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Accurate reconstruction of the optical parameter distribution in
participating medium based on the frequency-domain radiative

transfer equation∗
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Reconstructing the distribution of optical parameters in the participating medium based on the frequency-domain
radiative transfer equation (FD-RTE) to probe the internal structure of the medium is investigated in the present work.
The forward model of FD-RTE is solved via the finite volume method (FVM). The regularization term formatted by the
generalized Gaussian Markov random field model is used in the objective function to overcome the ill-posed nature of the
inverse problem. The multi-start conjugate gradient (MCG) method is employed to search the minimum of the objective
function and increase the efficiency of convergence. A modified adjoint differentiation technique using the collimated
radiative intensity is developed to calculate the gradient of the objective function with respect to the optical parameters. All
simulation results show that the proposed reconstruction algorithm based on FD-RTE can obtain the accurate distributions
of absorption and scattering coefficients. The reconstructed images of the scattering coefficient have less errors than those
of the absorption coefficient, which indicates the former are more suitable to probing the inner structure.
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1. Introduction

The theory of inverse problems has been widely devel-
oped in the past few decades due partly to its importance
of applications in many important scientific and technologi-
cal fields[1–5] and the advent of the scene of large computers
and reliable numerical methods. The reconstruction of opti-
cal parameters in the participating medium is a typical inverse
radiative problem encountered in retrieving highly-correlated
parameters and has attracted significant attention in recent
years. For instance, in many fields of engineering and tech-
nology, such as nondestructive testing,[6] optical tomography
(OT),[7] infrared remote sensing,[8] information processing,[9]

and combustion diagnosis,[10] the required optical parameters
are unknown and need to be retrieved with the help of the
probed radiative signals on the boundary and corresponding
inverse theory. Among these applications, the OT has become
a research hotspot in the field of the inverse radiative prob-
lem due to its unique advantages and wide potential appli-
cations. Theoretically, OT is an effective probe technique to
reconstruct the distribution of optical parameters by analyz-
ing near-infrared light intensities measured on the boundary
of the participating medium. Given that the distribution of
optical parameters is closely related to the internal structure
of the medium, the optical image reconstructed via OT can

also help to explore the internal structure (including the geo-
metric shape, size or location). Compared with the traditional
medicine imaging technologies, OT is non-invasive, portable,
and capable of producing real-time images of clinically rele-
vant parameters. In the field of biomedical science, the OT
technology is considered to be a safer and cheaper supplement
to the traditional imaging technologies and has received con-
siderable attention on early tumor diagnosis.[11]

The reconstruction of optical parameters requires con-
sidering the laser–tissue interactions to obtain the informa-
tion contained by the measured radiative intensity. The ba-
sic equation to describe the propagation of photons during
the laser–tissue interactions is the radiative transfer equation
(RTE). Thus an effective forward model needs to be estab-
lished to simulate the RTE in the participating medium. The-
oretically speaking, the forward model applied to OT can be
classified into three different techniques according to the in-
cident laser sources: the continuous laser (steady RTE),[12–14]

