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Thermodynamics and geometrothermodynamics of regular black
hole with nonlinear electrodynamics∗
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In this paper we investigate the phase transition and geometrothermodynamics of regular electrically charged black
hole in nonlinear electrodynamics theory coupled to general relativity. We analyze the types of phase transition of the
thermodynamic system by calculating its temperature, heat capacity, and free energy, etc. We find that there are second-
order phase transitions from the heat capacity for a large value of S. In addition, employing the geometrothermodynamics,
we obtain a Legendre invariance metric and find the relationship between the thermodynamical phase transition and the
singularity of the curvature scalar in the regular black hole with the nonlinear electrodynamics.
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1. Introduction
Many scholars have focused on the black hole thermo-

dynamical properties[1–12] since the discovery of Hawking ra-
diation, i.e., its corresponding temperature. The quantities of
black hole, including horizon area, mass, surface gravity, and
so on, are similar to thermodynamic variables, such as energy,
temperature, entropy, and so on, which can describe the ther-
modynamical system. The laws of thermodynamics have been
translated into the laws of black hole thermodynamics.[13]

In very recent years the thermodynamics and geometro-
thermodynamics have been studied in many places in con-
nection with AdS/CFT[14,15] correspondence, which provides
a very useful framework to investigate such a geometry via
the equivalence between gravitational theories and the confor-
mal field theories (CFT).[16] The first applications of the ge-
ometric approach in black hole thermodynamics were given
by Hermann[17] and Mrugala.[18,19] Then, Weinhold[20] pro-
posed a second approach with the purpose of considering the
associated Riemannian structure and the physical properties of
various thermodynamic systems. Those studies were further
developed by Ruppeiner[21] who introduced a metric which
is conformally equivalent to Weinhold’s metric. Both meth-
ods have been intensively applied to analyze characters of the
black hole thermodynamics, but they have been separately
used for different thermodynamic systems. The most recent
theory called geometrothermodynamics[22–24] can solve the
problem that the two above approaches can be unified into a
single approach by using purely mathematical considerations.
There is a simple method that derives the conditions from these
metrics to be invariant with respect to arbitrary Legendre trans-

formations, making the contact structure compatible with the
Riemannian structure. This paper will employ this approach
in an attempt to obtain a curvature scalar, which potentially
explains the singularity or thermodynamic properties of the
regular black hole.

In recent years, various new regular black holes have been
introduced and have attracted some authors to research them.
It is well known that the Bardeen black hole[25] was the first
regular black hole solution, and other researchers had con-
structed a series of regular black hole metrics by employing
the mass distribution function.[26–29] So regular black holes
have become a research hot-spot, especially in the aspect of
thermodynamics. Some charged regular black holes, whose
metrics and curvature invariants are both regular, satisfy the
weak energy condition (WEC).[28–30] By means of coupling
gravity and nonlinear electrodynamics theories (NED), several
regular black hole metrics are constructed.[29–35] At the same
time, lots of authors tend to study the phase transition, sta-
bility, and geometrothermodynamics of thermodynamics for
those regular black holes.[5,36–39]

In this paper, we focus on the thermodynamic behaviors
and geometrothermodynamics of a regular charged black hole
found by NED coupled to general relativity.[40] Many efforts
have been devoted to studying the variation of thermodynamic
quantities of this regular black hole. Ehrenfest had attempted
to classify the phase transition, which reveals whether the
thermodynamic quantities are continuous or not, by analyzing
their Gibbs free energy. If it is continuous, it means that there
exists the first order phase transition. Otherwise, the second-
order phase transition appears. Furthermore we will consider
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thermodynamical parameters, i.e., temperature, heat capacity,
and Gibbs free energy as the function of entropy to classify the
phase transition. Using a Legendre-invariant metric proposed
by Quevedo[41] in the context of geometrothermodynamics,
we formulate an invariant geometric representation of a regu-
lar black hole with nonlinear electrodynamics, which can ex-
plain the singularity or thermodynamic properties of the regu-
lar black hole.

This paper is organized as follows: In Section 2 we
briefly introduce nonlinear electrodynamics theories and regu-
lar black holes. In Section 3, we calculate the black hole mass,
temperature, heat capacity, and Gibbs free energy as functions
of the radial coordinate. In Section 4, in order to study the
phase transition of the regular black hole, we employ a new
geometric approach, i.e., geometrothermodynamics, to study
the black hole thermodynamic behaviors. A brief conclusion
is given in the last section.

