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Using adiabatic approximation, a two arbitrary qubits Rabi model has been studied in ultra-strong coupling. The
analytical expressions of the eigenvalues and the eigenvalues are obtained. They are in accordance with the numerical
determined results. The dynamical behavior of the system and the evolution of entanglement have also been discussed. The
collapse and revival phenomena has garnered particular attention. The influence of inconsistent coupling strength on them
is studied. These results will be applied in quantum information processing.
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1. Introduction

The quantum Rabi model (QRM) is a significant model
in quantum optics. It describes the system of a two-level atom
(qubit) interacting with a single mode of a quantum harmonic
oscillator. This model was initially presented in 1936 by Rabi
in order to study the nuclear magnetic spin resonance.!!?! The
QRM is of great interest in circuit quantum electrodynam-
ics (QED)P-9) and cavity QED,!”-'3! both experimentally and
theoretically. Though the Rabi model has been studied for over
80 years, analytical solutions for the eigenvalues and eigen-
functions was recently presented by Braak!'!] and Chen!'6]
due to the mathematical difficulty. However, there are still
many difficulties in the application due to its complicated
form.!'7! So a number of approximations have been developed
to solve QRM. The rotating wave approximation(RWA)!8191
is the most widely used. However, the RWA relies upon the
assumption of near resonance and weak coupling between
qubits and oscillator. With the development of circuit QED
and cavity QED, it has achieved so-called ultra-strong cou-
pling between qubits and oscillator. Motivated by those ex-
perimental developments, another approximation was inves-
tigated by Irish er al, called the adiabatic approximation
(AA).[20-23] This approximation was shown to work best at
Quasi-degenerate qubit and ultra-strong coupling.

The QRM with two qubits has received more attention
as it can be used to implement quantum entanglement and
quantum information processing (QIP).[**34 The QRM with
two qubits can be realized in several solid devices.!?>-*¢] There
have been some previous theoretical discussions to solve the
QRM with two qubits.?137%4] Chen er al. presented a concise
analytic solution to the QRM with two qubits using the method
of extended coherent states.[**] However, in some cases, [21:43]
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the two qubits are not arbitrary qubits, instead identical qubits
and the same coupling with the quantum harmonic oscillator.
In other cases, the dynamical properties and the evolution of
entanglement have not been sufficiently studied. Accordingly,
it is very necessary to study of the dynamical properties and
the evolution of entanglement between two arbitrary qubits in
the ultra-strong coupling strength range.

The organization of this paper is as follows. In the first
part, we use the AA to calculate the eigenvalues and eigen-
functions of the QRM with two arbitrary qubits. In the second
part, we discuss the evolution of this system. The evolution of
entanglement is given in last part.

2. The Spectrum of model Hamiltonian

The Hamiltonian of the QRM with two arbitrary qubits

can be written as!38-40]
. 0) .
A= h%@,l +h%6z_2+hwd'd+hw%(d+d*)6x71
+hw%(d+d+)6x72, ()

where 6;; and 6,; (i = 1,2) are the usual Pauli matrices in
the Hilbert space of the i-th qubit, and 4" and 4 refer to the
creation and the annihilation operators of an interacting mode
of a harmonic oscillator, ®; and ® is the frequency of the i-th
qubit and quantum harmonic oscillator respectively. B; is the
coupling parameter between the i-th qubit and the quantum
harmonic oscillator.

The first task is to establish a new set of basis states. The
self-energy of two qubits /i(®;/2)6, + h(mw,/2)6,, can be
treated as the perturbation when @; < @. Then the Hamilto-
nian can be written as