the pulsed laser (time-domain RTE),[15–19] and the modulated
laser (frequency-domain RTE).[20–23] Among these three mod-
els, the frequency-domain model, which can avoid the techni-
cal limitations intrinsic to the use of the time-domain model
and gives some additional phase information compared with
the steady model, has been regarded as the most promis-
ing technique to solve the inverse problems of OT accurately
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and efficiently. In particular, frequency domain reconstruc-
tion can reduce cross-talk between absorption and scattering
parameters.[20] In the past few decades, many research groups
have conducted considerable researches of the reconstruction
of optical parameters based on the frequency-domain model.
In the earlier research work,[24,25] the diffusion approximation
(DA) model was usually employed as an approximation of the
frequency-domain RTE (FD-RTE) to simplify the solving pro-
cess and reduce the computational efforts. However, the DA
model has limitations in estimating light propagation close to
the sources and boundary or in the medium that contains the
low-scattering region. Thus, more and more interest is now
gradually turning to the light transport models based on solv-
ing the complete FD-RTE. Ren et al.[20] have employed the
FD-RTE in the OT and have proved that the reconstruction
algorithm based on the FD-RTE can reduce the cross-talk be-
tween the absorption and scattering coefficients significantly.
Kim and Charette[21] have reported a sensitivity function-
based conjugate gradient method to reconstruct the optical
parameters with the FD-RTE, and proved that the frequency-
domain data are more informative and better than steady data
in separating internal parameters. Tarvainen et al.[26] have em-
ployed the Gauss-Newton reconstruction method in OT and
obtained the reconstruction results of the case, including low-
scattering regions based on the FD-RTE for the first time.
Balima et al. have employed the discontinuous Galerkin fi-
nite element method[27] in OT to solve the FD-RTE, which
can adapt the reconstruction algorithm to the complex geome-
try medium. Yamamoto and Sakamoto[28] have used a Monte
Carlo perturbation calculation method to solve the FD-RTE in
OT.

Although the complete FD-RTE has been used success-
fully in reconstructing optical parameters, the calculation of
the gradient of the objective function with respect to the op-
tical parameters is still problematic because almost all recon-
struction algorithms are gradient-based methods in OT. The
accuracies and efficiencies of these algorithms depend signif-
icantly on their gradient calculation techniques. In the past
few years efforts have been made to calculate the gradient of
the objective function, and many variant gradient-based meth-
ods have been developed to improve their performances in the
sense of convergence speed and searching capability.[21,27,28]

For instance, Lagrangian formalism, which can obtain the
gradient via calculating the Lagrangian multipliers, has been
widely used.[21,27] Additionally, the perturbation Monte Carlo
technique[28] and gradient tree[29] have also been used to re-
construct the optical parameters. Although these algorithms
used in OT can obtain the reconstructed images of absorp-
tion and scattering coefficients, the reconstructed results can-
not show accurately the locations and shapes of the inclusions
in the medium. This is due primarily to the fact that the ob-

tained gradient lacks sufficient accuracy. To overcome this
disadvantage, a more accurate reconstruction algorithm needs
to be developed. The adjoint differentiation (AD) technique,
which is always used in time-domain OT,[30,31] can calculate
the gradient of the objective function accurately and efficiently
without truncation error. However, the application of conven-
tional AD technique requires the use of the numerical structure
based on the time-step scheme, which is not contained in the
frequency-domain model.

The motivation of the present study is to develop an accu-
rate and efficient reconstruction algorithm based on AD tech-
nique to reconstruct the distributions of the absorption and
scattering coefficients of inhomogeneous medium by using the
FD-RTE. The remainder of this research is organized as fol-
lows. First, a finite volume method (FVM) formulation of the
FD-RTE is well established and used as the forward model.
Then, the objective function with the regularization term of the
generalized Gaussian Markov random field (GGMRF) model
is given to deal with the ill-posed problem. The multi-start
conjugate gradient (MCG) method, which can speed up the
convergence and enhance the accuracy of the reconstructed
results, is employed to solve the inverse problem. A modi-
fied AD scheme which correlates the measured intensity with
the inner optical parameters by using the collimated radiation
is employed to calculate the gradient of the objective function.
Finally, the simulation results of the forward model and the
reconstruction results of the absorption and scattering coeffi-
cients in the inhomogeneous medium are discussed.

