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Controlled unknown quantum operations on hybrid systems
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Any unknown unitary operations conditioned on a control system can be deterministically performed if ancillary
subspaces are available for the target systems [Zhou X Q, et al. 2011 Nat. Commun. 2 413]. In this paper, we show
that previous optical schemes may be extended to general hybrid systems if unknown operations are provided by optical
instruments. Moreover, a probabilistic scheme is proposed when the unknown operation may be performed on the subspaces
of ancillary high-dimensional systems. Furthermore, the unknown operations conditioned on the multi-control system may
be reduced to the case with a control system using additional linear circuit complexity. The new schemes may be more

flexible for different systems or hybrid systems.
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1. Introduction

Controlled-unitary (CU) gates are elementary operations
in quantum information processing based on the quantum
circuit model.l'3! By choosing different Us such as the
NOT gate or controlled-NOT gate, various quantum applica-

4-11

tions may be faithfully completed.'*"'") These circuits have

been widely used such as the Kitaev’s phase estimation
algorithm,®! Shor’s algorithm,[®! and quantum simulation.”!
To realize these schemes, each quantum operation U should be
decomposed into a series of time-evolution operators of small
physical systems.3] Unfortunately, the standard decomposi-
tion method requires that U should be known,!'%131 which is
unsuitable for unknown quantum operations. %!

Although the traditional quantum circuit model cannot be
applied for the controlled unknown gates, fortunately, Zhou et
al."¥ showed that it may be experimentally realized if an-
cillary subspaces of the target systems are available. The
followed result showed that the high-dimensional encodings
are essential for the controlled unknown gates and cannot be
replaced.!">! This is ensured by a new quantum no-go theorem,
which states that the controlled unknown gates cannot be theo-
retically performed on the qubit systems. '3 It seems to follow
an apparent contradiction between the theory and experiment
because the possibility to add control to unknown operations
is a common feature of many physical systems.['®! Moreover,
they presented the practical setups for adding control to un-
known subroutines, which are supplements to previous quan-
tum optical schemes for the black-box control.[17-18]

In this paper, motivated by the experimental sche-
mes, 419 we consider general schemes that allow one to add
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quantum control to unknown gates with different systems. To

s, 14151 we firstly consider a

extend previous photonic scheme
hybrid implementation with an unknown photonic setup. To
complete this scheme, the input system should be faithfully
fused into a proper photonic system. The unknown photonic
gate is implemented on ancillary photonic systems with addi-
tional degree of freedoms. The inverse operation of the quan-
tum fusion may be explored to recover the required system.
The key of this scheme is to realize an invertible quantum fu-
sion by using proper quantum correlations.!'°-2!1 In this case,
our scheme may be used for any input system with unknown
photonic setups, if these systems may be faithfully correlated

(211 Moreover, if the unknown operation can only

with photons.
be implemented on the subspace of the high-dimensional sys-
tem, a probabilistic scheme is proposed to add the control to
an unknown unitary gate. Here, high-dimensional systems
are used as ancillary systems and can be achieved in other
setups. 227261 Furthermore, the unknown gate conditional on
the multi-control system may be reduced to the case of a one
control system using additional linear complexity. The present
schemes may be flexible for hybrid systems.

The rest of this paper is organized as follows. Determin-
istic schemes are presented in Section 2 for the case that the
unknown operation U is constructed using optical elements.
This scheme is useful for different hybrid systems correlated
with photonic systems. Probabilistic schemes are proposed in
Section 3 when the unknown operation U may be performed
on subspaces of ancillary high-dimensional systems. All these
schemes are dependent on the control qubit. The multi-control
case may be reduced to the single control with additional lin-
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ear resources in Section 4 while Section 5 concludes the paper.

2. Adding control to unknown photonic opera-
tions

Previous experimental schemes!!%!3] are based on the
photonic system with two DoFs. In this section, a general cir-
cuit will be constructed for different physical systems. When
the unknown operation U is set up with a photonic circuit, the
controlled U may be deterministically performed on arbitrary
systems that may be perfectly correlated with the photon.

2.1. Unknown qubit operations
The detailed scheme is shown as follows. Firstly, con-
sider an input system of two qubits A and B in the state for
simplicity
9)aB =

where {|0),|1)} are basis states of one qubit system. This

01100) 4 0[01) + 03] 10) + g |11), (1)

system may be an atomic system, photonic system or other
physical system. An ancillary photon is used to realize the
controlled-U on the system of A and B as shown in Fig. 1.

auxiliary 1 —>
photon C -
2 quantum quantum
fusion splitting
target qubit A —
control qubit B——— —>

Fig. 1. (color online) A schematic circuit for the controlled unknown qubit
operation. An ancillary photon C with two degrees of freedom (DoFs) in the
state |[H); will be used in this scheme. {|H);,|V);} is a polarization basis
of the photon C from the spatial mode i, while |[H) and |V) denote the hori-
zonal polarization and vertical polarization respectively. U is an unknown
qubit operation on the polarization state. Quantum fusion is an invertible
transformation or equivalent swapping operations on special systems, i.e.,
the quantum information of the qubits A and B are swapped to the spatial
DoF and polarization DoF of the ancillary photon, respectively. Quantum
splitting is the inverse of quantum fusion.