Bi

(a+d")60 +hoP2 @ a6, @

Hy =hod 4+ ho >
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The eigenvalue equation of Hy is (B2/2)6x> can be written as:
111 -1
= E|®). 3) my=g 1 =g |
1 1
The eigenstate form of |P) is 1 !
1 1 1] -1
@ = m 5 = — = —
@) = m)[6) my=2| I omo=t ] @
where |m) denotes the eigenstate of (f31/2)6x,1 + (B2/2) 62, 1 1
and |¢,,) are the oscillator eigenstates of Hy by replacing
N N And satisfies the eigenvalue equation
(B1/2)601-+ (B2/2)6,2 10 Im). o genvaluc g
The eigenvalues of (B1/2)6x.1 + (B2/2)6y are m: e o
(B1/2)6x1 + (B2/2)6x, ha)[aTa+m(a+aT)]|¢m>=E\¢m>. (5)

mi = (B1+pB2)/2, my=(B—P1)/2, X
my = (Bi—Ba) /2, ms = —(B1+Pa)/2. Applying the displa.cement operator DT(.QL) =exp[—A(a" —a)]
(for real A) and the inverse operator of displacement to Eq. (5),
In the matrix picture, |m), the eigenstate of (B;/2)6x1 +  we obtain

n N E .
[@"a+2(a" +4) + 2 +m(@" +a) + 2mA][D* (1) gn)] = 5~ [D(2)|9m)] (6)
Setting A = —m, we can obtain
AT ATAT E 2| 1pt At
a'a[D" (=m)|gm)] = | = +m”| [D'(=m)[9n)] = N[D' (=m)|¢)]. @)
. . . o
where N = E /Lo + m?. According to the eigenvalue equation  and eigenvalue
of the number operator, we can obtain
Ey . =ho(N —m?). (10)

D (=m ,:N,or,:ﬁ—mNEN. ©))
(Zm)|6n) = N orlfm) = D(=m)IN) = No) These are so-called displaced oscillator basis states.[2%-!]

Thus, we obtain the eigenstates of H The Hamiltonian can be rewritten in the basis of the dis-
placed oscillator basis states. The transition matrix element
| D) — | PN) = |m)|Ni), (9)  between different N is
' |
Oz,1 / Oz,2 /
i = 10 (i) 2 ) (N [N, ) -+ 0 ] 2 ) N N ). (an

If Hy pv is much smaller than the energy gap between different N:

O:; O;
5 ) (N N, )|+ a5 ) (N N, )| <€ @]N =N, (12)

the transitions between different N can be ignored. This approximation is reasonable when @; < ®. Accordingly, we only

h(x)l |<m,|

preserve the transitions between states with the coincident N. So we can use basis |m)|N,,) to obtain the block diagonal form of
the Hamiltonian. This approximation was used by Irish et al.?°! and Agarwal et al.”>!! to study a single qubit case or identical
qubits case. For each N, in the order of |m1)| Ny, ), |[m2)|Nm, ), |m3)| Ny ), and [m4)| Ny, ) for rows and columns, the Hamiltonian
has the form

N — m% .QNJ .QN72 0
> .QNJ N — m% 0 .QNQ
Hy = ho Qv 0 Nowd Oy ) (13)
0 Q2 Qvi  N-m?

The off-diagonal terms Qy 1 and Q> are given by

loy _ lo, _
1=\ TR ALNB), =[5 Ee L) (14)
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where Ly (x) is the Laguerre polynomial. The normalized eigenfunctions and eigenvalues of Hy are

1 1
1 N1 2 1 YN 2
Ey)=— /"M, |E)y=—1|""
[EN) | i [EN) iva | e
1 1
-1 -1
1 IN3 4 1 YN 4
E})=— : - 4|
[EN) o | s | |EN) v | Sywa
1 1
_ —2(Qn1+ Q) _ —2(Qn1+Qn2)
YN,1 = ’ YN2 = )
BiB2— \/ﬁfﬁgz +4(2n1+ 2 )? BB+ \/ﬁ%ﬁzz +4(Qn,1 + 2y 2)?
B —2(2n2— Q1) B —2(Qn2—Qn1)
YN3 = »  IN4A=
BiB: — \/BRB3 +4(Quy — Qv BiBa -+ /BIB3 +4(Qw1 — Q1)
ll%/',l' = 2+y12V,i7
ho [ |
By == 4N — (B + B) + 2/ B2B3 +4(Qua + Qw2)?
ho [ |
BR == 4N — (BF+B3) — 2/ BT B3 +4(Qna + Q2
ho [ |
By == 4N — (B + B) + 2/ B2B3 +4(Qna — Qw2)?
ho [ 1
Bl =22 | AN = (BF + B3) — 2/ B2 B3 +4(Qn. — 22

s)

We calculated the eigenvalue E} from Eq. (15) numerically and plot the results in Fig. 1. As shown in Fig. 1, our result can

describe the system correctly in full values of 8 as long as @; < .