2. Forward model
2.1. Radiative transfer in frequency-domain

The FD-RTE is used as a forward model to simulate the
propagation of photons in the participating medium. The FD-
RTE in the direction 𝛺 takes the following form:[32][

iω
c

+𝛺 ·∇+(µa +µs)

]
I(𝑟,𝛺,ω)

=
µs

4π

∫
4π

I(𝑟,𝛺′,ω)Φ
(
𝛺′,Ω

)
dΩ
′, (1)

where i =
√
−1, 𝑟 denotes the location and ω is the modula-

tion frequency c is the light speed in the medium, I (𝑟,𝛺,ω)

is the radiative intensity at the position 𝑟 in the direction 𝛺,
µa (𝑟), and µs (𝑟) are the absorption and scattering coeffi-
cients, respectively, Φ (𝛺′,𝛺) is the scattering phase func-
tion that adopts the Henyey–Greenstein form in the present
research:

Φ
(
𝛺′,𝛺

)
=

1−g2

[1+g2−2gcos(θ)]3/2 , (2)

with g being the anisotropic factor and θ being the scattering
angle between the incident direction 𝛺′ and scattering direc-
tion 𝛺.
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The intensity I within the medium is composed of the col-
limated intensity Ic and the diffuse intensity Id. The collimated
component Ic obeys the following extinction law:[

iω
c

+𝛺 ·∇+(µa +µs)

]
Ic(𝑟,𝛺,ω) = 0. (3)

Substituting Eq. (3) into Eq. (1) yields[
iω
c

+𝛺 ·∇+(µa +µs)

]
Id(𝑟,𝛺,ω)

=
µs

4π

∫
4π

Id(𝑟,𝛺
′,ω)Φ

(
𝛺′,Ω

)
dΩ
′+Sc(𝑟,𝛺,ω), (4)

where Sc(𝑟,𝛺,ω) is the source term resulting from the colli-
mated radiation and is given by

Sc(𝑟,𝛺,ω) =
µs

4π
Ic(𝑟,𝛺c,ω)Φ

(
𝛺′,Ω

)
∆Ω . (5)

The collimated radiation Ic (𝑟,𝛺c,ω) can be expressed as

Ic (𝑟,𝛺c,ω) =
2Iin

ω
sin
(

ωtp
2

)
exp
[
− (µs +µa)x

− iω
( tp

2
+

x
c

)]
δ (𝛺−𝛺c) , (6)

where tp is the pulse width and x is the distance of the colli-
mated radiation in the direction 𝛺c.

The measurable quantity used for OT is the exitance on
the boundary, thus

q(𝑟) =
∫
𝛺·𝑛>0

I(𝑟,𝛺,ω)𝛺 ·𝑛dΩ , (7)

where 𝑛 represents the normal vector of the boundary.

2.2. Solution method

The first and most essential stage in solving the compli-
cated inverse radiation problem is to develop an accurate and
efficient forward solution method. The FVM is employed to
solve Eq. (4) in the present research for its suitability to any
type of grid structure. The basic idea of FVM is to divide the
computational domain into a large number of control volumes
and ensure the radiative energy balances within each solid an-
gle of the control volume. Integrating Eq. (4) in the control
volume and control solid angle ∆𝛺m yields∫

∆VP

∫
∆Ω m

[
iω
c

+𝛺 ·∇+β

]
Id dΩ

m dVP

=
∫

∆VP

∫
∆Ω m

St dΩ
m dVP, (8)

where

St =
µs

4π

∫
4π

Id(𝑟,𝛺
′,ω)Φ

(
𝛺′,Ω

)
dΩ
′+Sc(𝑟,𝛺,ω)

is the source term and β = µa+µs is the extinction coefficient.

The left side of Eq. (8) can be written as

∫
∆VP

∫
∆Ω m

[
iω
c

+𝛺 ·∇+β

]
Id dΩ

m dVP

=
∫

∆VP

∫
∆Ω m

𝛺 ·∇Id dΩ
m dVP

+
∫

∆VP

∫
∆Ω m

[
iω
c

+β

]
Id dΩ

m dVP. (9)

Converting the volume integral into a surface integral, the
first term on the right side of Eq. (9) can be written as∫

∆VP

∫
∆Ω m

𝛺 ·∇Id dΩ
m dVP

=
∫

∆Ω m

∫
∆Ac

Id (𝛺
m ·𝑛 j) dAc dΩ

m, (10)

where the Ac is the surface of the control volume VP, 𝑛 j is
the normal vector of Ac and 𝛺m represents the direction of the
solid angle Ω m.