In detail, using an ancillary photon C in the state |H)
with two spatial modes 1 and 2 in short, the system of A and B

may be fused into a single photon in the state
|¢)c = oulH)1+|V)1 +o3|H)s +ou|V)a, 2

where {|H);,|V);} is a polarization basis of the photon C from
the mode i, and |H) and |V') denote the horizonal polarization
and vertical polarization respectively. The output state of the
systems A and B is |00) 45. Specially, this fusion operation may
be realized with two swapping gates on special systems.[!*-2!]
One is to swap the quantum information of qubit A to the spa-
tial state of the photon C while the other is to swap the quan-
tum information of qubit B to the polarization state of photon
C.

Now, let photon C from spatial mode 2 pass through un-

known optical gate U to get

19" )c = oulH)1 +0a|V)1 +a3(UIH)2) + ou(U[V)2). (3)

Finally, the ancillary photon may be split into the input sys-
tem of systems A and B using the inverses of two swapping
gates.[19211 The final state of systems A and B is

97)c = 01]00) + 2 [01) + 03[1)(U]0)) + au[1) (U[1)). (4)

The key of this scheme is the faithful quantum fusion or quan-

tum splitting. [19-21]

2.2. Unknown multi-qubit operations

A similar scheme can be easily followed for a multi-qubit
operation U. In detail, suppose that the input systems O (the

control qubit system) and Ay, ...,A, are in the state

‘ _a0|0 Z a]l Jn|.]1 > Ap
..... ,Jn=0
+ai|l)o Z Pl ina, ®)
U] 5enin=
By performing a swapping on each pair of the systems A; and
Bj (j=1,...,n), the input systems O and Ay,...,A, will be
fused into
|®') = a9|0)o Z 0‘11 Gl 1 Jn) By
+al|1 Z ﬁll ln‘ll > (6)
in=0
using ancillary photons By,..., B, in the state
®\0 = [H)g,,|1); : =V )5;)-
The output state of the joint system of Aj,...,A, is |0---0).

Now, previous optical implementations!!*!3] of the
controlled-U may be used for the state |®’) in Eq. (6). In
detail, a controlled-swapping gate

CS = 1) (1@ (|0)1(0]2 4+ [0)2 (0 + [1)1 (1|24 [1)2(1]1)
+10){(0[ @14 @)

is performed on each pair of the systems O and B; for
Jj=1,...,n, where {|0)1,]1)1,|0)2,|1)2} denotes the basis
{H)1, V)1, [H)a,
formed on all the photons Ay, ...

V)2}. Then, the unknown gate U is per-
,A, from their second spatial
modes. The followed CS gate is performed on each pair of the

systems O and B; for j = 1,...,n. The state |®') in Eq. (6) is

changed to
|@") = ao|0)o Z 0‘/1 a1 Jn) By
s
+al|1 Z ﬁll 1,,U|ll > )
i15e0in=0
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Finally, each ancillary photon B; may be swapped to A;

for j=1,...,n. The final state of O and Ay,--- ,A, is
|Pr) = ao|0)o Z Q- ju |1 Jn)ay-
J1seerjn=0
1
+a1‘1>0 Z Bi]»-»inU|il"'in>A]-~-An~ (9)
i1500in=0

In this scheme, the high-dimensional encodings are only
available for ancillary photonic systems. Thus an unknown
photonic gate U may be controlled for arbitrary physical sys-
tems without ancillary subspaces or high-dimensional encod-
ing if these systems can be perfectly correlated with photons.
This scheme is different from previous schemes!!'4-1%! and is

useful for hybrid systems with the unknown photonic setup.

3. Adding control to unknown operations with
ancillary high-dimensional resources

In this section, the ancillary high-dimensional resources
(which may not be photons) are used to control unknown op-
erations. This assumption is reasonable in experiments be-
cause various physical systems such as photons and atoms
have multiple degrees of freedom, which are naturally high-

dimensional resources.