4.02 4.0 /—=
4.00
3.8
398 1
Lﬂw Nl
3.96
3.6
3.94
3.92 . 3.4 .
0 0.5 1.0 0 0.5 1.0
B, By
4.02 4.0 =
3.8 r
o [ﬂw
3.6
3.92 L 3.4 *
0 0.5 1.0 0 0.5 1.0
B, B,

Fig. 1. (color online) The eigenvalue E}V from adiabatic approximation (dash line) and numerically (solid line) for @; = 0.150, @, = 0.075®, and 3, = 0.15.
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From Eq. (15), we can obtain EI%, = hoN if o; = o, and
B1 = B». These conditions are the same conditions for the dark
or trapping states'*! by Peng er al.!*%1 The qubits are max-
imally entangled, even in the system with dissipation.*! So
our results may be applied in QIP.

3. Dynamical behavior

In order to make sure our results can truly be applied to
the actual projects, we need to study the dynamical behavior of
the QRM with two arbitrary qubits. Analysis of the dynamical
properties of two equivalent qubits can be found in Ref. [21].
In this section we extend the results in Ref. [21] to the case
of two arbitrary qubits. We will show the effect of different
couplings for the i-th qubit with a quantum harmonic oscilla-
tor in the ultra-strong coupling regime. The Fock state and the
coherent state will be treated as the initial state for a harmonic
oscillator.

First, we consider the initial states in a displaced Fock
state, such that |m; > |Nml >. According to Eq. (15), we ob-
tain

¥, (0)) = [m1)|Nas,)
| NS NRUPOU RO B
= —IEx) + —|Ey) — 7—I|Ex) — 7—|Ey). (16)
In1 Ino In3 In4
Applying the time-evolution operator to act on |¥, (0))
iHt
2, 0) = exp (50 ) 9, 0)
|

exp (iExt/h) . exp(iEjt/h)
- EL) + E
) gy + 22 UEME) g
exp (iExt/h) 5. exp(iEgt/h)
_SXPUENI/A) g3y SXPUENI) pay g7y
) g3y - S CEN) iy

Using Eq. (15), it is easy to find the probability for the qubits
to recur in the initial state:

Poy (N.1) = [ (%1, (0) ¥, (1))

o111
i

= 14 4 4 4
lN.l ZN,Z lN,s ZN,4
+ 22 cos g st — 22 cos wy 3t
N,1'N2 N,1'N3
— W COS 0)174t T COS (DZ?,[
N,1'N 4 N2'N3

2 2
— ﬁCOS(l&A["‘ ﬁCOS(D}At, (18)
ZN,ZZNA Iy ,3lN74

where

El —E}

ij ="

19)
Since four basis states are included, the probability contains
six frequencies. This is in contrast to the equivalent qubits
case where only three Rabi frequencies control the dynamical
behavior. ! Using the same method for P,,, (N,), we obtain