Assuming that the radiative intensities on the Ac are uni-
form in each Ω m and are equal to the intensity in the center of
Ac, then

∫
Ω m

∫
Ac

Id (𝛺
m ·𝑛 j) dAc dΩ

m =
Mc

∑
j=1

Ac, jIm
d, jD

m
j , (11)

where Im
d, j represents the radiative intensity on the surface Ac,j

in the solid angle Ω m. Dm
j =

∫
Ω m 𝛺m ·𝑛 j dΩ m is the direction

weight.
Representing the radiative intensity within the control

volume VP by the intensity Im
d,P at the center point P of the

VP in each solid angle Ω m, equation (8) can be expressed as

Mc

∑
j=1

Ac, jIm
d, jD

m
j +(iω +β ) Im

d,PVPΩ
m = StVPΩ

m. (12)

In each angle Ω m, the cell-surface intensity Im
d, j can be

related to the cell-center intensity Im
d,P as

Im
d, j = Im

d,P, Dm
j > 0. (13)

Then equation (13) can be written in a matrix form:[33]

am
P Im

P + ∑
J=E,W,S,N,F,B

am
J Im

J = bm
P , (14)

where the J = E,W,S,N,F,B represents the center point of the
control volumes, which neighbors the control volume VP. am

P ,
am

J , and bm
P can be written as

am
P = ∑

j=w,e,s,n, f ,b
max

[
Ac, jDm

j ,0
]
+(iω +β )VPΩ

m, (15a)

am
J =−max

[
−Ac, jDm

j ,0
]
, (15b)

bm
P = Sm

t VPΩ
m. (15c)
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3. Inverse model
Theoretically speaking, the reconstruction of optical pa-

rameters is an inverse radiative problem that involves the es-
timation of the optical parameters inside the medium by mea-
suring the exitance intensity on the boundary of the medium.
The progress of reconstruction essentially makes the estimated
exitance the measured exitance by changing the estimated op-
tical parameters gradually. The inverse problem can be solved
by finding the minimum value of the objective function.

3.1. Objective function

The objective function can be defined as a normalized-
squared error between the predicted and measured exitance as
follows:

F(𝜇) =
1
2 ∑

s
∑
d

[
Ms,d−Ps,d (𝜇)

Ms,d

]2

+ψ(𝜇), (16)

where 𝜇 denotes the retrieval optical parameter and Ps,d(𝜇)

and Ms,d are the estimated and measured values of the d-th de-
tector with the s-th incident light source, respectively. To over-
come the ill-posed nature of the inverse radiative problem, the
GGMRF model[34] is adopted as the regularization term in the
present research:

ψ(𝜇) =− 1
pσp

∑
{s,r}∈N

bs−r |𝜇s−𝜇r|p, (17)

where p is the image sharpness parameter; σ is the scale
parameter; N is the set of all neighboring pixel pairs; r
is the neighboring position of s; bs−r is the weight coeffi-
cient. In this work, the CGMRF with p = 1.1 is used as the
model which can provide good edge-preservation.[34] bs−r =(

4+2
√

2
)−1

is used for the nearest neighboring position and

bs−r =
(

4+4
√

2
)−1

is selected for the diagonal neighboring
position. The value of σ is set according to the maximum like-
lihood (ML) estimate.[35]

3.2. MCG method

The reconstruction of optical parameters is equivalent to
the minimization of the objective function. As a simple and ef-
fective optimization technique, the CG method is used to solve
the minimization problem by iteration. During the iterations,
the updating directional vectors of the optical parameters are
determined by the gradient of the objective function, which
can be written as

𝜇k+1 = 𝜇k +α
k𝑑k, (18)

𝑑k =−∇F
(
𝜇k
)
+β

k𝑑k−1 with 𝑑0 =−∇F
(
𝜇0) , (19)

where 𝑑k is the descent direction vector and is the length of
step. This procedure is repeated until the value of || f (𝜇k+1−
F(𝜇k)|| is smaller than a predefined value φ .

