i≤n

{ sup
s∈[−τ,0]

[|Re(φi(s))− x̄i|2 + |Im(φi(s))− ȳi|2]}.

Therefore, w2
i (t)+ u2

i (t) < Kδ for t ∈ [−τ,0]. We will show
that w2

i (t) + u2
i (t) < Kδ for all t > 0, i = 1,2, . . . ,n. Sup-

pose this is not true. Then there exist k ∈ {1,2, . . . ,n},
t1 > 0 such that w2

i (t) + u2
i (t) < Kδ for t ∈ [−τ, t1], i 6= k,

w2
k(t)+u2

k(t)< Kδ for t ∈ [−τ, t1), w2
k(t1)+u2

k(t1) = Kδ , and
D+(w2

k(t1) + u2
k(t1)) ≥ 0, where D+ denotes the upper right

Dini-derivative. From Eqs. (10a) and (10b), we compute that

D+|Re(vk(t1))|= sgn(Re(vk(t1)))
d
dt

[Re(vk(t1))]

≤ −dk|Re(vk(t1))|+
n

∑
j=1
|aR

k j||Re(v j(t1))|+
n

∑
j=1
|aI

k j||Im(v j(t1))|

+
n

∑
j=1
|bR

k j||Re(v j(t1− τk j))|+
n

∑
j=1
|bI

k j||Im(v j(t1− τk j))|,

D+|Im(vk(t1))|= sgn(Im(vk(t1)))
d
dt
[Im(vk(t1))]

≤ −dk|Im(vk(t1))|+
n

∑
j=1
|aR

k j||Im(v j(t1))|+
n

∑
j=1
|aI

k j||Re(v j(t1))|

+
n

∑
j=1
|bR

k j||Im(v j(t1− τk j))|+
n

∑
j=1
|bI

k j||Re(v j(t1− τk j))|.

Hence,

D+[w2
k(t1)+u2

k(t1)] = 2wk(t1)D+wk(t1)+2uk(t1)D+uk(t1) = 2wk(t1)[λ eλ t1 |Re(vk(t1))|+ eλ t1D+|Re(vk(t1))|]

+2uk(t1)[λ eλ t1 |Im(vk(t1))|+ eλ t1D+|Im(vk(t1))|]
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≤ 2[(λ −dk)w2
k(t1)+

n

∑
j=1
|aR

k j|wk(t1)w j(t1)+
n

∑
j=1
|aI

k j|wk(t1)u j(t1)

+
n

∑
j=1
|bR

k j|eλτk j wk(t1)w j(t1− τk j)+
n

∑
j=1
|bI

k j|eλτk j wk(t1)u j(t1− τk j)

+(λ −dk)u2
k(t1)+

n

∑
j=1
|aR

k j|uk(t1)u j(t1)+
n

∑
j=1
|aI

k j|uk(t1)w j(t1)

+
n

∑
j=1
|bR

k j|eλτk j uk(t1)u j(t1− τk j)+
n

∑
j=1
|bI

k j|eλτk j uk(t1)w j(t1− τk j)]

≤ 2[λ −dk +
n

∑
j=1
|aR

k j|+
n

∑
j=1
|aI

k j|+
n

∑
j=1
|bR

k j|eλτk j +
n

∑
j=1
|bI

k j|eλτk j ]Kδ

< 0.

This yields a contradiction to D+(w2
k(t1)+u2

k(t1)) ≥ 0. So, w2
i (t)+u2

i (t) < Kδ for all t > 0, i = 1,2, . . . ,n. By taking δ → 1+,
we obtain w2

i (t)+u2
i (t)≤ K, which leads to

|xi(t)− x̄i|2 + |yi(t)− ȳi|2 ≤ e−2λ t max
1≤i≤n

{ sup
s∈[−τ,0]

[|Re(φi(s))− x̄i|2 + |Im(φi(s))− ȳi|2]}

for any t > 0. Therefore, z(t) converges to z̄ exponentially.
Since the equilibrium point z̄ lies in Ω , it is easy to derive
the stable output vector of system (1) belonging to {1+ i,1−
i,−1+ i,−1− i}n. �

Remark 1 Among the conditions of Theorem 1, N1 ∪
N2∪N3∪N4 = {1,2, . . . ,n} determines the range of the exter-
nal inputs, which ensures neuron states can flow into Ω ac-
cording to Lemmas 2–5. In fact, Ω is the attractive region
of the globally exponentially stable equilibrium point of sys-
tem (1).

Remark 2 Equilibrium states of neurons of system (1)
depend on external inputs of the neural network. Therefore,
equilibrium states of system (1) are different when external
inputs are different.