4 4 4 4 2 .2 2 .2
Yn1 | IN2  IN3  IN4 zyN,lyN,z 2NN 3
sz(N,t): T T+T T ﬁCOS(I)]ﬁZZ“"ﬁCOSCD[gt
[ I I [ Iyl Iyl
N,1 N2 N3 N4 NN 2 N,1'N3
2% 14 2y3 2V% 2y% 2% 2y5 3Yh
#21\]’4 COS @y 41 + % Ccos n 3t + % COS M 4f + % COS 3 41, (20)
Iy lN,4 lN,ZlN,S lN,le,4 lN,3lN,4
4 4 4 4 2 .2 2 .2
N1 | IN2  IN3  IN4 2yN,1yN,2 2yN 1N 3
ng(N’t): IT+ZT+IT+ZT Wcoswhzt*lzilz'coswlg,t
N,1 N2 N3 N4 N1'N2 N,1'N3
2 .2 2 .2 2 .2 2 .2
zyN,lyNA 2yN2VN 3 2yN VN4 2yN3YN 4
_ ﬁcos (D]At* WCOS abﬁ,t* WCOS @,4t+ WCOS a}3’4t, (21)
lN,l N4 N2'N3 N2'N4 N3'N4
1 1 1 1
Py, (N,t) = Attt + e cos Wy of + e cos ) 3t
N,1 N2 ‘N3 ‘N4 INIIN2 NN 3
2 2 2
+ 1272 COS w1_]4t -+ W COS (1)2_’3t + W COoS (1)274[ + W COS (l)374[. (22)
N1'N4 N2'N3 N2'N4 N3'N4

Normally, the number state is not an appropriate state for
describing the quantum harmonic oscillator in the experiment.
A coherent state, by contrast, is desirable to be able to de-
scribe the quantum harmonic oscillator. More importantly, the
collapse and revival behaviors can be expected.

For convenience of calculations, we make the following
reasonable assumptions

.QNJ > ﬁi. 23)

\
So the expressions for Eq. (15) are simplified to

1
1|1 | -1
1y _ AN
|EN>_2 1 ) |EN>_2 -1 ;
1
—1 -1
1 1 1 -1
3\ 4y
|EN> - 2 -1 ) ‘EN> lN,4 1 3
1 1
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Ey =ho[N + Q1 + Qv 2],

EN— OJ[N .QNl‘f‘.QNz}
EI%’ = h(JJ[N+.QN71 7.QN72},
Ey = ho|N —

Q1+ Qn ). (24)

Now we let a coherent-state |&) as the initial state for har-
monic oscillator

%, (0)) = [m2) |Gy} = |m2) |D(—m2) cx). (25)
By the same calculation as that of P, (N, ), we obtain
1 e~ 1ol |2V
B, Z|||:2COSZ(D(.QN1+.QN2)

1
+ 3 cos2m(Qn,1 — 2y 2)t +cos2m (2w 1)t

+ cos 20)(S2N72)t} . (26)

The P, (o,t) from Eq. (26) and numerical calculations
are plotted in Fig. 2. The revival time, cycle, and the heights of
the P, (or,t) with AA are consistent with the numerical calcu-
lations. This is evident in Figs. 2(a) and 2(b). From Figs. 2(b)
and 2(c), we can see that there are different revival times, cy-
cles and the heights of the P, (ct,t) in different conditions,
B1 = By or By # Bo. There are four revival sequences for the
Py, (1) because it has four Rabi frequencies in the two arbi-
trary qubits. This is in contrast to the equivalent qubits case
where only two revival sequences. [*!]

1.0 w
= (a) numerical
S oosl |
S J\M——«MMMMM T Tm——
0 0 5‘0 160 150
1.0 T :
= (b) analytical
S 05} 1
o i %N“M“VWMKAM'”“‘”WM%WWMWWMMWW\WWM
0 50 100 150
1.0 T .
7;: (c) analytical
~~ 0.5
as —*'ﬂWﬁMMWU MWMM]UWU\ jMWMWW
0 0 5‘0 100
w t/2m
Fig. 2. (color online) Collapse and revival dynamics for Py, (a,t) with

o =0.150, @, =0.0750w, o = 3, B; = 0.16 and B, = 0.14 [(2) and (b)];
o =0.150, 0, =0.0750, a =3, and B; = B, =0.14 [(¢)].

4. Entanglement dynamics

In this section, the entanglement dynamics of two qubits
will be investigated. The influence of B; # 3, has drawn par-
ticular attention.