The convergence speed of the CG method usually slows
down with an increase of iteration times k. In particular, when
𝜇k is near the optimal solution, the convergence speed be-
comes intolerable. To address this issue, a multi-start iter-
ation technique has been developed by our group, in which
the descent direction vector 𝑑k becomes non-conjugated after
the n-th iteration and 𝑑=−∇F (𝜇) have been used as the de-
scent direction periodically to restart the iteration of the CG
method.[36] This multi-start iteration technique, which stops
the iteration at a fixed iteration number K and utilizes the
presently reconstructed results as an initial guess to renew the
iteration, is employed to improve the convergence efficiency of
CG in solving the time-domain OT problem.[30] A flowchart of
the MCG method is shown in Fig. 1. This method is employed
to solve the frequency-domain OT problem in the present re-
search.

start

set initial guess ¹0 

calculate the predicted 

signals by forward model

calculate objective 

function F↼¹k↽  

measurement

signals

k/K?

end

Yes

No

¹0=¹k

¹0=¹k+®kdk

k/k⇁

F↼¹k↽<ε?

Fig. 1. Flowchart of the MCG method.[30]

3.3. Calculation of the gradient

For the application of the MCG method, the core problem
is to obtain the gradient dF(𝜇)/d𝜇 of the objective function
F(𝜇) with respect to the optical parameters 𝜇. Given that the
objective function is an implicit function of the absorption and
scattering coefficients, the analytical expressions of the gra-
dient dF(𝜇)/d𝜇 are not available. Using the chain rule, the
gradient of the objective function with respect to the optical
parameters can be expressed as

dF
d𝜇

=
Ns

∑
s

Ni

∑
i

dF
dIi

∂ Ii

∂𝜇
+

∂F
∂𝜇

, (20)

where Ns and Ni represent the quantities of light sources and
radiative intensities, respectively. The last term ∂F/∂𝜇 on
the right side is zero, because the objective function F is not
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an explicit function of the optical property 𝜇. The derivative
∂ Ii/∂𝜇 is the sensitivity of Ii to 𝜇 and can be obtained by
partially differentiating the forward model with respect to 𝜇.
Equation (14) can be written as

𝐴Ii =𝐵, i = P,E,W,S,N,F,B. (21)

Differentiating Eq. (14) with respect to 𝜇 yields

𝐴
∂ Ii

∂𝜇
+

∂𝐴

∂𝜇
Ii =

∂𝐵

∂𝜇
, (22)

where the intensity Ii can be obtained by solving the forward
model. ∂𝐴/∂𝜇 and ∂𝐵/∂𝜇 can be calculated easily using
Eqs. (15a)–(15c).

For the time-domain model, the derivative dF/dIn
i can be

calculated via the AD technique using the chain rule based on
the time step scheme, and given by Eq. (23):[30]

dF
dIn

i
= ∑

j

dF
dIn+1

j

∂ In+1
j

∂ In
i

+
∂F
∂ In

i
, (23)

where n is the time step.
Given that the objective function F is only the explicit

function of the radiative intensity at the measured positions,
the relation between the F and the inner radiative intensity

must be established. The core significance of Eq. (23) is that
it brings the information about inner intensity into the calcula-
tion of derivative dF/dIi by the derivative ∂ In+1

j /∂ In
i . In this

way, the gradient of F(𝜇) with respect to the inner parameter
can be obtained by Eq. (20). However, this time step scheme
cannot be used for the frequency-domain model, and Eq. (23)
is simplified into

dF
dIi

=
∂F
∂ Ii

=−
M−s,dPs,d

Ms,d
·wm ·ξm,

i = position of detector, (24)

where wm represents the weight associated with discrete di-
rection vector 𝛺m and ξm is the cosine of the angle between 𝑛

and 𝛺m.
Obviously, the derivative dF/dIi calculated by Eq. (24)