Remark 3 According to Theorem 1, we can realize as-
sociative memories based on CVNNs. We need to use the in-
formation about a lot of pairwise vectors of desired patterns
and inputs to design a recurrent neural network. When the re-
trieval probe is determined as the input of the neural network,
the output vector will converge to the desired pattern. Based
on this idea, a design process of associative memories will be
put forward after the following corollaries.

For the case of system (1) without delay, i.e., bi j = 0,
i, j = 1,2, . . . ,n, denote

Λi = |−di +aR
ii |+

n

∑
j=1, j 6=i

|aR
i j|+

n

∑
j=1
|aI

i j|,

N5 = {i|i ∈ {1,2, . . . ,n}, IR
i <−Λi, II

i <−Λi},
N6 = {i|i ∈ {1,2, . . . ,n}, IR

i <−Λi, II
i > Λi},

N7 = {i|i ∈ {1,2, . . . ,n}, IR
i > Λi, II

i <−Λi},
N8 = {i|i ∈ {1,2, . . . ,n}, IR

i > Λi, II
i > Λi}.

We can derive the following corollary.

Corollary 1 Suppose N5 ∪N6 ∪N7 ∪N8 = {1,2, . . . ,n}.
For any i ∈ {1,2, . . . ,n}, if

di >
n

∑
j=1

(|aR
i j|+ |aI

i j|), (11)

then there exists a globally exponentially stable equilibrium
point for system (1) without delay, and the stable output vec-
tor belongs to {1+ i,1− i,−1+ i,−1− i}n.

In particular, when yi = 0, aI
i j = 0, bI

i j = 0, f I
j(·) = 0,

II
i = 0, system (1) can be rewritten as the following RVNNs,

ẋi(t) =−dixi(t)+
n

∑
i=1

[aR
i j f R

j (x j(t))+bR
i j f R

j (x j(t− τi j))]+ IR
i .

(12)

Denote

Γi = |−di +aR
ii |+

n

∑
j=1, j 6=i

|aR
i j|+

n

∑
j=1
|bR

i j|,

N9 = {i|i ∈ {1,2, . . . ,n}, IR
i <−Γi},

N10 = {i|i ∈ {1,2, . . . ,n}, IR
i > Γi}.

We can derive the following corollary.
Corollary 2 Suppose N9 ∪N10 = {1,2, . . . ,n}. For any

i ∈ {1,2, . . . ,n}, if

di >
n

∑
j=1

(|aR
i j|+ |bR

i j|), (13)

then there exists a globally exponentially stable equilibrium
point for system (12), and the stable output vector belongs to
{1,−1}n.

Based on the above discussion, one can obtain the follow-
ing design procedure of auto-associative memory.

Design procedure
(I) Denote m vectors of the desired patterns as

α(1),α(2), . . . ,α(m), where α(k) ∈ {−1,1}2n, k = 1,2, . . . ,m.
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(II) Determine D, A, and B such that equation (7) and
di < aR

ii +0.5 (i = 1,2, . . . ,n) hold.
(III) Synthesize recurrent neural network (1) with the pa-

rameters D, A, B.
In the application of associative memory, the parameters

of CVNNs are designed according to the information about
pairwise vectors of desired patterns and inputs. In this paper,
the input vectors are designed to be the same as the vectors
of desired patterns. According to the above design procedure,
the parameters D, A, B can be designed. Hence, CVNNs can
be derived. Once the neural networks are designed, the pa-
rameters will not change. The stable output vectors are only
relevant to the input vectors. If one input is fed as a probe, the
corresponding desired pattern will be memorized. It can be
noticed that the choice of the parameters of neural networks
depends on some inequalities. Therefore, the parameters can
be changed in a certain range, which do not affect the result of
associative memories.

Remark 4 In the design procedure, the conditions di <

aR
ii +0.5 (i = 1,2, . . . ,n) are necessary. From Eq. (7) and di <

aii +0.5 (i = 1,2, . . . ,n), we can derive that equation (3) holds
for IR

i = α
(k)
2i−1 = −1 and II

i = α
(k)
2i = −1; equation (4) holds

for IR
i = α

(k)
2i−1 = −1 and II

i = α
(k)
2i = 1; equation (5) holds

for IR
i = α

(k)
2i−1 = 1 and II

i = α
(k)
2i =−1; equation (6) holds for

IR
i = α

(k)
2i−1 = 1 and II

i = α
(k)
2i = 1. That is N1∪N2∪N3∪N4 =

{1,2, . . . ,n}.
Remark 5 Compared with the existing design procedures

of auto-associative memories based on CVNNs, there exist the
following advantages for the design procedure in this paper.