We consider the case that the qubits and the oscillator are
prepared initially in one of the o,(0,|+) = +|+)) Bell states

and in an undisplaced coherent state respectively

1
1£(0)) = ﬁ(l+,+>+lfﬁ>)la>
1
= ﬁ(lm1>+|m4>)la>- 27
When N > f3;, we can obtain
IN) = D(=m;)|N) = [Ny,). (28)
So equation (27) becomes
1 = e-lol?/2gN
1£(0)) = %(\m1>+|m4>)1\;0T|N>
1 —|a/2 N
=i I e
e—lal/2gN
+ |m4>1vzo\/JW|Nm4>>
1
= ﬁ(\m1>\am1>+lm4>laml>). (29)
According to Eq. (24), we have
o L —|al?/2 4N
EO) =Y S (BN +IER). GO

im0 V2VN!
Using Eqgs. (24) and (28), we can obtain

(1) = M[(e*‘%/ue*%ﬁ")(\m
= LA 1) +|ma))
+ (e BN — e TIERT) (jmy) + m3))]IN).  (B1)
Then we use the eigenbasis o, to compact in Eq. (31)
o _ 2
£ = NO%
X [(e TN Mee) 4 ~ER M gg) ] V). (32)

The reduced density matrix for the qubits is obtained by
tracing out the oscillator states

pl2(r) = YANIEM)E @I N)

(lee) (ee| +|gg)(gs])

+5 < Y. S()1gg) eel +H-C-> (33
N=0

N\—‘z

where
1) = choh cos(2v2Qyt)
N

ef\a\2|a‘2N

N (34)

Pcoh =
The concurrence!*®! for Eq. (33) is

1) = ‘];S(t)’.

(35)
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If |t|? > 1 we can calculate Eq. (34) approximately (see Ap-
pendix A) to obtain

S(t) = Re { ]g)s(t)] , (36)

where

_(t — 2 212
Re[s(f)]zexp<2 (1= 1|oPd )

(1+ (mk(f1 + £2))?)
T
In Eq. (37) we have defined
xi=P2, u=awre ™ fi=|ax,
27rk{1+f1+f2]/d
d=oxie ™2+ yxye2/? (38)

and Py, is given in Appendix A.
If we just considered the envelope of S(7), we can obtain

2(t) as
Z exp (

the concurrence for p"

—(t—1)*|o*d?
2(1+ (zk(f1 + f2))? ))
1
U @k + L)
From Egs. (36) and (37), we can clearly see that S(¢) manifests

(39)

collapse and revival with S(¢). That means the entanglement
collapse and revival phenomena may also appear. The expo-
nential part in Eq. (39) dictates the envelope of the revival en-
tanglement. The denumerator term dominates the height of
entanglement for each revival. The revival time and the height
of C(r) are
2
i = M;fib% 1+ %(ﬁf +B3)|. @)
1

(1+ k22| *(B7 + B7)2) /4
From Eq. (39), we can see that the width of the primary revival
(k=0)is

hy = 41

0T = —— 42
0 ald’ (42)

and the width of the k-th revival is
8= 8n\ /1 + 1+ al* (B2 + P2 (43)

Now, we discuss the effect of 8; # B, on the collapse and re-
vival phenomena for C(¢). From Egs. (41) and Eq. (43), we
need to compare the value of ﬁlz + [322 in different situations,

B1 = B2 or B1 #

with no conditionality for f;.

B2. The situation becomes more complicated,
When B # B, the value of
BZ + B3 is bigger if we have an additional restrictive condi-
tion for B; + B> = constant. That means the width of the i-th
revival will increase, and the height of the i-th revival will de-
crease for 81 # f,. These are evidently shown in Fig. 3.

osf (a) ]
=
= ﬁ \ A A
O L i
0 20 40 60 80 100
081 (b)
S ;
© 0.4 A/\ 1
0 ! 1 L L
0 20 40 60 80 100

w t/2m
Fig. 3. (color online) The entanglement dynamics between the two qubits
for w; =0.15w, a = 3. Here (a) f; = B, =0.16 and (b) B; =0.1, B, =0.22.
The conclusion mentioned above can be applied in areas
of QIP. According to the specific demands, we can extend the
duration of revival or enhance the high degree of revival by
selecting a suitable nonlinear coupling parameter.