3.1. Unknown qubit operations

Consider the input system |¢)p defined in Eq. (1). The
schematic circuit is shown in Fig. 2 with an ancillary four-
dimensional system in the state |0)¢. The joint system of A, B,
and C is changed to

‘IPI>ABC = 061|000> —|—062|011> +(X3‘]00> +OC4|1]]> (10)

after a CNOT gate being performed on the system of B and
C. Then, by using a controlled-S on the system of A and C,
|¥1)apc may be transformed into

|¥5) aBc = 01|002) + 2]013) + a3|100) + o |111), (11)
where the controlled-S is defined by
10)(0[ @ (10)(2[ +[2) (0] + [1) (3[ + [3)(1]) + [1){1| @ L,

and {]0),[1),]2),|3)} is the basis of the system C. Now, the
unknown operation is performed on the subspace [defined by

ao‘O

Z O‘n GulJ1e

Jn)AyAglit-

after a CNOT gate being performed on each pair of A; and B; for j =1,...

of O and B}, the state in Eq. (15) may be transformed into

Z a]l SAVIEE

J1esn=

a|0)o Jn)Ayagl

Jn)By-B, T aill)o

“Jn)By--B, +ai|l)

the basis {|0),|1)}] of the system C, one can obtain

['¥5)apc = @100 2) + 2|01)[3)
+ o 10)(U|0)) + au 1|1, (12)

The followed controlled-S§ is performed on the system of
A and C and the swapping gate is performed on the system of
B and C. |¥;)apc can be transformed into

|%4)apc = 01(00)|0) + 02[01)[1)
+ a3|1)(U10))[0) + ou|1)(U|1))[1).  (13)

Finally, after an H gate is performed on system C, the
measurement is performed on the system C under the compu-
tation basis {|0), |1),]2),|3)}. The collapsed state is

|¥r) = 0u]00) + 02[01) + 03 [1) (U0)) + au|1) (U 1)) (14)

for the measurement outcome |0). The success probability is
1/2. The key of this scheme is that the unknown physical appa-
ratus U should be performed on the subspace of the ancillary
four-dimensional (4D) system C. This may be reasonable for
some cases. For example, assume the unknown physical ap-
paratus U is constructed by optical elements while B is not a
photonic system. In this case, an ancillary photon C will be
used. The unknown operation U is easily performed on the

state restricted in its operated subspace.!!?!

ancillary SWAP

4D state

Fig. 2. (color online) A schematic circuit for the controlled unknown qubit
operation with an ancillary high-dimensional system. U is an unknown qubit
operation. C is an ancillary 4D system. Controlled-S denotes a general con-
trolled swapping gate defined by |0) (0| ® (|0)(2|+|2) (0] +|1) (3| +(3)(1]) +
[1)(1| ® I, where {|0),|1),]2),|3)} is the basis of the system C. SWAP de-
notes the swapping gate on a two-qubit system. H denotes the Hadamard
operation.

3.2. Unknown multi-qubit operations

Consider the input system |®) o4, ..., defined in Eq. (5).
The schematic circuit is shown in Fig. 3 using ancillary four-
dimensional systems in the state |0---0)g,...5,. The joint sys-

tem of O,A,...,A, and By,...,B, will be changed to

Z ﬁll ln|ll >A1"'An|il'”i">Bl“'Bn (15)

i,

,n. Then, by performing a controlled-S on each pair

Z ﬁl] ln‘ll

U] eesin=

>A1---An|i1 "'in>B1---Bn7 (16)
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where |j,) = |js+2),s = 1,...,n. Now, the unknown operation is performed on the subspace [defined by the basis {|0),|1)} of
B;] of the joint system of all B;s, it follows that

a|0)o Z Oyl J1 - Jn) Ay A J1 - Jn) By B, Fa1] D)o Z ﬁz. dnlitin)aya, (Ui1 -+ in)B, B,)- a7

..... j,,— 11

The followed controlled-S is performed on each system of O and B; and a swapping gate is performed on each system of A
and B;j for j = 1,...,n. The joint system in Eq. (17) is changed to

1
ao|0)o Z Oyl == dn)aeanl it Jn)my, FailDo Y. Bieiy(Ulin---in)aya,)lit - in)B, -5, (18)
]1,...,jn—0 il,...,in:()

\
Finally, after an H gate is performed on each system B;,  where 03 ; € {h,0;} for j=1,... ,2=1 1. This gate is the

the measurement is performed on all Bjs under the computa-  same as the multi-controlled NOT gate C*o,] on the k+ 1
tion. The collapsed state is qubits (or k + 1-qubit Toffoli gate) except phase differences
—1 before some terms. Define Ry as the rotation
‘I} —(10|0 Z a]l ]n|]] > An COS(TC/S) —Sln(TL'/8)
Js Ry=1 . . 21
sin(m/8) cos(m/8)
+a]\1>0 Z ﬁil'“in(U“] ~~~in>A1A.AAn) (19)

o Lamma 1 There exists a C*"[o,] which may be synthe-
sized by the following network shown in Fig. 4.