is only a derivative with respect to the intensity at the mea-
sured positions. Thus, the gradient dF(𝜇)/d𝜇 with respect
to the inner parameter can be obtained only if the correlation
between the measured intensity and the inner parameter is es-
tablished. Notice that the matrix 𝐵 in Eq. (22) contains the
source term Sc if the collimated intensity Ic is included in the
measured exitance. By Eqs. (5) and (6), the scheme of deriva-
tive dSc/d𝑢 can be obtained as follows:

dSc

dµs
=

1
2πω

Iin sin
(

ωtp
2

)
exp
[
−(µs +µa)x− iω

( tp
2
+

x
c

)]
Φ
(
𝛺′,Ω

)
∆Ωδ (𝛺−𝛺c)

−∆x · µs

2πω
Iin sin

(
ωtp
2

)
exp
[
−(µs +µa)x− iω

( tp
2
+

x
c

)]
Φ
(
𝛺′,Ω

)
∆Ωδ (𝛺−𝛺c) . (25)

dSc

dµa
= −∆x · µs

2πω
Iin sin

(
ωtp
2

)
exp
[
−(µs +µa)x− iω

( tp
2
+

x
c

)]
Φ
(
𝛺′,Ω

)
∆Ωδ (𝛺−𝛺c) . (26)

The derivative dSc/d𝑢 contains the information about
the inner optical parameters in the direction 𝛺c. Thus, the cor-
relation between the measured intensity and inner parameter
can be established by using Eq. (22) if each measured exitance
contains the collimated intensity Ic. The gradient dF(𝜇)/d𝜇
with respect to the inner parameter can then be obtained.

4. Results and discussion

4.1. Verification of the forward model

A one-dimensional uniform and isotropic slab medium
(see Fig. 2) with a normally incident collimated irradiation
on the left wall is considered to test the forward model. The
thickness of the slab is L = 1.0 m, the extinction coefficient is
β = 1.0 m−1, and the albedo is ω = 0.5. The non-dimensional
pulse width of the incident radiation is t∗p = 0.5 (t∗p = βctp).
The slab medium is divided into 100 control volumes with 40
solid angles.

O

semitransparent 

media

τL τx

ω*

ω*ω*

t*

ρR↼ω*↽ ρT↼ω*↽

q0

tp

β ω

p
h
a
se

A
m

p
li
tu

d
e

Fig. 2. Schematic diagram of the frequency-domain radiative transfer
in a slab.

As shown in Fig. 3, the simulation results using FVM are
compared with the results given by Liu and Hsu,[37] through
using the discontinuous finite element method (DFEM). The
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simulation results of both methods are in excellent agreement
with each other, which proves that the forward model em-
ployed in the present work can predict accurate results.
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0

0.05

0.10

0.15

0.20

0.25
FVM
DFEM[37]

0 2 4 6 8 10
0

0.01

0.02
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0.04

0.05
FVM
DFEM[37]

(a)

(b)

ω*

ω*

|ρ
|

|ρ
|

Fig. 3. The comparison between FVM and DFEM for (a) the hemi-
spherical reflectance and (b) the hemispherical transmittance.

Next a two-dimensional uniform medium (see Fig. 4)
with a collimated irradiation at the center of the left wall is

considered to test the grid independence of the forward model.
The size of the medium is 0.02 m × 0.02 m, the scattering
coefficient is µs = 0.5 m−1, and the absorption coefficient is
µa = 0.005 m−1. The pulse width of the incident radiation is
tp = 1.67 ns.