5. Conclusion

In this report we studied the QRM with two arbitrary
qubits. The main conclusions are as follows.

(1) Using the AA, we obtain the analytical expression for
the eigenstates and eigenvalues.

(i1) The analysis of the dynamical properties is obtained.

(iii) The evolution of entanglement is researched. The ex-
pressions for the width and peak of revival are obtained, and
we show the influence of B; # B, on the collapse and revival
phenomena. With the progress of circuit and cavity QED, we
would like to expect that our results will find more applications
in QIP.

Appendix A: Calculation of S(t)

If | o] is big enough, the Poisson distribution peon can be
replaced with a Gaussian distribution

7|a\2| |2N 1 (N—| |2)2

[§] (04 — |

= — ——— " 1.(Al
Peoh N! \/27r|azexp[ 2|al? } (AD

Then if |B;] < 1, we just retain the first three terms of the La-
guerre polynomial in Eq. (34)

1 [0 — N(N_ 1)
QNJ%_EEC 1/2(1—Nx1+Tx%)’

| N(N—1
Qua = —E%e*xz/z(l —Nxy + (f)xg)a (A2)

where x; = ﬁiz. According to the above approximation, equa-

tion (34) can be expressed as

N(N_l)2>

S(t) = Re;pcohexP [i(rl) (1 —Nap+ =

124202-6



Chin. Phys. B Vol. 25, No. 12 (2016) 124202

+i(m) (1 Nu+t (A3)

)

—i/2, According to the Poisson sum formula,

where T; = w;te
we have

S(r) = Re [ki S(t)+ %pcoh(O) exp (T —|—‘L’2):| . (Ad)

where
< ~ 2imkn : n(” — 1) 2
S(t) = / dnpeone exp 1(T1> l —nx1 + ———x1
0

4
T |

Using the Gaussian integral, we obtain

S() = exp(Pre + i Pim)
(1+ O1fi/24+y2/2/2)2) 14

(A5)

(A6)

where
o]
2004+ (1f1/2+y2/2/2)?)
o]

x[1 =g+ ifi/2+y2/2)8] - OCT,

(pRc:

(AT)

o]
2(1+(f1/2+y2/2/2))

x{[1g2] (ylzflﬂzzfz) Zg}

9+r + 7
) 1 25

(I)Im:

(A8)
and we have defined

yi=Ttx, fi=lalx,
- 2
0 =tan~" (yif1/24y2/2/2)",

g=y1+y2+yix1/4++yrx2 /4 —27k. (A9)

So we can see that S(¢) will be maximum when the time
is around y; = 2kx. With this observation, we can simplify the
expression for ®Pg. by neglecting the terms that are of the or-
der of yx, (y; —27k) f2, f?, (yi —2mk)? f;, and higher powers
of these terms to obtain

|a?

(14 (zk(fi + /2))?)
2
X {y1+y2—27rk(1+f]42_fz>} . (Al10)

In the same way, we can obtain

¢Re:*2

tan~ ! (wk(f1 + f>))?
2

+$[27ka1—y1(1+f1)]

(Dlm:_

1
+g[27rkf2—y2(1+f2)]. (A11)

Thus, the form of S(z) is

< — (1 —1)?| atf*d? >
S(t) =
(1) =exp (2(1 TG+ )
cos(Pry )
Al2
U @G+ L)) (A12)
where
rkznk[ufl;fz}/d,
d=wxie 2+ @yxye 2/, (A13)

Obviously, the amplitude of S(¢) is much larger than Peqp(0).
Thus, we can neglect the term (1/2)Peon(0) exp(i(7) + 72)) in
Eq. (A4). We just need the positive time. So k > 0 in Eq. (A4).
Finally, we simplify the form of S(¢) to

S() = Re i?(z) (Al4)
k=0
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