2. Regular black hole with nonlinear electrody-
namics
With the nonlinear electrodynamics minimally coupled to

gravity, its corresponding action is (G = c = 1)[40]

S =
1

16π

∫
d4x
√
−g(R−L (F)). (1)

The metric defined by the symmetry of a source term T t
t = T r

r

takes the form as follows:

ds2 = g(r)dt2− dr2

g(r)
− r2 dΩ

2. (2)

The metric function and the mass function are given by

g(r) = 1−M (r)
r

, (3)

M (r) =
1
2

∫ r

0
ρ(x)x2 dx. (4)

The above electrically charged solutions are typically
found in the alternative form of NED obtained by the Leg-
endre transformation: one introduces the tensor Pµν =LF Fµν

with its invariant P = Pµν Pµν and considers Hamiltonian-like
function H (P) = 2FLF −L as a function of P; the theory is
then reformulated in terms of P and specified by H (P). The
P frame is related with the F frame by

L = 2PHP−H , (5)

LFHP−1, (6)

F = PH 2
P . (7)

Here HP = dH /dP. The electric invariant is

P =−2q2

r4 . (8)

So the density in this P frame is calculated as

ρ(r) =−1
2
H . (9)

In search of a new exact electric NED, we select the func-
tion H (P) in the form

H (P) =− P
(1+α

√
−P)2

, (10)

where α is a characteristic parameter of the NED theory, and
then

HP =− P
(1+α

√
−P)3

. (11)

Then by substituting Eqs. (5)–(7) into the above equation, we
obtain

H =− 2q2

(r2
0 + r2)2 , (12)

HP =− r6

(r2
0 + r2)3 , (13)

where the parameter r2
0 = α

√
2q2, and the tangential pressure

p⊥ =−T θ
θ =−T φ

φ
=−ρ− (r/2)ρ ′,

the density and the pressure function are expressed as follows:

ρ(r) =
q2

(r2
0 + r2)2 , (14)

ρ⊥ =
q2(r2

0− r2)

(r2
0 + r2)2 . (15)

Integrating Eqs. (3) and (4) with density profile Eqs. (14)
and (15), we can obtain the metric

f (r) = 1− 4m
πr

(
arctan

r
r0
− r0r

r2
0 + r2

)
, (16)

when r � r0 and r → ∞, it will reduce to the Reissner–
Nordström black hole.

3. Thermodynamics of regular black hole with
nonlinear electrodynamics
In this section, we will investigate the thermodynamic sta-

bility of the regular black hole by computing thermodynamic
quantities and analyzing its behaviors which contain temper-
ature, heat capacity, and Helmholtz free energy. For the new
exact nonlinear electrodynamics solution, by solving Eq. (16)
in terms of r+ ( f (r+) = 0), we can easily obtain the mass func-
tion

M =
πr+(r2

++ r2
0)

4
(

r2
+ arctan

r+
r0

+ r2
0 arctan

r+
r0
− r0r+

) . (17)

Bekenstein[42,43] proposed that an entropy should be as-
sociated with a black hole, that is proportional to the area of
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the event horizon and Hawking temperature[44] T = h̄/8πGM,
and fixes the co-efficient to be one-quarter. In natural units
(h̄ = G = 1)

S =
1
4

A
h̄G

, (18)

where A is the event horizon area of the black hole, and
A = 4πr2

+. Hence the relation between entropy S and event
horizon radius r+ is: S = πr2

+,[45] the mass of this black hole

will be obtained in terms of the entropy as,

M =

√
πS(S0 +S)

4
(
−
√

SS0 +S0 arctan
√

S
S0

+Sarctan
√

S
S0

) . (19)

The other thermodynamic parameters can be calculated
by using the above expression, such as the temperature of this
regular black hole is given in terms of T = ∂M/∂S as follows:

T =

√
π

[
(S+S0)

2 arctan
(√

S
S0

)
−
(√

S0SS+
(

2
√

S
S0

S+
√

S0S
)

S0

)]
8
√

S
[√

S0S− (S+S0)arctan
(√

S
S0

)]2 . (20)
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Fig. 1. (color online) The variation of the temperature as a function of the
entropy with state parameter S0 = 0.33.

We have simulated the variation of the temperature vs the
entropy in Fig. 1. First of all, we all know that the sign of the
temperature determines whether the thermodynamical system
is physical or non-physical. In other words, the negativity of
the temperature denotes a non-physical system of a black hole.
We can see that there is a critical point at Sc = 1.10 where
T = 0, in which for S+ < Sc the temperature of the system is

negative. Therefore, in this region solutions are non-physical.
Since for S+ > Sc the system has positive temperature, the
horizon radius or entropy of physical black holes is located
in this region. The black hole temperature varies continuously
in this curve without any discontinuity and undergoes a high-
est point T = 0.0058 corresponding to S = 2.48, which means
that a phase transition does not occur from a thermodynami-
cally unstable state to a thermodynamically stable state.