1) In Refs. [21]–[26], activation functions were chosen as
amplitude-phase-type functions. However, when dealing with
complex information that must have symmetry concerning, or
a certain special meaning on the real and imaginary axes, the
design procedure with real-imaginary-type activation function
can work well.[2]

2) In this paper, the design procedure of auto-associative
memories depends on external inputs of neural networks in-
stead of initial states of neurons, which ensures the global sta-
bility of CVNNs. The method does not yield spurious mem-
ory patterns. It is superior to the methods dependent on initial
states of neurons (e.g., Refs. [14], [29], and [31]).

Remark 6 Compared with the existing design procedures
of auto-associative memories based on RVNNs, there exist the
following advantages for the design procedure in this paper.

a) A CVNN originates the fact that the multiplication
of the synaptic weights can reduce the degree of freedom in
learning and self-organization, in comparison with a double-
dimensional RVNN.[36]

b) Due to two-dimensionality of the complex plane,
RVNNs can only be seen as one special case of CVNNs.

c) As regards the memory patterns presented by bipo-
lar vectors, n-dimensional CVNNs can store 22n patterns. n-
dimensional RVNNs can store 2n patterns. It is obvious that
the storage capacity of CVNNs is larger than that of RVNNs.

d) When memorizing the same pattern, the number of
dimensions of our designed CVNNs is smaller than that of
RVNNs. This can help to reduce the curse of dimensionality
of RVNNs.

e) In Ref. [17], the design procedure of associative mem-
ories depended on external inputs and the initial states were
fixed at zero. Whereas, our criteria guarantee the existence of
global exponential stability for any initial states. Therefore,
our method is less conservative than Ref. [17].

f) Compared with Refs. [15] and [20], our method does
not strictly limit the parameters of neural networks. For exam-
ple, the self-inhibition is restricted to be equal to 1 in Refs. [15]
and [20]. There do not exist these limitations in this paper.

4. Illustrative examples
In this section, we will give one example to illustrate the

effectiveness of our results.
Example 1 Consider two to-be-stored patterns “M” and

“F”, which are represented by two (8×7)-pixel images (black
pixel = −1; white pixel = 1), as shown in Fig. 1.

α(1)=I↼↽ α(2)=I↼↽

Fig. 1. Desired output patterns.

Since the external inputs are equal to the desired patterns
in the auto-associative memory, we can give the input vectors
as follows:

I(1) = [−1+ i,1+ i,1+ i,−1− i,−1+ i,1+ i,−1− i,−1+ i,−1+ i,−1+ i,

−1− i,1+ i,−1+ i,1− i,−1+ i,1+ i,1+ i,−1− i,1+ i,1+ i,1− i,

−1+ i,1+ i,1+ i,−1− i,1+ i,1+ i,1− i ]T,

I(2) = [−1− i,−1− i,−1− i,−1− i,1+ i,1+ i,1+ i,−1+ i,1+ i,1+ i,

1− i,−1− i,−1− i,−1+ i,−1+ i,1+ i,1+ i,1− i,1+ i,1+ i,1+ i,

−1+ i,1+ i,1+ i,1− i,1+ i,1+ i,1+ i ]T.
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According to the design procedure mentioned in Section 3, we consider neural network (1) with 28 neurons, and the parameters
are determined as follows for i, j = 1,2, . . . ,28,

di = 0.6, ai j =

{
0.2+0.003i, i = j,

0.003+0.003i, i 6= j, bi j = 0.003+0.003i.

Let τi j = 0.1, f j(ξ ) = (|ξ +1|− |ξ −1|)/2.
When the input probe is set to be I(1), the desired pattern

α(1) will be memorized. When the input probe is set to be I(2),
the desired pattern α(2) will be memorized. Simulations show
the effectiveness of the results with four random initial values
in Figs. 2 and 3.

Fig. 2. Typical evolutions of output variables with input probe I(1) under
four random initial values.

Fig. 3. Typical evolutions of output variables with input probe I(2) under
four random initial values.

5. Conclusion
In this paper, a new design procedure for synthesiz-

ing auto-associative memories has been proposed based on
CVNNs with real-imaginary-type activation functions and
constant delays. Global exponential stability criteria have been
derived. The stability results depend on external inputs of
neural networks. Compared with previous results, the design
method for synthesizing auto-associative memories is suitable
for dealing with complex information that must have sym-
metry concerning, or a certain special meaning on the real
and imaginary axes in the applications to associative memory,
eliminates spurious memory patterns, relaxes the relationship
of parameters of recurrent neural networks, and has high stor-
age capacity of auto-associative memories.

Several extensions would be welcome as future work:
I) Design of multi-valued associative memories based

on CVNNs with real-imaginary-type activation functions with
multiple constant values.

II) Design of hetero-associative memories dependent on
external inputs of CVNNs.

III) Analysis of stability and design of associative mem-
ories for CVNNs with amplitude-phase-type activation func-
tions.
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