First, the number of solid angles is kept constant, and
the FD-RTE is simulated by the forward model with grids of
11× 11, 21× 21, 31× 31, and 41× 41. Next, the number
of grids is kept constant, and the FD-RTE is simulated with
different quantites of the azimuthal and polar angles, respec-
tively. The results (see Fig. 5) indicate that the transmittances
with different numbers of grids and angles are in significant
agreement with each other. Considering the fact that the for-
ward model needs high computational efficiency to reduce the
consumption of computation, the forward model with 80 solid
angles and 21× 21 grids is adopted in all the reconstruction
tests.

semitransparent 

media

β ω

ρT(ω*)
ω*

t*

tp

q0

Fig. 4. The schematic diagram of the frequency-domain radiative trans-
fer in two-dimensional medium.
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Fig. 5. (color online) The verification of grid-independence for (a) the hemispherical transmittances with different grids. (b) The hemispherical transmittances
with different azimuthal angles and (c) the hemispherical transmittances with different polar angles.

4.2. Description of the test model

The performance of the reconstruction algorithm is tested
for retrieving the different distributions of the absorption and
scattering coefficients of the participating medium with the
anisotropic factor of g= 0.9. The frequency-domain measured
exitance of the infrared light passing through a heterogeneous
medium with inclusions are simulated with the forward FVM
method. The detector readings are generated on the boundary

of the medium. As shown in Fig. 6, the vertical incident point
sources are set to be on the left and top wall of the phantom
model in turn, and 19×4 detectors are distributed evenly over
the boundary. The dense setting of the incident point sources
aims to make sure that the measured exitance of each detector
contains the incident intensity Ic. According to Ref. [38] the
best quality of the reconstructed images can be achieved when
a source-modulation frequency range of 400 MHz–800 MHz
is used. Thus, the modulation frequency of the collimated
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source is set to be 600 MHz in the present research. The for-
ward calculation model deals with an area of 2 cm× 2 cm
with 80 discrete ordinate quadratures and 21× 21 grids. The
constant coefficients of the background medium are adopted
as an initial guess. To test the stability and reliability of the
reconstruction algorithm, the absorption and scattering coef-
ficients of the media with different inclusions and noise data
are reconstructed. The average time for one iteration step of a
reconstruction on a PC with a 3.4 GHz i7-4770 CPU is about
20 min.

source

detector

legend

Fig. 6. (color online) The schematic diagram of the model with fibers.

To compare the overall accuracy of the reconstructed im-
ages the normalized root-mean square error (NRMSE) is in-
troduced and defined as[39]

NRMSE =


N
∑
r
(α̂−r α̃r)

2

N
∑
r

α̃2
r


1/2

, (27)

where α̂r is the retrieval value of the optical parameter at the
r-th pixel, α̃r is the true value of the optical parameter at the
r-th pixel, and N is the total number of pixels in the medium.

4.3. Reconstruction with different inclusions

To test the reliability of the proposed algorithm, the inclu-
sions in the heterogeneous medium are set to be different lo-
cations and shapes. The absorption and scattering coefficients
of the background medium are assumed to be µa = 5.0 m−1

and µs = 10.0 m−1. The absorption and scattering coefficients
in the high extinction region are µa = 10.0 m−1 and µs =

15.0 m−1, and the absorption and scattering coefficients in the
low extinction region are µa = 1.0 m−1 and µs = 5.0 m−1. The
media with two square inclusions, two oval inclusions and ring
inclusions are investigated in Test 1, Test 2, and Test 3 respec-
tively.

The convergence process of the objective function in Test
1 is given in Fig. 7. The objective function decreases rapidly
in the beginning of the iteration and reaches to a small value
within 30 steps. So the reconstruction algorithm has high con-
vergence efficiency for reconstructing the optical parameters
based on the FD-RTE.
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Fig. 7. Convergence process of the objective function.