It is well known that the thermodynamically stable sys-
tem should have a positive heat capacity. It means that the
positivity of the heat capacity guarantees the local thermal sta-
bility of the black holes. To this end, we will calculate the heat
capacity and study its behavior in the next moment. Based on
the standard thermodynamic relation dU = T dS−PdV , we
obtain the heat capacity CP = T ∂S/∂T at constant pressure as
follows:

CP =
A
B
, (21)

where

A = −2
√

S0S3

(
(S+S0)arctan

(√
S
S0

)
−
√

S0S

)

×

{
(S+S0)

2 arctan

(√
S
S0

)
−

[
S
√

S0S+S0

(
2S

√
S
S0

+
√

S0S

)]}
, (22)

B = S0
(
−4S3 +2S0S2−3S2

0S+S2
0S
)

arctan

(√
S
S0

)

+ S0S

(
3S2

0

√
S
S0
−2S0

√
S0S−3SS0

√
S
S0
−2S

√
S0S

)
+
√

S0S (S+S0)
3 arctan

(√
S
S0

)
2. (23)

We have plotted the heat capacity CP versus the entropy

S in Fig. 2. In context of black holes, we argued that the root

of the heat capacity (T = 0) represents a border line between

physical (T > 0) and non-physical (T < 0) black holes. From

the figure we can see that the heat capacity CP is negative and

has a local lowest value at the point S = 0.60 in left regions,

this indicates that the system is in the thermodynamically un-

stable state. Interestingly, the position of CP = 0 coincides
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with the zero temperature at Sc, which is called the physical

limitation point. Our result proves once again that the region

for S+ < Sc corresponds to the unstable branch of the black

hole with a negative heat capacity, and there exists the locally

stable state after Sc. In the middle regions of S, the CP curve

has a divergence point at S = 2.48 implying that the diver-

gence of CP corresponds to the maximum Hawking tempera-

ture. This indicates that only the intermediate black hole with

positive heat capacity is thermodynamically stable and, it is

believed that the divergency of the heat capacity represents the

phase transition of the black hole. This type of phase transition

is known as the second-order phase transition.[46] Whereas the

smaller and larger black holes with negative heat capacity are

unstable. In addition, the heat capacity in the right regions of S

reaches a local peak from negative infinity, and then continues

to decrease slowly.
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Fig. 2. (color online) The variation of the heat capacity at constant pressure
as a function of the entropy with state parameter S0 = 0.33.

Furthermore, we analyze the Helmholtz free energy F =

M−T S, which is written as the following form,

F =

√
πS
[(
−2S2

0

√
S
S0

+S0
√

S0S+S
√

S0S
)
+(S+S0)

2 arctan
(√

S
S0

)]
8
[√

S0S− (S+S0)arctan
(√

S
S0

)]2 . (24)
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Fig. 3. (color online) The variation of the free energy as a function of tem-
perature with state parameter S0 = 0.33.

Based on the thermodynamical theory, we know that there
are two methods to determine whether the black hole thermo-
dynamic system will undergo a second-order phase transition
or not. The first method is to investigate the behaviors of the
heat capacity CP versus entropy S, i.e., a discontinuity of the
heat capacity CP possesses the existence of the second-order
phase transition in the thermodynamic system. The second
method is by studying the behaviors of the free energy F as a
function of temperature T to see its change. The sign change

of the free energy indicates the appearance of the Hawking–
Page phase transition. In Fig. 3, we can see that the free energy
with respect to entropy shows a cusp, which undergoes a low-
est point at T = 0.0058 or S = 2.48. The free energy F via en-
tropy S decreases before this point and increases rapidly after
that point, and always keeps the positive value in the process
of this change. We can conclude that there exists a signal for
the second-order phase transition in terms of the sign change
of the free energy.

4. Geometrothermodynamics and phase transi-
tion of regular black hole
In this section, we will employ a geometrothermodynam-

ics (GTD)[22] approach to study the stability and phase tran-
sition of the regular black hole thermodynamic system. We
describe a thermodynamics system by using the concepts of
geometrothermodynamics and investigate the thermodynamic
properties of the regular black hole with nonlinear electrody-
namics. First we define a thermodynamics phase space as
a Riemannian contact manifold, and then the physical prop-
erties of a thermodynamics system in an equilibrium state
can be described in terms of the geometric properties of the
corresponding equilibrium state. While other methods such
as Weinhold,[20] Ruppeiner,[21] and Quevedo[41] metrics, can
only solve local problems of thermodynamic systems.