for all the measurement outcomes |0- - - 0) B,--B,- The success )
k+1 Toffoli gate

probability is 1/2". The key of this circuit is that the unknown

. k qubits
physical apparatus U should be performed on the subspace of
the ancillary system.
o k, qubits Q >
A = ) k. qubits
Q Q 2
A = i E—
n . S S
. : % 5 o)
ancillary (B D—Hs— S é é (=B
4D state { A ralU o @ o |
A S [sh @_’\’ Fig. 4. (color online) A schematic decomposing a multi-qubit Toffoli gate
into three multi-qubit Toffoli gates on smaller systems. Ry is a rotation along
Fig. 3. (color online) A schematic circuit for the controlled multi-qubit op- the y axis defined in Eq. (21). ’
eration with ancillary four-dimensional systems. U is an unknown multi-
qubit operation which should be performed on the system of Aj,...,A, Proof It is sufficient to prove that the right circuit will
conditional on the state of O. Bj,...,B, are four-dimensional systems.

Controlled-S is defined in Fig. 2. result in an n + 1-qubit approximate multi-control-NOT gate

C*"[0y]. It may be completed from four cases.
4. Unknown operations conditional on a multi- (1) If some of the first k; qubits and some of the second
control system ko qubits are in the states |0), the transformation applied to the
target qubit is R} - RY - R, - R, = I (where R} = R, '").

It has b h that unk ti b -
as beeft Showll that UTknown operations may be con (ii) If some of the first k; qubits are in the states |0) and

trolled in Sections 2 and 3 with a control qubit. In this section, . . .
d all the second k, qubits are in the states |1), the transformation

applied to the last qubit is R] - 0y - R} - Ry - 0, - Ry = I.
(iii) If all the first k; qubits are in the states |1) and some

the multi-control system will be considered. In fact, we will
show that unknown operations with multi-control may be re-
duced to the case with a single control using linear quantum of the second k; qubits are in the states |0), the transformation
resources and circuit complexity. applied to the last qubit is R; ) R;( .6,-Ry-Ry =0,

(iv) If all the k; + ky qubits are in the states |1), the trans-
formation applied to the last qubit is R;f - Oy R; <Oy Ry - Oy
R, = 0..

Lamma 2 Using an arbitrary gate C*"[oy], each gate

For the following explanations, define an approximate
multi-controlled NOT gate C**[c,] as

021

wk .
C™oy] = - ’ 20)  ¢"[U] (an unknown gate U conditional on n qubits) may be
2,2k-1-1

o, synthesized by the following network shown in Fig. 5.
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C"o,]

Fig. 5. (color online) A schematic equivalent teleportation circuit of multi-
qubit controlled gate with an ancillary qubit in the state |0). Here, C"[U] is
realized with two C " [0y] gates and the gate C[U].

Note that C**[oy] is idempotent. The result is easily fol-
lowed from the ancillary qubit in the state |0).

Theorem 1 Each gate C"[U] (an unknown gate U condi-
tional on n qubits) may be synthesized with additional linear
complexity and one auxiliary qubit in comparison to C![U] (an
unknown gate U conditional on one qubit).

Proof From Lemmas 1 and 2, C"[U] may be decomposed
into two special gates C*"[0;] and a controlled-U gate C'[U].
Here, C*"*[0,] may be further realized with four single qubit ro-
tations and two multi-qubit Toffoli gates C¥1[0,] and C*2[a,],
where n/2 — 1 < kj,kp <n/2+1 and k; + k, = n. Finally,
note that each multi-qubit Toffoli gate C¥1 [0;] or C*2[c;,] may
be realized with the linear complexity of CNOT gate and cir-
cuit depth using Lemma 7.2 of Ref. [27].

5. Conclusion

In conclusion, we have shown that if the invertible quan-
tum fusion and quantum splitting are applied, previous deter-
ministically optical implementations of controlled-unknown
operations may be extended to any physical systems faith-
fully correlated with photons. This extension requires that
the unknown photonic setup is provided. For general cases,
a new probabilistic scheme is presented to add a control to un-
known operations. To complete the new scheme, the unknown
operations should be available for the subspace of an ancil-
lary high-dimensional system. This assumption may be rea-
sonable because various experimental systems have a natural
high-dimensional structure from multiple degrees of freedom.

Furthermore, with one auxiliary qubit the multiple control of

unknown unitary operations can be reduced to the single con-
trol with additional linear circuit complexity. This result is
similar to the known unitary operation. In comparison with
previous photonic implementations, the present schemes may

be flexible for different systems or hybrid systems.
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