As shown in Figs. 8–10, the distribution of the inclusions
can be displayed accurately and clearly in the reconstructed
images of the absorption and scattering coefficients. Both the
locations and shapes of the different inclusions in the inhomo-
geneous medium are all reconstructed very well. As shown
in Table 1, the values of NRMSE in the three tests are very
small, which indicates that the proposed algorithm can recon-
struct accurately the distributions of the absorption and scat-
tering coefficients. The NRMSEs of the scattering coefficient
are smaller than those of the absorption coefficient in all the
tests, which indicates that the reconstructed images of the for-
mer have smaller errors than those of the latter. This can be
attributed in part to the fact that the absorption coefficient is
less than the scattering coefficient, and the influence of the ab-
sorption effect on the measured signals is less than that of the
scattering effect.
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Fig. 8. (color online) Real distributions of (a) absorption and (c) scattering coefficients and the reconstructed distributions of (b) absorption and (d) scattering
coefficients for Test 1.
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Fig. 9. (color online) Real distributions of (a) absorption and (c) scattering coefficients and reconstructed distributions of (b) absorption and (d) scattering
coefficients for Test 2.
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Fig. 10. (color online) Real distributions of (a) absorption and (c) scattering coefficients and reconstructed distributions of (b) absorption and (d) scattering
coefficients for Test 3.

Table 1. NRMSEs of the reconstructed images in three tests.

Absorption coefficient Scattering coefficient

Test 1 0.0539 0.0289
Test 2 0.1584 0.0862
Test 3 0.0746 0.0151

4.4. Reconstruction with measured errors

Measurement error is inevitable in the actual experimen-
tal measurement. To illustrate the performance of the proposed
reconstruction algorithm, the random error added in the mea-
sured data is considered. The measured value with random
error is obtained by adding the normal distributed error to the
exact measured value:

Ms,d = M̃+
s,drandnσs,d , (28)

where Ms,d and M̃s,d are the measured value and the exact mea-
sured value of the d-th detector, respectively, when the sth light
source is working. The randn is a standard normal distributed
random number. The standard deviation of the measured value
σs,d , for a measurement error of γ% at 99% confidence, is de-
termined as

σ
n
s,d =

M̃×s,dγ%

2.576
, (29)

where 2.576 arises from the fact that 99% of a normally dis-
tributed population is contained within ±2.576 standard devi-
ation of the mean.
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Fig. 11. (color online) Reconstruction results of absorption coefficient (top row) and scattering coefficient (bottom row) with mea-
surements errors of 3% errors (left column), 5% (middle column) and 10% (right column).
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To test the robustness of the algorithm, 3%, 5%, and 10%
random errors are added in the measurement data of Test 1,
separately. The values of NRMSE (see Table 2) increase with
an increase in the measurement error, which indicates that the
qualities of the reconstructed images worsen when the mea-
surement error increases. The NRMSE with measurement er-
ror keeps a relatively small value, and the reconstructed im-
ages (see Fig. 11) can display the shapes and locations clearly,
thereby proving the good robustness of the algorithm proposed
in this study.

Table 2. The NRMSEs of the reconstructed images with considering
measurement errors.

Errors µa µs

3% 0.1311 0.0738
5% 0.1363 0.0765

10% 0.1477 0.0823

5. Conclusions
An accurate reconstruction algorithm for OT based on the

FD-RTE is developed in the present research. The forward
model using the FVM formulation of the FD-RTE is employed
to predict detector readings on the surface of a medium, with
the given absorption and scattering coefficients. An objective
function with a regularization term is defined by the predicted
detector readings and simulated measurement detector read-
ings. The GGMRF model is used as the regularization scheme
to overcome the ill-posed nature of the inverse problem. The
MCG method is employed as an optimization technique to re-
construct the absorption and scattering coefficients. A modi-
fied AD scheme using the collimated intensity is employed to
calculate the gradient of the objective function with respect to
optical parameters. Considering the test results, the following
conclusions can be drawn.

(i) The modified AD scheme using the collimated inten-
sity can obtain the gradient of the objective function with re-
spect to the optical parameters accurately and efficiently.

(ii) The reconstruction algorithm is proven to be effective
and accurate to reconstruct the distributions of the absorption
and scattering coefficients in the inhomogeneous medium even
with noisy data.

(iii) The reconstructed images of the scattering coefficient
have smaller errors than those of the absorption coefficient in
all test cases, so that the reconstruction of the scattering coef-
ficient is more suitable to probing the internal structure of the
medium.
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