We now briefly introduce the origin of the thermody-
namic metric. The differential geometry in thermodynamics
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is defined as the (2n+1)-dimensional thermodynamic phase
space T . The coordinative set is given by

ZA = {Φ ,Ea, Ia}; A = 0, . . . ,2n; a = 1, . . . ,n, (25)

where Θ ,Ea, Ia signify the thermodynamic potential, the ex-
tensive variable, and the intensive variable, respectively. The
fundamental Gibbs 1-form is given by

ΘG = dΦ−δabIa dEb, δab = diag(1,1 . . . ,1). (26)

The pair (T ,ΘG) is called a contact manifold if T is
differentiable and ΘG satisfies the condition ΘG∧ (dΘG) 6= 0.
Then we take into account an n-dimensional space, which
can be achieved via the smooth mapping ϕ : ε → T , so
that the space of thermodynamic equilibrium state (ϕ∗(ΘG) =

ϕ∗(dΦ−δabIa dEb) = 0) can infer the first law of thermody-
namics dΦ−δabIa dEb = 0.

Furthermore, we use a partial Legendre transformation to
obtain a new coordinate and Gibbs 1-form by means of a simi-
lar method. The thermodynamic metric, which induces a Rie-
mannian structure on the thermodynamic phase space, can be
described as follows:

G = dΦ
2−2δabIa dEb dΦ +δabδcdIaIc dEb dEd . (27)

We compute the corresponding metric g by using the pull-
back of the mapping ϕ : ε →T :

gQ = ϕ
∗(G) =

(
Ec ∂Φ

∂Ec

)(
ηabδ

bc ∂Φ2

∂Ec∂Ed dEa dEd
)
.

(28)
Therefore, we obtain the metric form as follows:

gGT D = (SMS +qMq)

(
−MSS 0

0 Mqq

)
, (29)

where Mι and Mιι respectively indicate the first and the sec-
ond derivatives of the mass function. The curvature scalar is
a long complicated expression with less physical interest, so it
will not be given here.

                                                               

S

↩

↩

↩

↩









R
/





       .      .      .
↩Τ



Τ

Τ

Fig. 4. (color online) The variation of curvature scalar as a function of en-
tropy with the state parameter q = 0.5, α = 0.1.

Next, it can easily be found that there is respectively an
infinite discontinuity at S = 0, S = 0.21, and S = 2.50 in the
curvature scalar function of entropy S in Fig. 4. It should be
pointed out that S < 1.10 corresponds to the situation of neg-
ative Hawking temperature, this nonphysical situation is not
our main concern and will not be considered in detail in the
following discussion. Note that there exist two additional sin-
gularities, i.e., S = 0 and S = 0.21, they both correspond to
the regions of negative Hawking temperature. In addition, the
divergence of the scalar curvature at S = 0 is the intrinsic sin-
gularity of the regular black hole metric with nonlinear elec-
trodynamics. Then, the point, S = 2.48, undergoes singularity
in the figure of curvature scalar[38] and heat capacity.[46] In
other words, this singularity shows that the behavior of the
scalar curvature is the same as that of the specific heat. It in-
dicates that the regular black hole has a second-order phase
transition. This approach, using geometrothermodynamics for
our purpose of constructing the Legendre invariant metric, is
able to reveal thermodynamic properties and phase transition
behaviors of this regular black hole again.

5. Conclusion
In this paper, we have investigated the thermodynamics

and geometrothermodynamics of the regular black hole with
nonlinear electrodynamics. First of all, we have obtained the
radial function which is able to calculate the thermodynamic
quantities, such as the function of mass, temperature, heat
capacity, and Gibbs free energy for this black hole thermo-
dynamics system. Then, we have plotted the curve of these
thermodynamics and analyzed each plot carefully in order
to confirm the types of phase transitions. The temperature
curve shows that there is a smooth curve without discontinu-
ity, which implies that there exists a first-order phase transi-
tion. But the heat capacity curve has a local lowest value at the
point S = 0.60, and indicates a singularity at S = 2.48, which
means that the black hole changes from an unstable state to
a stable state, and shows a second-order phase transition in
this thermodynamic system finally. Also, the heat capacity CP

reaches a local peak from negative infinity after the discon-
tinue point, and then continues to decrease slowly. The free
energy F shows a cusp, which undergoes a lowest point at
T = 0.0058 or S = 2.48. Then it demonstrates one value of
F corresponding to the two points of entropy S, which is the
signals of a second-order phase transition. Both of the above
methods reveal that this regular black hole has a second-order
phase transition. Furthermore, we employed another method
(GTD) to investigate the phase transition in the context of this
black hole thermodynamics. In this approach, the result indi-
cates that the divergence of thermodynamical curvature indeed
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is related to the divergence of the specific heat, which exhibits
the information of phase transition behaviors of the regular
black hole again. These studies are helpful to further under-
stand the relation between phase transition and divergence of
the thermodynamical curvature.
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